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PREFACE 



The Dirac equation describing motion of an elementary particle with spin 1/2 (electron 
or proton) is an inseparable part of the modern mathematical and theoretical physics. 
Together with the Maxwell and Schrodinger equations it forms a basis of the quantum 
mechanics, quantum electrodynamics and quantum field theory. 

Following Dirac's discovery of the linear equation of an electron there appeared 
fundamental papers by D.D. Ivanenko, W. Heisenberg, R. Finkelstein with collabo- 
rators and F. Giirsey advocating the idea of nonlinear description of an elementary 
particle with spin 1/2 which made it possible to take into account its self-interaction. 
Furthermore, W. Heisenberg put forward the idea to use a nonlinear Dirac equation 
as a possible basis model for a unified field theory. These ideas have contributed sub- 
stantially to the modern view of an elementary particle as a complex dynamical sys- 
tem described (modeled) by a nonlinear system of partial differential equations. The 
general structure of such nonlinear equations is determined by the Lorentz-Poincare- 
Einstein or the Galilei relativity principle. 

Till now there is no book devoted to a systematic study of nonlinear general- 
izations of the classical Dirac equation. So it was our primary intention to write 
a book devoted entirely to a comprehensive and detailed group-theoretical study of 
first-order nonlinear spinor partial differential equations satisfying either the Lorentz- 
Poincare-Einstein or the Galilei relativity principle. These equations contain, as par- 
ticular cases, the nonlinear spinor models suggested by D.D. Ivanenko, W. Heisenberg, 
R. Finkelstein and F. Giirsey. 

In the course of research we have discovered that the methods and techniques de- 
veloped to study nonlinear Dirae equations can be successfully applied to a wide range 
of Poincare- and Galilei-invariant nonlinear multi-dimensional equations of modern 
quantum field theory describing interactions of spinor, scalar and vector fields. 

As a result, the book has a 'two-level' structure. At the first level, it may be 
considered as a self-contained group-theoretical introduction to the theory of the 
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first-order nonlinear spinor equations with a particular emphasis on a development 
of efficient methods for constructing their exact (classical) solutions. At the sec- 
ond level, we employ these methods to construct multi-parameter families of exact 
solutions of nonlinear wave, Dirac-d'Alembert, Maxwell-Dirac, d'Alcmbcrt-cikonal, 
SU{2) Yang-Mills, Levy-Leblond, and some other partial differential equations. Fur- 
thermore, the approach used enables us to give a systematic and unified treatment of 
the related questions such as conditional symmetry of differential equations, separa- 
tion of variables in linear systems of partial differential equations, and integr ability 
of some nonlinear systems of differential equations in two-independent variables. 

It was our aim to write a book in a form accessible not only for 'pure theoreticians' 
but also for those who are interested in applications of group-theoretical/symmetry 
methods to concrete nonlinear systems of partial differential equations. Every oppor- 
tunity is taken to illustrate general statements by specific examples and to reduce to 
a reasonable minimum the level of abstractness in the exposition. 

The book is based on the authors' results obtained at the Institute of Mathematics 
of the National Academy of Sciences of Ukraine in 1984 1996 [139, 140, 146], [148]- 
[171], [291]-[320]. It also accumulates a rich experience of other groups working 
in the related areas of group-theoretical, algebraic-theoretical analysis of differential 
equations. The bibliography is claimed to be the most comprehensive and complete 
as far as symmetry and exact solutions of nonlinear spinor equations are concerned. 
But it is not our intention to give the full list of references devoted to application 
and development of group-theoretical methods in the mathematical and theoretical 
physics. Only references used directly are cited. 

When the book was at the last stage of preparation one of the authors (RZ) 
was at the Arnold- Sommcrfeld Institute for Mathematical Physics (Clausthal-Zellcr- 
feld, Germany) as an Alexander von Humboldt Fellow. He is indebted to Professor 
H.-D. Doebner for an invitation and kind hospitality. His critical remarks as well as 
stimulating discussions with participants of the Seminar at the Institute for Theoret- 
ical Physics, V. Dobrev, J. Hennig, W. Liicke, P. Nattermann and W. Scherer, are 
gratefully acknowledged. Authors would like to thank Soros Foundation for financial 
support. 

Our special thanks are addressed to W.M. Shtelen, LA. Yehorchenko and P. Ba- 
sarab-Horvath for critical reading the manuscript and and valuable suggestions. 

We express deep gratitude to our colleagues at the Department of Applied Re- 
search of the Institute of Mathematics of the National Academy of Sciences of Ukraine, 
A.G. Nikitin, I.V. Revenko, V.I. Lahno, A.Yu. Andreitsev, for their fruitful cooper- 
ation and also to G.A. Zhdanova for her kind help in preparing the manuscript for 
publication. 

Ukraine, Kyiv - 

Germany, Clausthal-Zellerfeld 
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In 1913 the outstanding French mathematician Elie Cartan discovered spinors 
[42, 45]. He made this discovery while investigating irreducible representations 
of the group of rotations in the n-dimensional Euclidean space. He was the 
first to find and to describe in full detail spinor representations of the group 
of rotations. 

The theory of spinors became an inseparable part of mathematical and 
theoretical physics after Dirac's discovery of the equation of motion for an 
electron (1928) which bears his name [69, 71]. The four complex-valued func- 
tions of four arguments contained in the Dirac equation are the components 
of a spinor with respect to the Lorentz group. 

It is interesting to note that the methods used by Cartan and Dirac to 
discover spinors are essentially different. These methods lie at the basis of 
algebraic-theoretical, group-theoretical investigations in modern quantum the- 
ory. 

Today spinors and spinor representations play a basic role in mathematical 
and theoretical physics, since all elementary particles, classical and quantum 
fields having half-integer spins (s = 1/2, 3/2, 5/2, . . .) are described with their 
help. Moreover, using de Broglie's heuristic idea of "fusion" we can construct 
particles (fields) having integer spins (s = 0,1,2,...) from a particle (field) 
having the spin s = 1/2. That is why the theory of spinors and spinor analysis 
as the principal analytical apparatus for investigation of spinor dynamical 
systems are useful in solving problems from other fields of mathematics and 
quantTim physics. 

The first paper devoted to a nonlinear generalization of the Dirac equation 
was published by Ivanenko in 1938 [192]. Later Finkelstein with collaborators 
in 1951 [80, 81] and Heisenberg in 1953 [180, 181] started analyzing various 
nonlinear generalizations of the Dirac equation. 

Heisenberg [181]-[184] put forward a vast program on the construction of a 
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unified field theory of elementary particles. As a basis of this theory he chose 
a self-interacting spinor field described by a nonlinear equation. According to 
Heisenberg such a field is determined by the following Dirac-type nonlinear 
equation: 



where ^ is a four-component Dirac spinor and A is a parameter. We will call 
system (0.1) the Dirac-Heisenberg equation. 

The present book deals with the following two principal problems: the first 
one is to describe systems of nonlinear spinor partial differential equations of 
the first and second orders invariant under the Poincare and the Galilei groups 
and under their natural extensions; the second problem is the construction in 
explicit form of exact solutions of the classical nonlinear spinor, vector and 
scalar differential equations describing interaction of the Dirac, Maxwell and 
Yukawa fields. 

Unlike the majority of researchers we do not derive nonlinear equations 
within the framework of the variational principle. We apply the symmetry 
selection principle, namely, from the whole set of partial differential equations 
(PDEs) of a given order we select those on whose sets of solutions some fixed 
representation of the Poincare or the Galilei group is realized. Such an ap- 
proach to the derivation of motion equations seems to be more general than 
the traditional method based on the Lagrange function [116, 119, 137]. 

The major part of the book is devoted to the development of efficient 
methods designed to obtain exact solutions of nonlinear equations. All these 
methods are based on the idea of reducing multi-dimensional partial differen- 
tial equations to equations having smaller dimensions. 



While reducing PDEs a key role is played by substitutions of the special 
form [88, 89, 92, 137, 155] 



where ip{uj) is an unknown function-column and A{x) is a variable matrix of 
corresponding dimensions; Ua = uja{x), a = 1, ...,n are real-valued scalar 
functions. 

Explicit forms of the functions A{x), uoaix) are obtained by requiring 
that substitution of the expression (0.2) into the PDE under study reduces 
it to an equation containing only "new" dependent ((/?) and independent 
(wi, a;2, . . . , u;„) variables. Of course, the availability of an effective proce- 
dure of computing the matrix A(x) and the variables uoaix) providing the 



(0.1) 



1p{x) = A{x)(p{ui,UJ2, ■ ■ ■ ,Wn) 



(0.2) 
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reduction of the initial equation is implied. Furthermore, the construction 
described above will be called the Ansatz for field iIj{x). 

Provided the equation under study possesses nontrivial local symmetry, 
there exists an effective algorithm for constructing Ansatze (suggested and 
applied for the first time to some of the simplest PDEs by Sophus Lie). Ansatze 
obtained in this way will be called Lie Ansatze. 

In [91, 92] we suggested the generalization of the Lie method. The idea of 
this generalization is based on the following observation: the Lie method of 
constructing particular solutions, apart from its group-theoretical foundations, 
can be considered as addition of some first-order PDE to a given equation. 
Within the Lie approach this additional equation is a linear combination of 
basis elements of the invariance algebra of the equation under investigation. 
In view of this fact it was suggested to consider the coefficients of that linear 
combination as arbitrary functions of x, ip, ipx/^, "^x^x^- In other words the 
additional constraint on the set of solutions of the equation under investigation 
is, generally speaking, a nonlinear first- or second-order PDE with variable 
coefficients. Such a generalization proved to be constructive. In many cases 
it provided the possibility of obtaining broad classes of exact solutions of 
nonlinear equations which could not be found within the framework of the 
classical Lie approach [96, 97], [105]-[107], [120, 124, 108, 126, 127, 128, 137, 
143], [154]-[160], [246, 303, 308]. 

With the use of nonlocal and conditional symmetry of linear and nonlin- 
ear spinor equations (the notion of the conditional symmetry of differential 
equations was introduced in [91, 116, 137]) we obtain wide classes of non- 
Lie Ansatze, which reduce these equations to systems of ordinary differential 
equations (ODEs). 

Due to large symmetry of equations being considered systems of ODEs 
obtained by reduction via Lie and non-Lie Ansatze are often integrable by 
quadratures. Their exact solutions, after being substituted into the corre- 
sponding Ansatze, give rise to particular solutions of the nonlinear spinor 
equations under study. 

As shown in Section 2.6, exact solutions of nonlinear spinor equations 
make it possible to construct exact solutions of other Poincare-invariant equa- 
tions. In particular, we construct a number of exact solutions of the nonlinear 
d'Alembert equation via solutions of the nonlinear Dirac equation. 

More detailed information concerning the contents of the book is provided 
by chapter and section titles. 

For the reader's convenience, we give a brief account of some facts, termi- 
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nology and notations from group theory which are used in the book (for more 
details, sec [6, 33, 34, 41, 49, 76, 79, 190, 218, 233, 236]). 

An r-parameter Lie transformation group Gr is a set of transformations of 
the space M" x C"' 



a = 0, . . . , n — 1, 



Up = gf){x,u,0), /3 = 0, . . . ,m - 1, 



(0.3) 



9 £ U, [/ is an open sphere in , where fa and gp are real-analytical functions 
of 9 satisfying the following relations: 

1. fa{x,U,0) = Xa, gp{x,U,0) =Up, 

2. y{9i,92} C U, 303 = T{9i,e2) G U : 
fa[f{x,u,ei), g{x,u,9i), 6*2) = fa{x,u,9s), 

g/3{f{x,u,9i), g{x,u,9i), 62) = g/3{x,u,9s). 

Here T : U x U U is a, vector-function whose components are real- 
analytical functions satisfying the relations 

1. T{e,0) =T{0,9) = 9, ^9eU, 

2. G U, 39-^ G U : T{9, 0-^) = T{9~\ 9) = 0, 

3. V{0i,02,^3}cC/: t(t{9i,92),93) =t(9i,T{92,9s)). 

The r-parameter Lie transformation group (0.3) is related to the r-dimensi- 
onal vector space AGr whose basis elements are first-order differential opera- 
tors 

n-l Q m-l Q 

the coefficients ^^-a) Vrp being defined by the following formulae: 

^Ta{Xi U) 

r]rp{x,u) 

The vector space AGr is closed with respect to the operation 

{X, Y) Z = XY - YX = [X, Y] 



(0.4) 



dgp 



9 = ^ 

9 = 0' 



(0.5) 
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and, consequently, forms an r-dimensional Lie algebra. This algebra is called 
the Lie algebra of the group Gr- 

Conversely, given the Lie algebra with basis elements (0.4), where ^T-a and 
rj-j-p are sufficiently smooth functions, then the r-parameter Lie transformation 
group is obtained by solving the Lie equations 



^ = Craif^a), fa{x,U,0) = Xa, 

^ = VTp{f,9), 9p{x,u,0) =up, r = l,...,r 



(0.6) 



and by constructing the superposition of the resulting one-parameter Lie 
groups. 

Thus, there exists a one-to-one correspondence between a Lie transforma- 
tion group G, and its Lie algebra AGr- To emphasize this correspondence 
we say that operators Qr generate the group Gr- These operators are called 
infinitesimal operators (generators) of the group Gr (as a rule, we omit the 
word "infinitesimal"). 

We say that the differential equation 

l(x,u{x)^=0 (0.7) 

is invariant under the group of transformations Gr (or: admits the group Gr) 

if the change of variables (0.3) transforms the set of solutions of equation (0.7) 
into itself. The group Gr is called invariance or symmetry group of equation 
(0.7). A corresponding Lie algebra is called invariance or symmetry algebra 
of the equation in question. 

According to Lie [218] the differential equation (0.7) is invariant under the 
group Gr having generators (0.4) if and only if 



QrL 



where [L] means the set of solutions of the equation L = and Qr is the A^-th 
prolongation of the operator Qt- {N is the order of differential equation (0.7)). 
The A^-th prolongation of the operator 



Q = y]^a(a^'");S + Vf3ix,u)- 
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is constructed as follows 

~ d d 

Q = Q + C/Bai — TThTTT ^ ^ C/3ai...ajv 



9Xai ) \ dXry, . . . dXr 



where 



<^ai ■ ■ ■ "^•i'ajv 



S/3ai...ajv -^ajvS/3ai...ajv-i o o o '^at^^oii 



(summation over repeated indices is implied). 

The invariance criterion (0.8) gives rise to a linear system of PDEs (the 
determining equations) for the functions ^q,, ry^g, whose general solution deter- 
mines the maximal (in Lie sense) invariance algebra of the equation considered. 
The corresponding Lie group is called the maximal invariance (symmetry) 
group of equation (0.7). 

The procedure described above is just Lie method for investigating sym- 
metries of differential equations. Application of this method to equations of 
mathematical physics requires the performing of cumbersome computations 
(this is especially the case for multi-component systems of PDEs). If we deal 
with a system of linear PDEs 

L{x)u{x)=0, U= {uo,Ui,...,Um-l)'^, (0.9) 

the computations can be substantially simplified. A symmetry operator acting 
in the linear space of solutions of system (0.9) is seeked in the form 

Q = J2U^)^ + v{x), (0.10) 

where ^^{x) are smooth real-valued scalar functions, r/(x) is some (m x m)- 
matrix. Within the Lie approach operator (0.10) is represented in the form 

n-l Q m-l Q 

a=0 /3i,/32=0 ^^/^i 
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The invariance criterion for system of PDEs (0.9) reads (see, e.g., [115]) 



LQu{x) 



[Lu\ 



Condition (0.11) means that the operator Q transforms the set of solutions of 
(0.9) into itself. 

Relation (0.11) is rewritten in the following equivalent form: 

[L,Q]=R{x)L, (0.12) 

where R{x) is some (m x m)-matrix. The above operator equality is to be 
understood in the following way: operators on the left- and right-hand sides 
of (0.12) give the same result when acting on an arbitrary solution of system 
(0.9). 

Let us emphasize that the invariance algebra obtained by solving relation 
(0.11) or (0.12) is not the maximal one because any system of linear PDEs 
admits the Lie transformation group 

= Xf^, /X = 0, . . . , fi — 1, 
u'p = Ufi + 6uQji{x), /3 = 0, . . . ,m - 1, 

where is a real parameter, U(){x) is an arbitrary solution of the system con- 
sidered. But the above Lie group gives no essential information about the 
structure of solutions of the equation under study and is not considered in the 
present book. 

For many symmetry groups of systems of PDEs of mathematical and the- 
oretical physics, the matrix ri{x) possesses very important algebraic proper- 
ties which simplify substantially all manipulations with symmetry operators 
(0.10). Moreover, in most of the problems considered in this book we use the 
algebraic relations which are satisfied by r][x), but wc do not use their explicit 
form. That is why we will represent the infinitesimal symmetry operators in 
the form (0.10) (if it is possible and does not lead to confusion). 

In the approach based on the formulae (0.10), (0.11) the restrictions of Lie 
method arc quite evident since an operator transforming the set of solutions 
of equation (0.9) into itself does not have to be of the form (0.10) (a symmetry 
operator may belong to the class of differential operators of the order N > 1 
or to the class of integro-differential operators [115, 116, 118]). 

Below we give a list of notations and conventions used throughout the 
book. 
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A scalar product in the Minkowski space -R(l,3) with the metric tensor 

gij.u = \ 1, iJ. = u = o, 

[-1, n = v = l,2,^ 

is denoted by a • 6 = g^vd-^j.^, {o-, b} C R{1, 3). 

A scalar product in the EucHdean space R{3) with the metric tensor Sab = 
—gab is written as follows 

n-m = 5ab naUib = navria. 

Summation over repeated indices is used, indices being denoted by the 

Greek letters a, /?, /x, u with the values 0, 1, 2, 3 and indices being denoted by 
the Latin letters a,b,c with the values 1, 2, 3 (unless otherwise indicated). 
By the symbol £abc the antisymmetric tensor of rank three 

( 1, (a, ^ c) = cycle (1,2, 3), 
£abc = I -1, (a, b, c) = cycle (2, 1, 3), 
[ 0, in other cases 

is designated. 

All the functions considered in the book are supposed to be differentiable 

as many times as is necessary. The derivative of a function of one variable / = 
f{z) is denoted by a dot over the symbol / = df /dz. To distinguish a partial 
derivative we use the symbol dz, i.e. df /dz = dzf, and the partial derivative 
with respect to the /x-th independent variable is denoted by d^f = dx^f- 

Vector and tensor indices are written as subscripts [x^j^, A^^F^^, etc.) and 
spinor indices as superscripts {ip°')- Lowering or raising of an index in the 
Minkowski space i?(l, 3) is carried out by the metric tensor g^^, for example. 



x'^-g^.x.-^ ■ 2,3. 



.To, /i = 0, 



Complex conjugation is denoted by the asterisk (t + iy)* = x — iy and 
the matrix transposed with respect to a given matrix A is designated by A^. 
The symbol A^ stands for a complex conjugate of a transposed matrix, i.e. 

{A^y = Al 



CHAPTER 1 



SYMMETRY 
OF NONLINEAR 
SPINOR EQUATIONS 

The first chapter is of an introductory character. Here we present well-known 
facts about different representations of the Dirac equation [115, 116, 118], 
its local and nonlocal (non-Lorentz) symmetry and conservation laws for the 
Dirac field. Detailed group-theoretical analysis of nonlinear generalizations 
of the Dirac equation which are invariant under the Poincare group P(l,3), 
extended Poincare group P(l,3) and conformal group C(l,3) is carried out. 
Some second-order Poincare- and conformally-invariant spinor equations are 
considered. Wide classes of nonlinear PDEs for spinor, scalar and vector fields 
invariant under the groups P(l,3), P(l,3), C(l,3) are described. 

We establish correspondence between reducibility of PDEs and their con- 
ditional symmetry (the results obtained play a crucial role when constructing 
exact solutions of multi-dimensional partial differential equations). 

1.1. Local and nonlocal symmetry of the Dirac equation 

The Dirac equation is the system of four linear complex partial differential 
equations 

{il^^d^ - m)V'(x) = 0, (1.1.1) 

where tp = i/j{xo,Xi,X2,xs) is the four-component, complex- valued functi- 
on-column, m = const, 7^ are (4 x 4)-matrices satisfying the Clifford-Dirac 
algebra 

iti'yu + iuifi = 'igij.iyi, = 0, . . . ,3, (1-1-2) 

where I is the unit (4 x 4)-matrix. 
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Under the massless Dirac equation we mean system (1-1.1) with m = 0. 

Since on the set of solutions of the Dirac equation a spinor representation 
of the Lorentz group is reahzed (see the Appendix 1), the function jp{x) is 
called the spinor field (or, for brevity, the spinor) and equation (1.1.1) as well 
as its nonlinear generalizations are called spinor equations. 

If we act with the operator i'^^d^ + m on the left-hand side of equality 
(1.1.1) and use relations (1.1.2), then a system of four splitting wave equations 
for the spinor iIj{x) 

{df,d>' + m'^)ip{x) = (1.1.3) 

is obtained. 

It is worth noting that Dirac derived equation (1.1.1) by factorizing the 
second-order differential operator S^u^^ + m^, i.e., by representing it in the 
form of the product of two first-order operators Qj- = i'^^d^ it m, whence it 
followed that 7^ were matrices satisfying the algebra (1.1.2) [35, 69, 71]. 

1. Algebra of the Dirac matrices. We say that a representation of the 
Clifford-Dirac algebra is given if there are four (4 x 4)-matrices satisfying rela- 
tions (1.1.2). There exist infinitely many representations of the Clifford-Dirac 
algebra. But all these representations are equivalent, namely, for each two 
sets of matrices {t^}) {^m} satisfying (1.1.2) there exists such a nonsingular 
(4 X 4)-matrix V that 

i^ = yit.y~\ M = o,...,3. (1.1.4) 

If it is not indicated otherwise, we assume that the matrices realize the 
following representation of the algebra (1.1.2): 

.o^(5_".)' -^(-°. 0). (-^) 

where I, are the unit and zero (2 x 2)-matrices, o"a are the Pauli matrices 

In addition, we use the following representations of the Clifford-Dirac al- 
gebra: 
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[-il J' [ ia3 J' 

(1.1.7) 

^'=[o -il )^ ^'=[-iI J ' 



70=(^ 7»=(_°,^ ;^), a=l,2,3. (1.1.8) 

Straightforward verification shows that the matrix 74 = 70717273 satisfies 
relations of the form 

747m + 7m74 = 0, 74 = -1> = 0, . . . , 3. 

Matrices 70, 71, 72, 73, 74 form the maximal set of generators of the 
Clifford-Dirac algebra in the class of (4 x 4)-matriccs. 

The maximal set of generators of the Clifford-Dirac algebra in the class 
of (8 X 8)-matrices is exhausted up to the equivalence relation (1.1.4) by the 
following matrices: 



7J' '"1 74 



(1.1.9) 



-m or ° I -74 



where is the zero (4 x 4)-matrix. 

It is known that all possible products of matrices 7^ form a basis in the 
linear space of (4 x 4)-matrices. The elements of this basis can be chosen as 
follows 

I, 7/u, 7m7!^, 747m' 74, M<z^, /x,z^ = 0, ...,3. (1.1.10) 

Sixteen matrices (1.1.10) are linearly independent and, consequently, an 
arbitrary (4 x 4)-matrix is represented as a linear combination of the basis 
elements (1.1.10). 

2. Various formulations of the Dirac equation. The four-component 
function-row 'ip(x) = {ip{x))'^jo is called a Dirac-conjugate spinor. To obtain 
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an equation for ^'(a::) we apply a complex conjugation procedure to (1.1.1) 
with subsequent transposition and multiply the obtained expression by 70 on 
the right. Taking into account relations 7g = 70, = —7a, we have 

idix'tplii + mtjj = 0. (1.1.11) 

If we designate 

^ = ii2'4'\ (1.1.12) 
then equation (1.1.11) can be rewritten in the form 

{iliidij. - rnji) = 0. 

Hence it follows that system (1.1.1), (1.1.11) can be represented in the 
form of the eight-component equation 

(iT^di, - m)^ix) = 0, (1.1.13) 

where 



^tp{x)J ■ 

If we choose the matrices 7^ in the representation (1.1.7), we can rewrite 
the Dirac equation (1.1.1) as a system of eight real PDEs 

(iP^ - ra)$(a;) = 0, (1.1.14) 

where 

~ VlmV(x) ) • 

On multiplying equation (1.1.1) by the matrix 70 on the left we get the 
Dirac equation in the Hamilton form 

idoil^ = Htl) = {-ijojada + m7o)V'- 

Choosing the matrices in the representation (1.1.8) and representing 
the spinor ip{x) in the form 

^W = (^;g), (1.1.15) 

where f±{x) are two-component functions, we rewrite the Dirac equation as 
follows 

{ido + i(Jada)f+ - =0, 

(1.1.16) 

{ido - ic^ada)^- - mip+ = 0. 
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Acting on the first equation of system (1.1.16) by the operator iOq — icTada 
we have 

{d^d" + m^)^+{x) = 

and what is more ip-{x) = m~^{ido + iaada)(p+{x). Consequently, the system 
of four first-order differential equations (1.1.1) is equivalent to the system of 
two splitting wave equations. 

Prom (1.1.16) it is clear that the massless Dirac equation 

h^^d^i^ix) = (1.1.17) 

splits into two Weyl equations for two-component spinors ip±{x). 

Let us also note that the massless Dirac equation (1.1.17) can be rep- 
resented in the form of the Maxwell equations with currents. To become 
convinced of this fact we represent the four-component function ^p{x) in the 
following equivalent form: 



/ 






( E2 


\ 




+ i 


G 








-Hi 




\ 


F J 




\ H3 


) 



where Ea, Ha, F, G are some smooth real- valued functions. 

Substituting (1.1.18) into (1.1.17) and splitting with respect to i we get 
the Maxwell equations with currents [138] 

doE = T:otH + j, divE = jo, 

. . . (1.1.19) 

doH = — lot E + k, divH = ko, 

where jf^ = d^F, k^, = d^G. 

The above presented formulations of the Dirac equation are, of course, 
equivalent but choosing an appropriate one we can substantially simplify com- 
putations when solving the specific problem. In addition, these formulations 
enable us to obtain principally different generalizations of equation (1.1.1) for 
the fields with an arbitrary spin [115, 116]. 

3. Lie symmetry of the Dirac equation. We adduce the assertions 
describing the maximal (in Lie sense) invariance groups admitted by the Dirac 
equation. 
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Theorem 1.1.1. The maximal local invariance group of the Dirac equation 
(1.1.1) is the 14-parameter group Gi = P(l,3) ^(4)/ where P(l,3) is the 
Poincare group having the generators 

J'm = 9", V = x^d"" - x^d" + S^, (1.1.20) 

and V{A) is the ^-VO'fo.f^^i^f group of transformations in the space {tp*,'ip) 
generated by the operators 

Qi = iib°'d^o: — iib*°'d^*c 

(1.1.21) 

Q2 = {72V'*}"5v« - M}''dro', 

Qz = {«72V'*}"5v« + {*72V'}"^V*" ■ 

In formulae (1.1.20), (1.1.21) {^}" is the a-th component of the function 
^ and 



Theorem 1.1.2. The maximal local invariance group of the massless Dirac 
equation (1.1.17) is the 23-parameter group G2 = C(l,3) (8) 1^(8),^ where 
C(l,3) is the conformal group having the generators 

Pfx — 9^1 Jfxv — x^d Xjjd^ + iS^i/, 
D = x^d^ + 3/2, 

= 2x^,{x^d^ + 3/2) -x-xd^' + 25^^x^ 

and V{8) is the 8-parameter group of transformations in the space {tp*,tp) 

^Since equation (1.1.1) is linear, it admits an infinite-parameter group ip' = ip + 6'^{x), 
where is a group parameter and ^' is an arbitrary solution of system of PDEs (1.1.1). Such 
a symmetry gives no essential information about the structure of solutions of the equation 
under study and therefore is neglected. 

^See the previous footnote. 



(1.1.22) 
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generated by the operators (1.1.21) and 

Qg = {i74^}«5^a + {i74V'*}"5^*<^, 

(1.1.23) 

Qe = {7274 V'* + {7274V'}"5v*"' 
Qr = {i7274V'*}"5v" ~ {^7274V'}"t^i/'*« • 

The fact that the groups Gi, G2 are the maximal invariance groups ad- 
mitted by equation (1.1.1) is established by rather cumbersome computations 
with the help of the Lie method [63, 188]. 

Straightforward verification shows that operators P^, J^^-, D satisfy the 
following commutation relations: 

[P/x, Pu] = 0, [P^, Jap] = g/McPp - gi^pPa, 

[P^,D] = P^, [J^,,L>]=0, 

[J/j,!/: Jap] ~ Qfi^Jva "I" dvaJfiP Q/J-aJf/S dv^Jna- 

Consequently, the operators P^, J^^jy, D form a basis of the 11-dimensional 
Lie algebra which is called the extended Poincarc algebra ylP(l,3). The cor- 
responding Lie group is called the extended Poincare group P(l,3). 

Let us adduce explicit forms of transformation groups generated by opera- 
tors (1.1.20)-(1.1.23) (corresponding formulae are obtained by solving the Lie 
equations (0.6)). 

1) the group of translations {X = O'^P^) 

x'^ = x^ + e^, ^l,'{x')=ij{x); (1.1.24) 

2) the Lorentz group 0(1,3) 

a) the rotation group 0(3) {X = ^eabc^aJbc) 

Xq = Xq, 

x'a = Xa COS 6 — siu EabcObXc + ^~^6'a(l — COS 0)9bXb, (1.1.25) 

tp'{x') = exp|-^eabA-S6c|V'(a;); 

b) the Lorentz transformations {X = Joa) 

Xq = Xq cosh ^0 + Xa sinh ^0, 

x'a = Xa cosh Oq + Xq sinh Oq, 
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x'h = Xb, b^a, (1.1.26) 
ip'{x') = exp(^7o7ttW(a;); 



(1.1.28) 



I 2 

3) the group of scale transformations {X = D) 

x'^ = e^oar^, ip'{x') = e-''^°tP{x), with k = 3/2; (1.1.27) 

4) the group of special conformal transformations {X = d^K^^) 

ip'{x') = a{x){l — 7 • ^7 • x)ip{x) 

5) the group V{8) 

X = Qo: x'^ = x^, 

^'{x') = e^V(2;), i^*'{x') = e^°V*(^); 
X = Qi: x'^ = Xf,, 

^'(x') = e'^Xa;), V*' = e"'^>*(a;); 

X = Q2: x'^ = x^, (1.1.29) 

ip'{x') = il){x) cosh 6*0 + ^2'4'*{x) sinh ^o, 
'4>*'{x') = ip*{x) cosh^o — l2'^{x) sinh 6*0; 

X = Q2,: x'^ = Xf,, 

tp'{x') = ip{x) cosh^o + i^2'>P*{x) sinh 6*0, 
ip*'{x') = ip*{x) cosh^o + i'y2'ip{x) sinh^o; 

X = : x^ = x^, 

il^\x') = exp{^o74}^(a^), r'{x') = exp{-^o74}^*(x); 

X = Q5: = Xf,, 

tp'{x') = ex.p{ieoj4}tp{x), ip*'{x') = ex.p{ieo^4}tp* (x); 

X = Qe: x'^ = x^, (1.1.30) 
il)'{x') = ■ip{x)cos9o + 7274 V'* (a;) sin 6*0, 
ip*'{x') = ip*{x) cos 9q + J2'y4'4>{x) sin ^o; 

X = Q'j : = x^, 
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ip'^x') = ip{x) cos 9o + i^274ip*ix) sin 60, 
= '4^*{x) COS 9q — ij2"f4'<p{x) sin ^o- 

In the above formulae 9^ e M}, /x = 0, . . . ,3 are group parameters, 6 = 
{BaGaY^"^-, = 1 — 26 ■ X + {6 ■ 6){x ■ x), by the symbol X we designate a 
generator of the corresponding group. 

The direct verification shows that the Dirac equation is invariant under 
the Lie transformation groups (1.1.24)-(1.1.30). For example, if we make in 
PDE (1.1.1) the change of variables (1.1.25), then the identity holds 

- m)'4>'{x') = exp^^^eabcBaSbc^iili^d^ - m)'ip{x), 

whence it follows that the set of solutions of equation (1.1.1) is invariant with 
respect to the action of the group (1.1.25). 

In addition, the Dirac equation admits discrete transformation groups 
which cannot be obtained with the help of the Lie method. We adduce the 
most important discrete symmetries of equation (1.1.1). 
1) the spatial inversion 



Xq — Xq, Xg^ — Xq 



tp'{x') = 70-0(3;), tp*'{x') = jQtp^x); 

2) the time reversal 



(1.1.31) 



tp'ix') = 7i73V'*(a;), iJ*'{x') = 7i73V'(a;); 
3) the charge conjugation 



(1.1.32) 



ip'{x') = ij2ip*{x), ip*'{x') = i-f2tp{x). 

Transformation groups (1.1.31), (1.1.32), (1.1.25), (1.1.26) form the full 
Lorentz group (for more detail, see [118, 174]). 

4. Non-Lie symmetry of the Dirac equation. In the previous subsection 
we adduced theorems describing maximal local invariance groups of equations 
(1.1.1), (1.1.17). Such a symmetry can be defined as invariance with respect 
to a Lie algebra having basis elements of the form 

X = 4^(x, i^, r)d^ + V'^ix, i^, r)d^^ + ri*''{x, ^, r)dr-, (1-1-33) 



20 



Chapter 1. SYMMETRY OF NONLINEAR SPINOR EQUATIONS 



where rj", rj*'^ arc some scalar smooth functions. 

As pointed out in the introduction, the above symmetry does not exhaust 
ah symmetry properties of the Dirac equation because there exist hnear differ- 
ential and integro-differential symmetry operators which cannot be represented 
in the form (1.1.33) and, consequently, correspond to a non-Lie symmetry of 
the Dirac equation. 

Let A^i be a class of complex linear first-order differential operators with 
variable matrix coefficients acting on the space of four-component functions, 
i.e., 

Mi = {Q = A^d^ + B], 

where ^^(x), B{x) are complex (4 x 4)-matrices. Evidently, the class Mi 
contains all Lie symmetry operators which can be obtained with the help of 
formula (0.12). 

Following [118] we adduce assertions describing all symmetry operators of 
the Dirac equation belonging to the class A^i. 

Theorem 1.1.3 [118, 196, 255]. Equation (l-l-l) has 26 linearly-independent 
symmetry operators belonging to the class Aii. The list of these operators is 
exhausted by the generators of the Poincare group (1.1.20) and by the following 
operators: 

/, S = 74(ix^5^ + 3i/2 - m7 • x), 

u:^, = (V2)(7m5' - 7.9^) + rnS^,, (1.1.34) 

p^ = (l/2)74(i5^-m7;.), 

R^ = X^UJ^y +U^yX^, 

where I is the unit (4 x A) -matrix. 

Note 1.1.1. Set of operators (1.1.20), (1.1.34) is not closed with respect to 
the algebraic operation 

Qi,Q2^Q3 = [Qi,Q2]. 

Consequently, it does not form a Lie algebra. Nevertheless, there exist such 
subsets of the above set which are Lie algebras. An important example is 
provided by the operators P^, J^i, satisfying the commutation relations 



\Pni Pv\ — 0, \P^^ Ja0\ — df^aPu dvaPfjLi 

[Jnui Jafj] ~ Qnji^va ~l~ QyctJixjB duaJufi dvjiJixa- 



(1.1.35) 
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This algebra is called the Lie algebra of the Poincare group (or Poincare 
algebra) and is designated by the symbol AP{1,3). 

Another interesting example is the eight-dimensional Lie algebra 

= mV + (^/2)(1 - m)hi.d^ - ludn, 
Eo = /, Si = m74 + (1 - i^ih^di^ 

obtained in [115, 116]. 

Note 1.1.2. As the direct check shows the relations 

[p^,B] = {l/2)iPi_, + mR^), 
[Ph, Pu] = 2c<;^;/ 

hold true. Hence it follows that all symmetry operators of the Dirac equation 
Q £ Ail belong to the enveloping algebra of the Poincare algebra (i.e., to 
the algebra whose basis elements are polynomials in P^, J^^, with constant 
coefficients). Furthermore, any linear A?"-th order partial differential operator 
with matrix coefficients which is a symmetry operator of the Dirac equation 
(1.1.1) under m / belongs to the enveloping algebra of the Poincare algebra 
[118]. 

Theorem 1.1.4 [118, 230]. The massless Dime equation (1.1.17) has 52 
linearly-independent symmetry operators belonging to the class Mi- A basis 
of the linear vector space of such operators can be chosen as follows 

Pfi} Jfiu} D, I, = i'j^Pfj^, 

F = i74, i?^ = (D - 1/2)7^ - 7 • xP^, (1.1.36) 

Qi,u = i{[Ri.,K^]-[Ru,K;\). 

Note 1.1.3. Operators R^j, P^j, u;^„y, Q^uy arc not contained in the enveloping 
algebra of the local invariance algebra of equation (1.1.17). Consequently, they 
are essentially new. 

Until now when analyzing non-Lie symmetry of the Dirac equation we 
considered only linear transformations of the set of its solutions. To investigate 
symmetry of equation (1.1.1) in the class of operators generating both linear 
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and anti-linear transformations (i.e., transformations of the form 

where Li,L2 are some hnear differential operators) we turn to the eight- 
component form of the Dirac equation (1.1.13). 

Let A^2 be a class of complex first-order linear differential operators with 
matrix coefficients 

X = A^{x)d^ + B{x) 
acting on the space of eight-component functions ^' = ^'(x). 

Theorem 1.1.5 [118]. The general form of a symmetry operator for equation 
(1.1.13) belonging to the class M.2 is given by the formula 

n = ( -72Qh2 \ 
^ ^1 -72^^72 J ' 

where Qo, Qi are arbitrary linear combinations of the generators of the Poin- 
care group and of operators (1.1.34) with complex coefficients. 

Theorem 1.1.6 [118]. The general form of a symmetry operator for equation 
(1.1.13) with m = belonging to the class M.2 is given by the formula 

n=( -i2Q\i2 \ 
^ \Qi -i2Qhi2 I ' 

where Qo, Qi are arbitrary linear combinations of the operators (1.1.36) with 
complex coefficients. 

A detailed account of symmetry properties of the linear Dirac equation in 
the class of high-order differential and integro-differential operators is given in 
the monographs [115, 116, 118, 119]. 

It is well-known that the maximal (in Lie sense) invariance group of the 
Weyl equation 

{ido + iaadaMx) = {} (1.1.37) 

is the conformal group C(l, 3) supplemented by the two-dimensional transfor- 
mation group 

x^ = x^, /i = 0, . . . , 3, 
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where {61,62} C 

The class Aii has no additional symmetry operators. The class con- 
tains 52 symmetry operators for the Weyl equation [230]. 

5. Absolute time for the Dirac equation. All fundamental equations of 
quantum field theory (Maxwell, Dirac, Klein-Gordon-Fock, dAlembert etc.) 

are invariant with respect to the Lorcntz transformations. With these trans- 
formations time changes after transfer from one inertial coordinate system to 
another. In other words, the principal motion equations of the quantum field 
theory are invariant with respect to the Lorentz group 0(1, 3) G 3). 

A question arises whether there exist invariance algebras admitted by the 
Maxwell, Dirac and Klcin-Gordon-Fock equations which generate transforma- 
tions for the time variable xq = t and coordinates x = {xi,X2,X3) different 
from the Lorentz and Galilei transformations. A positive answer to this ques- 
tion was given in the papers [83]-[86]. 

Theorem 1.1.7 [83]~[86]. The Dirac equation (l-l-l) is invariant under the 
Poincare algebra having the following basis elements: 

Pq^^ = H = --folada - im'yo, ^a^^ = -da, 

= -Xoda - \{XaH + HXa), (1-1-38) 

J^^ = Xbda - Xadb + I'Jalb, 

where a, b = 1,2,3, a < b. 

Proof is carried out by direct check. 

Note 1.1.4. The operators Jq^ generate non-Lorentz transformations of the 
time variable XQ = t and coordinates Xa- Time does not change 

t^t' = exp{t;,J^^^}texp{-i;„j£)} = t (1.1.39) 

and the coordinates transform as follows: 

Xa^x'a = ex.-p{vbJol^}xaeyip{-VbJol'} 

7^ exp{vbJob}xaew{-VbJob} ■ (1.1.40) 

^ V ' 

Lorentz transformations 

Here Vf, are parameters which are interpreted as components of the velocity 
of a moving inertial reference frame with respect to a fixed one. 

Note 1.1.5. It follows from Theorem 1.1.7 that on the set of solutions of the 
Dirac equation two inequivalent representations of the Poincare algebra are 
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realized. Operators Pg ,J()J from (1.1.38) generate nonlocal transformations 
of coordinates Xa leaving the time variable xq = t invariant. Let us empha- 
size that transformations (1.1.40) are different from the standard Galilei and 
Lorentz transformations. 
As the relations 

rp(l) 7(1)1 _ p(l) 
rp(l) 7(1)1 _ „ p(l) 

hold, the energy Pq^^ and momentum Pi^^ operators transform according to 
the standard Lorentz law. But for the time variable xq = t and coordinates 
Xa this is not the case and the interval = ,Xq — XaXa is not invariant with 
respect to the transformations (1.1.39), (1.1.40). 

Thus, the Dirac equation as well as the Maxwell and the Klein-Gordon- 
Fock equations [83]-[86] have dual symmetry (Lorentz and non-Lorentz) . 

The dual symmetry of the Dirac equation is a consequence of the fact that 
the spectrum of the operator H has a lacuna in the interval {—m, m) and the 
spectrum of the operator Pq^^ is continuous on the real axis [83]-[86]. 

In conclusion we briefly consider symmetry properties of the equation 

(1 - rnHd,,^ = 0, (1.1.41) 

which is obtained from the massless Dirac equation (1.1.17) by multiplying it 
by the singular matrix 1 — i^4_. This equation is distinguished by the fact that 
two inequivalent representations of the conformal group C(l, 3) are realized on 
the set of its solutions. The first one is given by formulae (1.1.24)-(1.1.28). In 
addition, equation (1.1.41) admits the group C(l,3) with generators P^, J^,^ 
of the form (1.1.20) and 

D = -Xi,d^-3/2 + Xi{ij4-l), 

(1.1.42) 

K,, = 2x^D -x-xd''- 28 ^,x^ + A2(n4 - 1)7/., 

where Ai, A2 are non-zero constants. 

Prom [221] it follows that formulae (1.1.42) determine the most general 
form of generators of groups of scale and special conformal transformations 
from the group C(l,3) if the generators of the group P(l,3) are given in 
covariant form (1.1.20). 
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It will be shown in Section 2.2 that the representation (1.1.42) plays an 
important role when constructing conformally-invariant solutions of spinor 
equations. 

1.2. Nonlineeir spinor equations 

This section is devoted to symmetry analysis of quasi-linear systems of PDEs 
for the spinor field of the form 

^M^M^'-mV') = 0, (1.2.1) 

where F = {F^,F^,F^,F^f, Fi" G C^{C^,C^). 

It is clear that an arbitrary equation of the type (1.2.1) cannot be taken 
as a true nonlinear generalization of the Dirac equation. A natural restric- 
tion on the choice of functions Fi^ is the condition of invariance under the 
Poincare group. This condition provides independence of the choice of iner- 
tia! reference frame for physical processes described by equation (1.2.1) (i.e., 
nonlinear PDE (1.2.1) has to satisfy the Lorentz-Poincare-Einstein relativity 
principle). Mathematical expression of the above principle is a condition of 
invariance under the group -P(l,3) with generators (1.1.20). In addition, it 
is of interest to select subclasses of Poincare-invariant equations of the form 
(1.2.1) admitting wider symmetry groups - the extended Poincare group and 
the conformal group. 

Theorem 1.2.1 [152, 155]. System of nonlinear PDEs (1.2.1) is invariant 
under the Poincare group P(l,3) iff 

Fi^,4>) = {/i(V5V,V^74V') + /2(V^V',V^74V')74}V', (1-2.2) 
where {/i, /2} C C^(M^,C^) are arbitrary functions. 

Proof. Without loss of generality equation (1.2.1) can be rewritten in the 
following form: 

{i7^5^ + $(V;,V')}V' = 0, (1.2.3) 

where ^{tp,il)) is a (4 x 4)-matrix. 

It is evident that equation (1.2.3) with an arbitrary matrix function $ is 
invariant under the 4-parameter group of translations (1.1.24). Consequently, 
to prove the theorem it is enough to describe all ^ such that PDE (1.2.3) 
admits the Lorentz transformations (1.1.26), whence due to the commutation 
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relations of the algebra AO (1,3) it follows that PDE in question is invariant 
under the Poincare group. 

Acting with the first prolongation of the operator Joa on equation (1.2.3) 
and passing to the set of its solutions we obtain a system of PDEs for an 
unknown matrix function $('0,'0) 

Qoa^ + (l/2)($7o7a - 707a^) = 0. (1.2.4) 
Let us expand the matrix $ in the complete system of the Dirac matrices 

$ = A{i,,i^) + B^^{i^,^)^^ + Ct'-{i^,^)S^, 
+L>'^(Vi,^)747M + ^('/'.V')74- 

Substituting expression (1.2.5) into (1.2.4) and taking into account the 
identities 

[74, 707a] = 0, [7^, 7o7a] = 2(5r^o7a " gpialo), 

where g^y is the metric tensor of the Minkowski space i?(l,3), with a subse- 
quent equating to zero of coefficients of linearly independent matrices /, 7^, 
. . ., 74 one gets an over-determined system of PDEs for functions A, B^^, . . . ,E 



QoaA = 0, QoaE = 0, (1.2.6) 

QoaBf, + B"{gaOgij.a - gaagfio) = 0, (1-2.7) 

QoaD^ + D"^{ga,og^ia - gaalfio) = 0, (1.2.8) 

QoaC^" + {mC^^ig^J^;, + gpo5Z 

-5aoC-5/3aO=0. (1.2.9) 



In formulae (1.2.6)-(1.2.9) we use the following notations: 

Q^, = (l/2){7^7,V}"5v,. - {l/2){{l,^^^,Yd^^, ^<u, 
K'^fi = ^m^i^P - ^tiP^foc, a = 1,2,3, /x, z/, a, /3 = 0, 1, 2, 3. 

Since [Qoa,Qob] = Qabi functions A{'iI^,iIj), B^^^if)) satisfy the system of 
PDEs 

Qm./(V^,V') =0, ii<v. (1.2.10) 
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According to [61], the general solution of this system is an arbitrary smooth 
function of a complete set of its first integrals iv. 

If we denote by r the rank of the (6 x 8)-matrix of coefficients of the 
operators Q^i, 
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(the representation of 7- matrices is given by formulae (1.1.5)), then a maximal 
set of functionally-independent first integrals of system (1.2.10) consists of 8— r 
integrals [61]. In the case considered r = 6, whence it follows that the general 
solution is represented as an arbitrary smooth function of two functionally- 
independent first integrals. As a rule, they are chosen in the form ■(/'■i/', ip^^ip. 
Thus, the general solution of system (1.2.6) is given by the formulae 

A = Aitpip, ipjAip), E = Eit/ji/j, ipjAip), (1.2.11) 

where {A,E} C C^(]R^,C'^) are arbitrary functions. 

We expand the four-component function with components in the system 
of four linearly independent vectors ei, 62, 63, 64 having the components 

+^3(V'> V')V'^7o727mV' + RA{i>, V')V'^7o72747/xV'- 

Let us prove that the functions = B^i^, = 0, . . . , 3 satisfy system 

of PDEs (1.2.7) iff the conditions 

Ri = ^i(V;V,V^74V'), Bi G Cl(M^ C^), z = 1, . . . ,4 

hold. 
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Indeed, if we designate by V^{ip,ilj) the components of one of the vectors 
Ci, then satisfy the equahties of the form 

QoaVo = Va, a = 1,2,3 (1.2.12) 

(the above fact is established by straightforward computation). Consequently, 
we have 

QoaBo = (Qoa^l)V'70^ + (Qoa-R2)V'747oV' + (Qoa^s) 

X'0^7o727oV' + (<5oa-R4)V'^7o72747o'0 + Rii^la'^ (1.2.13) 

+i?2'0747a'0 + -R3'0^7o727aV' + -R4V'^7072747oV'- 

Setting /X = in (1.2.7) we find 

Qoa^o = Ba. (1.2.14) 
Comparing (1.2.13) and (1.2.14) yields the following equality: 

(Qoa-Rl)V'7oV' + (Qoa-R2)'0747O'0 + (Qoo^3)V'^7o727oV' 

+(Qoa^4)V'^7o72747oV' = 0. 
In the same way we obtain equalities of the form 

{Q0aRl)lp7btp + (Qoa^2)V'747feV' + QoaR2.)'4^'^ lOlUbi^ 



(1.2.15) 



(1.2.16) 



where a, 5 = 1, 2, 3. 

Since four-vectors with components "ip^nip, ■ ■ ■ , 'ip'^ 7072747/^^^ are linearly- 
independent, from (1.2.15), (1.2.16) it follows that QoaRi = 0, a = 1,2,3, 
i = 1, . . . ,4 or Ri = Bi{ipip,ijj-f4ip), i = 1, . . . ,4. 

Taking into account that system of PDEs (1.2.8) coincides with system 
(1.2.7) it is easy to write down its general solution 

Dij.{lp,1p) = V'7mV'^i(V'V',V^74V') + V'747MV'52(V'V',V^74'i/') 

+^^7072 7m V' As (V"^, tplitp) + V'^7o72747mV'-^4('0V'! V'74V')> 

where A e C1(M\C1), i = 1,...,4 are arbitrary functions. 

Integration of equations (1.2.9) is carried out in the same way, as a result 
we have 

C^uii^A) = V'7m7!^V'C'i + V'747m7!^V'C'2 

+V'^7o727/^7i/V'C^3 + V'^7o72747M7t^V'C^4, 
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where Cj = Cil^ip, ip^^ip), i = 1, ... ,4 are arbitrary smooth functions. 

Thus, we have proved that equation (1.2.1) is invariant under the Poincare 
group iff 

= |l/ + -Bi7m(V'7''V') + -B27m(V'747''V') 

+-B37m(V'^7o727''V') + -B47m(V'^7o72747''V') 

+Ci V(VS'5'''^^) + ^2^0^74.5'^"^) (1.2.17) 

+C'35^.(V'^70725'^"V') + C45^.(V''^707274^'^"V') 
+Di747^('07'''0) + ^2747;i('0747'''0) 

+53747^('0^7o727'''0) + -D4747/i('0^7o72747'''0) + -^74 jV'- 

Here ^, Bi, . . . ,E are arbitrary smooth functions of V'74^. 
Let us show that formula (1.2.17) without loss of generality can be rewrit- 
ten in the form (1.2.2). To this end, we need the following identity: 

(V^17mV'2)7''V'2 = (■0lV'2)V'2 + (V^l74V'2)74V'2, (1.2.18) 

where ^i, tp2 are arbitrary four-component functions. 

The validity of (1.2.18) is checked by direct computation. Choosing 7- 
matrices in the representation (1.1.5) we have 

7oV'2 = (V'2, i^l, -V'i, -^If, 

72^-2 = (#i, -#2i #2)'^! 

73V'2 = k^l. -^l. -^2°, i'lf. 

v^i7oV'2 = v^?V'2 + v^iV2 - V'^V'i - v^^V'i, 

V^i7i^2 = + v^iVi - ^?^2 - V^?V'2°, 
^112^2 = ^(V^?V'i - V^iVi - i^li^l + ^1^2), 

^I73i^2 = - ^iVi - i^Ii^2 + ^?^2\ 

ViiV'2 = V^JV-" + V^iV2 + V^^V'i + i^fi'l 

whence it follows 

(v^i7mV'2)7''V'2 = (v^?V'2 + v^iVi + ^l^l + 
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X ?1 -(^?V'i + vSiVi + ^?^2 + vs?V'2) 

= {■01 ^2 + (V'l74V'2)74}V'2- 

On making in (1.2.18) the change of variables tpi V'i74 we arrive at the 
identity 

(■01747mV'2)7^V'2 = {V'l74V'2 - ('0lV'2)74}V'2- (1.2.19) 

Similarly, we obtain from (1.2.18) two other identities 

(V'1747mV'2)747''V'2 = {(V'l74V'2)74 + V'lV'2}V'2, (1.2.20) 
(V5i5m-02)5"'^V'2 = (l/2){V^lV2 - (V^174V'2)74}V'2. (1-2.21) 

In (1.2.19)"-(1.2.21) tlJi,tp2 are arbitrary four-component functions. 
Choosing in (1.2.18), (1.2.19)-(1.2.21) functions ipi, ip2 in an appropriate 
way we arrive at the following relations: 

{■lpj^1p)j''lp = {ipip + (V'74V')74}'0, 

(V'747/xV')7''V' = {^'740' - (V'V')74}V', 

(V'^7o72747mV')7^V' = {V''^7o720 + (V'^7o7274V')74}V' = 0, 

whence the existence of such smooth functions /i('i/'0, ^74^^), f2{'4>'ip, 
■i/'74^) that = (/i + f2^4:)ip follows. The theorem is proved. > 

Note 1-2.1. Jf we choose in (1.2.17) D2 = X = const, A = Bi = . . . = Di = 

Z?3 = D4 = E = 0, then equation (1.2.1) coincides with the nonlinear spinor 
equation (0.1) suggested by Heisenberg. 

Note 1.2.2. From formulae (1.2.18)-(1.2.21) the well-known Pauli-Fierz iden- 
tities follow [62, 274, 275] 

where 

s = xjjip, p = -ip^ATp, = -07^-0, 

w^^ = 0747m V') o-jui' = i^S^^il), = 0, . . . , 3. 
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Further we will select subclasses of equations of the form (1.2.1) which in 
addition to the group P{1,3) admit the one-parameter group of scale trans- 
formations (1.1.27) with arbitrary non-zero G and the 4-parameter group 
of special conformal transformations. 

Theorem 1.2.2 [152, 155]. Equation (1.2.1) is invariant under the extended 
Poincare group, iff the function F{'tlj,i/j) has the form (1.2.2), where 

fi = (V^V')'/''/i(v;V'(V;V'74V')-'), i = 1,2. (1.2.22) 

Proof. The necessity. Since PDE (1.2.1) is invariant under the group P(l, 3), 
it admits the group P(l,3) C P(l,3). Applying Theorem 1.2.1 we conclude 
that it is necessary to describe all functions fi{'ip^, ^'j^ip), f2{'ipi^, i'^Ji'ip) such 
that equation (1.2.1) with F of the form (1.2.2) is invariant under the group of 
transformations (1.1.27). Acting by the first prolongation of the infinitesimal 
generator of the group (1.1.27) 

D = x^d^ - k^i'^dii'^ - kipad^c 

on equation (1.2.1) with F of the form (1.2.2) and passing to the set of its 
solutions yield determining equations for /i, /2 

(ojid^, + U2d^, - {2k)-^)fi = 0, i = 1, 2, (1.2.23) 

where coi = 'tpip, u)2 = i'lAi^- 

The general solutions of the above equations are given by formulae (1.2.22). 
The necessity is proved. 

The sufHciency. Let us introduce a notation 

G(VS, V) = ^m^mV^ - (/i + /274)(^V')'/''V'- (1-2.24) 

The direct computation yields the following identity: 

G{^', tp') = e('=+^)^G(V;, V), 0e R\ 

where ijj' is given by formulae (1.1.27). 

In other words, the group of scale transformations leaves the set of solutions 
of equation G = invariant. Hence it follows that equation (1.2.1), where 
the function F{ip^%lj) is determined by (1.2.2), (1.2.22), admits the extended 
Poincare group. Theorem is proved. > 
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Theorem 1.2.3 [152, 155]. Equation (1.2.1) is invariant under the conformal 
group C(l, 3) iff 

= + /274)V', (1.2.25) 

where /i, /2 a,re arbitrary sm,ooth functions of ■iljip{'ip^4ip)~^ . 

Proof. The necessity. Since the group C(l, 3) contains the extended Poincare 
group, the function F{'ip, tp) has the form (1.2.2), (1.2.22), the conformal degree 
k being equal to 3/2. 

The sufficiency is established by direct verification. Making the change 
of variables (1.1.28) in equation G = 0, where G is given by (1.2.24) under 
k = 3/2, we get the identity 

G(v;',v') = ^'(^)(i-7- ej-x)Gi^,^), 

whence it follows that equation G = admits the 4-parameter group of special 
conformal transformations. The theorem is proved. > 

Note 1.2.3. If we choose in (1.2.25) /i = A = const, /2 = 0, then the 
conformally-invariant spinor equation suggested by Giirsey [176] 

{iji^d^ - X{i>i^f'^}i^ = (1.2.26) 

is obtained. In addition, by using formulae (1.2.18)-(1.2.21) it is not difficult 
to become convinced of that the conformally-invariant spinor equation 

iilfidf, - A[(V;747^V')(V'747^V')]~"^^^(V'747mV')747^}^ = 

suggested in [139, 140] is also included into the class of nonlinear PDEs (1.2.1), 
(1.2.25). 

Note 1.2.4. Applying the Lie method we can establish that Poincare-invariant 
equations (1.2.1), (1.2.2) admit the three-parameter Pauli-Giirsey group hav- 
ing generators Qi, Q2, Q3 (1.1.21) iff the functions /i, /2 are real-valued 
ones. 

It should be noted that there exist nonlinear spinor equations which admit 
infinite-parameter symmetry groups. As an example, we give the following 
P(l, 3)-invariant spinor equation: 

ii;^^,i^)d^^P = (1.2.27) 

which is obtained from (1.1.17) by a formal change 7^ "07^ V'- The maxi- 
mal symmetry group of the above equation is generated by the infinitesimal 
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operator [155, 160] 

X = ^^{x,^,ip)d^ + 'n"{x,i},ip)d^a +V"{x,i^,i^)d^a, 

where 

ri'' = R''{w,tp,ilj), 

w = {x^{-4j-i„-4;){-4jYi^) - {'4'ipii^){i'i ■ x^^)}, 

/, ffj,, R" are arbitrary smooth functions and z/, a = 0, . . . , 3. 

1.3. Systems of nonlinear second-order equations 
for the spinor field 

As a rule, the spinor field is described by the first-order system of PDEs. Such 
description is considered to be the most adequate to the nature of the spinor 
field. But there exists another approach based on the second-order equations 
[89, 91, 241, 242]. 

Each component of the Dirac spinor satisfies the second-order wave equa- 
tion (see Section 1.1) 

{df.d" + m2)^(x) = 0. (1.3.1) 

The above equations form a system of splitting wave equations for four 

functions tp^, tp^, ifP' , tp^. That is why they can be used to describe particles 
with different spins s = 0, 1/2, 1, 3/2, .... For system (1.3.1) to describe a field 
(particle) with the spin s = 1/2 it is necessary to impose an additional con- 
straint (equation) on the function 'ip{x). Possible Poincare-invariant additional 
conditions 

5/x('07mV') = Ai^V' + A2V'74^ + A3 (1.3.2) 

and 

tpiijudfj, - m)tp = Xiiptp + X2ip'jAtp + A3, (1.3.3) 

where Ai, A2, A3 are constants, have been suggested in [91]. 

Nonlinear conditions (1.3.2), (1.3.3) select from the set of solutions of equa- 
tion (1.3.1) the ones which correspond to a particle with the spin s = 1/2. On 
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the set of solutions of the system of PDEs (1.3.1), (1.3.2) the spinor represen- 
tation of the Poincare group having the generators (1.1.20) is realized. 

It is interesting to note that the system of nonlinear equations (1.3.1), 
(1.3.2) with Ai = A2 = A3 = admits the group of nonlocal transformations 

x'l^ = x^, il)'{x') = ipix) + 9-i4.{ilij.d^ - m)ip{x), 

where G M"*" is a group parameter. 

Another possibility of describing fields with spin s = 1/2 by the use of 
second-order equations is to consider a nonlinear equation of the form 

[d^d^^ + rr?)^ = R{^, ^, ij, V'), (1.3.4) 

1 1 

where tp = ^dip'^ / dx^, a, = 0, . . . , sj, i? is a four-component function. 

The complete group-theoretical analysis of the above system can be carried 
out in the same way as it is done in Section 1.2. We will investigate symmetry 
properties of the important subclass of equations of the form (1.3.4) 

8/^8'' + m?ip = |Fi(5^(V'V'), '9^(V'74V'), '0V'! V'74V') 

(1.3.5) 

X7m^m + ^2(V',V')}V'- 

In (1.3.5) Fi, F2 are variable (4 x 4)-matrices, m = const. 

Theorem 1.3.1. System of PDF (1.3.5) is invariant under the Poincare group 
with the generators (1.1.20) iff 

Fi = gi+ 5274 + (53 + 5474)7 • V 

+{95 + 9614)1 -w + gr-f-v-fw, (1.3.6) 
F2 = /1 + /274, (1.3.7) 

where 

91 = 5i V'74V', v-v,v-w,w-w), I = l,...,7, 

= df,{i)^), Wf, = 9^(V'74V'), M = 0, . . . , 3, 
fi = fiii^ip, ipl4^), i = 1,2 

and gi, fi are arbitrary smooth functions. 

The proof is carried out with the help of the Lie method. First of all we 
note that system (1.3.5) admits the 4-parameter group of translations (1.1.24). 
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To obtain constraints on Fi, F2 providing invariance of system (1.3.5) under 
the Lorentz group 0(1,3) C P(l,3) we act with the first prolongation of the 
operator Joa given in (1.1.20) on the equation in question and pass to the set 
of its solutions. This procedure yields a system of determining equations for 
the matrix functions Fi, F2. The system of PDEs for F2 coincides with system 
(1.2.4) whose general solution is represented in the form (1.3.7). 
On introducing the notations 

Qoa = Vodv^ + Vadyg + W^dy,^ + Wady,^, = d^{^'^), = 0^(V'74V') 

we rewrite the system of determining equations for Fi in the form (1.2.4). 

Expanding the (4 x 4) -matrix Fi in the complete system of the Dirac 
matrices 

Fi = A + B^^i' + C^.Si''' + D^747'^ + ^74 (1-3.8) 

and substituting the expression obtained into (1.2.4) we arrive at the system 
of PDEs for the functions A, B^, ...,Eoi the type (1.2.6)-(1.2.9). Its general 
solution is given by the following formulae: 

A = gi, E = g2, B^ = g^v^ + gsw^, 

(1.3.9) 

= g^Vn + gaw^, Cf,„ = gyiy^w^ - v^w^), 

where gi, g2, ■ ■ ■ ,g7 are arbitrary smooth functions of the invariants of the 
group 0(1, 3) ■0-0, "ip^^ip, V ■ V, V ■ w, w ■ w. 

Substitution of (1.3.9) into (1.3.8) gives rise to formula (1.3.6). The theo- 
rem is proved. > 

Theorem 1.3.2. System of PDEs (1.3.5) is invariant under the conformal 

group C(l,3) with generators (1.1.22) iff 

Fi = {l/3)j-v{ip^lj)-^ + ihi + h2j4){7-v{ip^)-^ 

-7 • u;(Vi74V')"^} +74(V^V')^/^(^3 + ^474), (1-3.10) 

F2 = (ViV')'/^(/i + /274), m = 0. 

In (1.3.10) hi,. . . ,hi are arbitrary smooth complex-valued functions of the 
invariants of the group C(l, 3) {ipilj){'ijjj4i/})~^ , {{iptlj)^w-w — 2v-w{iptp){ipj4ip) 
+{'tjjj4tp)'^v ■ v}{'4)ip)''^^/^ and /i, /2 are arbitrary smooth functions of {'4^ip) 
x(V'74V')"^- 

Proof. According to Theorem 1.3.1, the necessary and sufficient conditions 
for equation (1.3.5) to be invariant under the group P(l, 3) C C(l, 3) are given 
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by equalities (1.3.6), (1.3.7). Acting by the first prolongation of the generator 
of the group of special conformal transformations O^K^, 9^ = const on system 
of PDEs (1.3.5) with Fi, F2 of the form (1.3.6), (1.3.7) and passing to the set 
of its solutions we obtain the system of PDEs for A, Bi,... , E, /i, /2 

Ligi = 2gi, = = 0, 

-^152 = 252, ^252 = L^92 = 0, 

Ligj = -6gj, L2gj = Lsgj = 0, j = 3, . . . ,6, (1.3.11) 
zm + Z2gb = 1/3, ^154 + Z2g& = 0, 57 = 0, 
(^i^zi + -225,, - 2/3)/, = 0, z = l,2. 

Here 

Li = Q{zidzi + Z2dz2) + 16(z3523 + Z4^dz^ + z^d^^), 
L2 = zidzr^ + 2z2f?,4> ^2, = Z2dzs + 2215^3, 

Zl = ^l^ll), Z2 = V'74V') Z^ = V ■ V, Z4 = V ■ W, Z5 = w ■ w. 

System of the first-order PDEs (1.3.11) is integrated in a standard way, its 
general solution having the form 

gi = zl^^hs, 52 = z^^h^, gs = (l/3)zf ^ + /iizf \ 
95 = -Z2^hi, gA = Zi^h2, ge = -z^^/i2, 

/l = zl^^ fl{zi/z2), f2 = Z^"^ 72(^1/22), 

where /ii, /i2 are arbitrary smooth complex- valued functions of ziZ2^, {zyZ^ 

+zlz3 - 2ziZ2Z4)^r'^^'; fi G C^(S^\ C^). 

Substitution of the above results into (1.3.6), (1.3.7) yields (1.3.10). The 
theorem is proved. > 

Consequence 1.3.1. System of PDEs 

{d^d''-F{ij,^)}^ = 0, (1.3.12) 

where F is a variable (4 x A) -matrix, is not invariant with respect to the group 
C(l,3). 

The proof follows from the fact that the class of conformally-invariant 
equations (1.3.5), (1.3.10) docs not contain equations of the form (1.3.12). 

If we put in (1.3.10) hi = h2 = hs = hi = 0, fi = —X^ = const, /2 = 0, 
then the conformally-invariant second-order PDE 

{di,d^ - {l/3){4;i;)-^{jM^i'))^-d, + \^{^i; f^}i; = (1.3.13) 
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suggested in [155] is obtained. The direct verification shows that any solution 
of the Dirac-Giirsey equation satisfies PDE (1.3.13). That is why equation 
(1.3.13) as well as the Dirac-Giirsey equation can be used in conformally- 
invariant quantum field theories to describe a massless particle with the spin 
s = 1/2. 



1.4. Symmetry of systems of nonlinecir equations 
for spinor, vector and scaleir fields 

It is well-known (see, for example, [142]) that the classical electrodynamics 
equations 

{i^^d^ - e^^A'^)4^ = 0, 

where A^{x) is the vector-potential of electro-magnetic field, e = const, ;U, = 
0, . . . ,3, are invariant under the conformal group C(l, 3) having the following 
generators: 

-P/x = 9^, J^^u = x^Pu - XuPf, + A^Oa-^ - Ai^dAi^ 

_ (1.4.2) 

- (1/2){7^7,V}"5^<« + (l/2){V7M7j"5vi«' ^ ^' 

D = x^,d^ - (3/2)(V'"5v,a + i^'^d^c.) - A^dA,, (1.4.3) 

= 2xi,D - (x ■ x)dt' - x^iA^dA^ - V'^V - V^^a^a) 

- {7^.7 • xij^d^c - {V^T • xjf.j'^d^c. + 2A^x,dA^ (1.4.4) 

- 2 A ■ xOai^ ■ 

In formulae (1.4.2)-(1.4.4) Oa^ = d/dA^, d^^ = d/dip"^, d^c = d/di>"- 
1^1" means the a-th component of the spinor \I'; z/, a = 0, . . . , 3. 

Let us note that the operators (1-4.4) generate a 4-parameter group of 
special conformal transformations 

X'^, = {X^ - 0f,X ■ X)(7"^(x), 

V''(x') = a{x){l — 7 • ^7 • x)'4!{x), 

(1.4.5) 

= Wix)9fiu + 2{x^9^ - XyO^ + 26 • x6'^Xi, 
- X ■ xO^B^ - 9 ■ 9xij,x^)}A''{x), 
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where a{x) = 1 — 26 • x + {6 • 9){x ■ x). 

In [133, 142] another conformally-invariant system of PDEs for spinor and 
vector fields 

{il^d^-e^^A^^)iP{x)=Q, 

^^^^^A, - d'^d^A^ = XA,{A -A) 

was suggested. A conjecture arises that there exist more general systems of 
nonhnear equations 

n^a^V - Fi^, V', A) =0, 
d^di'A, - d'^d^A^ = R,{i^, V, ^) 

invariant under the conformal group. 

In the present section we solve the problem of group-theoretical classifi- 
cation of systems of PDEs (1.4.7). Namely, we describe all functions F = 
{F^, F^, F^, F^)'^, such that system (1.4.7) is invariant with respect to 
the groups P(l, 3), P(l,3), C(l,3). 

In addition, symmetry analysis of systems of nonlinear equations for spinor 
and scalar fields 

i'jf.d^ilj ~ F{u*, u, ip, ip) = 0, 

(1.4.8) 

dij,d'^u - H{u*, u, V) V') = 0; 

vector and scalar fields 

dad''u-H(u*, u, A) = 0, 

(1.4.9) 

d^d^'A, - d^d^A^, = R,{u*, u, A) 

is carried out. 

In (1.4.8), (1.4.9) F = (F°, F\ F^, F^f; F^', H, R^ are some smooth 
functions; u{x) G C2(M'^,C^). 

Theorem 1.4.1. System (1-4-8) is invariant under 

1 ) the Poincare group iff 

F = U'i + /274)V', H = h{u*, u, 4,4,, V^74V), (1.4.10) 
where fi, /2 are arbitrary smooth complex-valued functions of u* , u, 't/jip, 

2) the extended Poincare group P(l,3) = P(l, 3)<E-D(1), where -D(l) is the 
one-parameter group of scale transformations 

x'^ = x^e\ u' = ue-^^\ ip' = i^e'^^^ 9, h, ^2 = const, (1.4.11) 
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iff F, H are given by (I.4.IO) with 

fi = i'lPi^y/'"'' fi{wi, W2, Ws), h = {U*uf'^'uh{wi, W2, Ws), 

wi = u/u*, W2 = u'^^^{'4)'4})-^^, W3 = u^^^{i>-f4:i^)-^\ (1.4.12) 
{/,, h}<lC\C\<C^), i = l,2- 

3) the conformal group C(l,3) = P(l, 3)(E-D(l)(E-f^(l, 3), where D{1) is given 
by (1.4.11) with ki = 3/2, = 1 and the 4-po-'r'ameter group of special con- 
formal transformations ii'(l,3) has the form 

x'^i = {x^ - O^x ■ x)a~^{x), 

^'{x') = a{x){l - 7 • 07 • x)V'(x), (1.4.13) 
u'{x') = a{x)u{x), 

iff F, H are given by formulae (1.4-10), (1.4-12) with ki = 3/2, k2 = 1; 

4) the group C(l,3) ® U{1), where U(l) is the one-parameter group of gauge 
transformations 

x'^ = x^, %l)'{x) = e*V(x), u{x) = e*%(x), 9 G M\ 

iff 

F = {i,i:f/\h{Zl, Z2)+74f2{zi, ^2)}V', 

H = \u\^uh{zi, Z2), {/i, h, h} C Cl(M^C^), (1.4.14) 

Zi = 'tp'ip\u\~^, Z2 = tpj4lp\''^\~^ ■ 

The proof is carried out with the help of the Lie method. Acting on 
system of PDEs (1.4.8) by the first prolongation of the operator Joa (1.1.20) 
and passing to the set of its solutions we get necessary and sufficient conditions 
of Lorentz invariance of system (1.4.8) in the form 

Qoa$ - (1/2) 707a] =0, QoaH = 0, a = 1,2,3, (1.4.15) 

where Qoa = -(l/2){7o7aV'}"5^« + {l/2){iijola}''d^c., $ = $(n*, u, Va V') is 
a (4 X 4)-matrix (we have represented the four-component function F in the 
form ^ijj). 

Since the first equation of system (1.4.15) coincides with (1.2.4) and the 

second one with (1.2.6), we can write down their general solutions using the 
results obtained in Section 1.2. According to (1.2.2), (1.2.11) the general so- 
lution of system of PDEs (1.4.15) has the form (1.4.10). Taking into account 
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the fact that system (1.4.8) is invariant under the 4-parameter group of trans- 
lations (1.1.24) we arrive at the assertion 1 of Theorem 1.4.1. 

Acting on system of PDEs (1.4.8), (1.4.10) by the first prolongation of the 
generator of the group of scale transformations 

D = x^d^ - kiip'^d^a - kitp'^d^c, - k2udu - k2U*du* 

and passing to the set of its solutions we get the following system of PDEs for 
fi, /2, h: 

k2{pifipi + P2fip2) + 2A;i(/93/ip3 + pifip^) = 1, i = 1, 2, 
^2(pi V + P2hp2) + ^ki{p3hps + pihp^) = 2, 
fiPn = dfi/dpn, hp^ = dh/dpn, n=l,...,4, 

where pi = u*, p2 = u, ps = tptp, p^ = tp^^ip is a complete system of 
functionally- independent invariants of the group P(l,3). General solution of 
the above system is given by the formulae (1.4.12), wi, ■W2, being a com- 
plete system of functionally-independent invariants of the extended Poincare 
group. Since the conformal group contains the group P(l, 3), the requirement 
of (7(1, 3)-invariance of system of PDEs (1.4.8) leads to formulae (1.4.10), 
(1.4.12) under fci = 3/2, ^2 = 1. The sufficiency of assertion 3 is established 
by direct verification. 

To select from the class of conformally-invariant equations of the form 
(1.4.8) the equations which admit the group U{\) we act with the first pro- 
longation of the generator of this group on system (1.4.8) and pass to the set 
of its solutions. As a result, we have 

2wi/m.i + ^W2fiw2 + 3it;3/i^3 = 0, i = 1, 2, 
2wihyj^ + 3w2hu,2 + 3103/1^3 = 0. 

General solution of the above equations is represented in the form 

J 3/2 -1 3/2 _ix r 7/ 3/2 -1 3/2 -ix 

Putting 

Wi = u{u*)''^, W2 = {tpi/j)''^ , = {'lpj4lp)~^ 

yields formulae (1.4.14). The theorem is proved. I> 
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Note 1.4.1. In [90] a model for description of interaction of spinor and real- 
valued scalar fields based on the relativistic Hamilton equation 

(1.4.16) 

{^^u){^^'u) = H{u, V, V-) 

was suggested. Using the Lie method we can prove that system of PDEs 
(1.4.16) admits the Poincare group iff 

F = {fi{u, i^i), i^j4ip) + 74f2{u, ijjip, i}j4ip)}ijj, 

(1.4.17) 

H = h{u, ip^, il^'^i'ip). 

Provided 

/. = {^^fl''^^ Ji{wi, W2). h = u'^^'^'+^y^'hiwi, W2), 1=1,2, 

where wi = u^'''^ {iptp)~''^ , W2 = u^'^'^ {'4>j4ip)~^'^ , system of PDEs (1.4.16) is 
invariant with respect to the extended Poincare group. 
The next two theorems are given without proof. 

Theorem 1.4.2. System of nonlinear equations (1.4.7) is invariant under 

1) the Poincare group with generators (1.4-2) iff 

F{^, ^, A) = {7 • Ah + lAl ■ Ah + h + 74/4IV', 

(1.4.18) 

Rf^i'tp, V'j A) = A^gi + iplni^g2 + i'^Ali^ipga + 7o727//V'54, 

where h ^'"e arbitrary complex-valued functions and hi are arbitrary real-valued 
functions of 

"tpip, 'tp'jA'tp, V'7 • Atp, V'747 • Alp, V''^7o727 ■ Atp, A ■ A; 

2) the extended Poincare group P(l,3) with generators (1.4-2) and 

D = X^dfj, - /ciV'a^Va ~ kiipad^^ - k2A^da^, {ki, k2} C 
iff functions F, are given by formulae (1.4-18), where 

h = {A-A)^^-^^^/^^''h, i = l,2, 

/, = (V;^)i/2^V.-, J = 3,4, g^ = {A-Afl^^gi, (1.4.19) 
5, = (V;V)('^*')/''^5«, ^ = 2,3,4, 
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/i) • • • ) /45 5i) • • • )54 being arbitrary smooth functions of 

(v;v)(v574V')~', {^Pi^)'''iA-A)->'\ (v;^)2^i+'=2(v;7-AV)"'''s 

3) the group C(l,3) with generators (1.4-2)-(1.4-4) iff the functions F, R^ 
are given by (1.4-18), (1.4-19) under ki = 3/2, k2 = 1; 

4) the group C(1,3)®U{1), where U{1) is the group of gauge transformations 

. , (1.4.20) 
A'^ = A^ + di'eix), e{x)eC^{R^,R^), 

iff 

Fi^p, V^, A) = {Xj-A + /i(V^V(V^74^)-') + 74/2(V5^(V^74^)-^)}^, 

V', A) = V'7/iV'5i(V'V'(V'74V')""^) + V'747mV'5'2(V'V'(V'74V')"^), 

(1.4.21) 

where fi G C^(R\C^), gi e C^(M\M^), i = 1,2, A = const. 

Consequence 1.4.1. On the set of solutions of system of PDEs (1-4-7), 
(1.4.21) an infinite- dimensional representation of the Lie algebra ylC(l,3) is 
realized, basis elements of the algebra having the form 

h = Pn, J^^u = J^.u, 5 = £' + a(V'°V-V^''V)' 

_ _ (1.4.22) 

K^t = K^ + Oa^ + iXxni'tp^'d^a - tpad^c), 

where the operators P^^, J/^^, D, are given by (1.4.4). 

The proof is reduced to verification of the commutation relations of the 
algebra AC{1, 3) if we note that the operators 

= iA(^"a^. -v^^a^.), 

: (1.4.23) 

Q2^, = iXx^i'tp'^d^c - ip^d^^) +dA^, /i = 0, . . . ,3 

generate transformation groups of the form (1.4.20). [> 

Thus, system (1.4.7), (1.4.21) possesses a dual conformal symmetry. To 
fix a definite representation of AC {1, 3) it is necessary to impose an additional 
constraint on the vector field An{x). In [82] the nonlinear equation 

di,{A^A ■A) = Q (1.4.24) 
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invariant under the algebra (1.4.4) was suggested. Since PDE (1.4.24) is not 
invariant under transformation groups generated by the operators from 
(1.4.23), it does not admit the 4-parameter group with generators from 
(1.4.22). Consequently, system of PDEs (1.4.7), (1.4.21), (1.4.24) is invariant 
under tlie conformal algebra (1.4.22). 

Analogously, using results obtained in the paper [142] we conclude that 
system (1.4.7), (1.4.21) supplemented by the additional condition 

d^A^ -2A-A = (1.4.25) 

is invariant under the conformal algebra (1.4.22) and is not invariant under 
the algebra (1.4.4). 

Theorem 1.4.3. System of nonlinear PDEs (1.4-9) is invariant under 

1 ) the Poincare group iff 

H = h{u*,u,A-A), Rf, = A^g{u*,u,A-A), 
where heC^ {C^ xR^,C^), g e C^C^ xR\R^); 

2) the extended Poincare group P(l,3) = P(l, 3)(E-D(1), where D(l) is a one- 
parameter group of scale transformations 



u' = ue-'"'^, u*' = u' 



H = \u\'^/''^uh(u*u-^, 1^1-2^1 (^ • ^)^2^, 

Rf, = {A- A)^/''^g(u*u-\ \u\-'"'^{A ■ A^Aa^; 



(1.4.26) 



(1.4.27) 



3) the conformal group C(l,3) = P(l, 3)(E-D(1)(EK(1, 3), where D{1) is the 
group (1.4-26) with A;i = 1, /c2 = 1 and K(l,3) is the 4-pO'rameter group of 
special conformal transformations 

^'n — (^M ~ ■ ^' = 0'{x)u, 

< = W{x)9,.u + 2{Xf,e^ - xj^ + 29 ■ xe^^x^ (1.4.28) 
-X - x6fj,0u - 6 ■ 0Xfj,Xu)}A'' , 

where s{x) = 1 — 20 • x + 9 • 9x ■ x, 0^ = const, /i = 0, . . . , 3, iff H, are of 
the form (1.4-27) under ki = k2 = 1; 



44 



Chapter 1. SYMMETRY OF NONLINEAR SPINOR EQUATIONS 



4) the group C(l, 3) (8) f7(l), where U{1) is the group of gauge transformations 



H = \u\^iih{\ii\-'^A ■ A), = A^A ■ Ag{\u\-'^A ■ A), 

Thus, using the symmetry selection principle we narrow substantially clas- 
ses of physically admissible nonlinear generalizations of the Maxwell-Dirac, 
Dirac-d'Alembert and Maxwell-d'Alembert equations. 



1.5. Conditional symmetry and reduction of pcirtial 
differential equations 

Analyzing already known methods of construction of exact solutions of non- 
linear partial differential equations we come to conclusion that a majority of 
them is based on the idea of narrowing the set of solutions, i.e., selecting from 
the whole set of solutions specific subsets which admit analytic description. 
To implement this idea we have to impose some additional constraints (equa- 
tions) on the set of solutions of the equation under consideration selecting 
such subsets. Clearly, additional equations are supposed to be simpler than 
the initial one. Supplementing the initial equation with additional conditions 
we come, as a rule, to an over-determined system of PDEs. So there arises a 
problem of investigating the matter of its compatibility. 

To clarify the above points we will consider an instructive example. Let 

Uixi, u, u, u) = Q (1.5.1) 

12 

be a second-order PDE with two independent variables xq, x\ which does not 
depend explicitly on xq. 

Since coefficients of PDE (1.5.1) do not contain the variable xq, substitu- 
tion of the expression 

u = ip{xi) (1.5.2) 
into (1.5.1) results in a differential equation containing xi, ip, ip, (p only, i.e.. 



Vixx, ^p, (f, (p) = 0. 



(1.5.3) 
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Consequently, using the fact that PDE (1.5.1) does not contain the variable 
xq we reduce it to an ODE assuming that a particular solution also does not 
depend on xq. 

But from the group-theoretical point of view the independence of PDE 
(1.5.1) of Xq means that it is invariant under the one-parameter translation 
group with respect to the variable xq 

Xq = xo + 9, x[=xi, u' = u, e eM.^ (1.5.4) 

having the generator X = dxQ- And what is more, formula (1.5.2) defines the 
most general manifold in the three-dimensional space of variables xq, xi, u 
which is invariant with respect to the above group. Expression (1.5.2) is called 
a solution (an Ansatz) invariant under the one-parameter group (1.5.4). 

The above said can be summarized in the form of the following state- 
ment: a solution invariant under the group of translations (1.5.4) reduces 
PDE admitting the same group to ODE. When generalized to the case of an 
arbitrary admissible onc-paramcter group, this statement plays a key role in 
applications of Lie transformation groups to construction of exact solutions of 
mathematical physics equations. 

The way for obtaining an invariant solution is entirely algorithmic. Since 
we are looking for a manifold u = /(xo, xi) which does not contain explicitly 
the variable xq (is invariant with respect to the group (1.5.4)) we should require 
that df/dxQ = 0. Consequently, to find a solution of PDE (1.5.1) invariant 
under the group (1.5.4) it is necessary to solve an over-determined system of 
PDEs 

U{xi, u, u, u) = 0, Uxo=0. 

We have paid so much attention to a very simple example, since it gives 
an adequate illustration to ideas of the symmetry reduction method pioneered 
by Sophus Lie. Moreover, a general case of PDE 

U{xo, xi, u, u, u) = (1.5.5) 

invariant under a one-parameter transformation group having a generator X = 
$,o{x, u)dxo +^i{x, u)dxi +r](x, u)du is reduced to the particular case considered 
above. Indeed, it is known from the general theory of PDEs that there is a 
change of variables 



xo = Fq{x,u), xi = Fi{x,u), u = G{x,u) 



46 



Chapter 1. SYMMETRY OF NONLINEAR SPINOR EQUATIONS 



transforming the operator X to the form X' = d^g- Consequently, PDE 
(1.5.5) after being rewritten in the variables x, u is invariant under the one- 
parameter transformation group with the generator X' = dxo, i.e., under the 
group (1.5.4). According to the above proved a substitution u = ip{xi) reduces 
the equation transformed to ODE for a function (p. Hence, wc conclude that 
the substitution Fq{x,u) = ip(^Fi{x,u)^ reduces the initial equation to ODE. 

Thus, given a one-parameter transformation group admitted by partial 
differential equation (1.5.5), we can reduce it to an ODE by means of a sub- 
stitution of a special form (invariant solution or Ansatz) 

u = f(x, ip{u;{x,u))y (1.5.6) 

where /, co are some functions determined by the form of the generator of 
the group. A natural question arises: do invariant solutions exhaust the set 
of substitutions (1.5.6) reducing given PDE to an ODE? A negative answer 
to this question has led us to the notion of conditional symmetry of partial 
differential equations. 

The notion and terminology of conditional symmetry of PDEs was intro- 
duced for the first time in [91, 92, 116] and developed in a series of papers 
and monographs [96, 97], [105]-[107], [120, 124, 108, 126, 127, 128, 137, 143], 
[154]-[160], [246, 303, 308] (sec also [32, 52, 211, 234]). The principal idea of 
conditional symmetry of PDE is illustrated by the following example. The 
equation 

U{xi, u, u, u) + V{xo, xi, u, u, u)uxi, = 0) dV/dxQ ^ 

is not invariant under the translations with respect to xq. Nevertheless, Ansatz 
(1.5.2) invariant under the translation group (1.5.4) reduces it to an ODE. An 
explanation for this phenomenon is quite simple. The matter is that the second 
"non-invariant" term of the equation in question vanishes on the manifold 
(1.5.2). Saying it in another way, the system of two PDEs 

U{xi, u, 11, u) + V{xo, xi, u, u, u)uxo = 0' ""-xo = (1.5.7) 

is invariant under the group (1.5.4). 

Consequently, from the point of view of reducibility of PDE (1.5.5) by 
means of the Ansatz invariant under the one-parameter transformation group 
with the generator X = £,o{x,u)dxQ + £,i{x,u)dxi + r]{x,u)du it is enough to 
require the invariance of a constrained system of PDEs 



U {xo, xi, u, u, u) = 0, ^o{x, u)uxo + Ci{x, u)ux^ - r]{x, u) = 0. 



1.5. Conditional symmetry and reduction of PDEs 



47 



This is a source of the term conditional symmetry. Equation (1.5.5) is 
non-invariant with respect to the group having the generator X but being 
taken together with a condition Xu = it admits the mentioned group. Con- 
sequently, it is conditionally-invariant under the Lie group with the generator 
X. 

1. Reduction of PDEs. Consider an over-determined system of PDEs of 
the form 

Ua(x,u,u,...,u) = 0, A = 1,...,M, (1.5.8) 

1 r 

ea^(x,«)<^-r7^(x,u) = 0, a = l,...,N, (1.5.9) 
where x = {xq, xi, . . . , Xn-i), u = {u^,u^, . . . , it"*~^), 

u = {d^u"" /dxni ■ ■ -dxa^, < Q! < m — 1, < < n — 1}, 

s 

Ua, ^an, ff^ are smooth enough functions, AT < n — 1. In the following, we 
suppose that the condition 

rank||e„;.(x,u)||li--J=iV (1.5.10) 

holds. 

Definition 1.5.1. Set of the first-order differential operators 

Qa = iati{x,u)dx^ +ri2{x,u)du», (1.5.11) 

where ^a^x) Va are smooth functions, is called involutive if there exist such 
smooth functions fai,{x, u) that 

[Qa, Qb] = fabQc, a,b,c=l,...,N. (1.5.12) 

The simplest example of an involutive set of operators is given by first- 
order differential operators forming a Lie algebra. In such a case /^f, = const, 
a,b,c = 1, . . . ,AT arc called structure constants of the Lie algebra. 

It is common knowledge that conditions (1.5.12) are necessary and suffi- 
cient for the system of PDEs (1.5.9) to be compatible (the Probenius theorem 
[250]). Its general solution can be represented in the form 

F'^iuji, UJ2, ■ ■ ■ ,i^n+m-N) = 0, a = 0,...,m-l, (1.5.13) 

where £ C^(C"'^"''^^ ,C^) are arbitrary functions, uJi = U)i(x,u) are func- 
tionally-independent first integrals of system of PDEs (1.5.9). 
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Due to condition (1.5.10) we can choose m first integrals ujj^, . . . sat- 
isfying the condition det \\dujj- / du^'W'^-^'^^^Q / 0, since otherwise integrals ui, 
L02, . . ., LOn+m-N would be functionally-dependent. 

Changing, if necessary, numeration we can put ji = i and thus get m first 
integrals uJi,...,LOm of the system of PDEs (1.5.9) satisfying the following 
condition: 

det||au;i/an"||™i™^-i / 0. (1.5.14) 
Resolving relations (1.5.13) with respect to wi, . . . ,LOm we have 

i^i = 'Pi{^m+l,---,(^n+m-N), (1.5.15) 

where (pi G C\C''-^,C^), i = l,... , m are arbitrary functions. 

Definition 1.5.2. Expression (1.5.15) is called an Ansatz for the field u° = 
n"(x) invariant under the set of operators (1.5.11) provided (1.5.14) holds. 
Formulae (1.5.15) take an especially simple and clear form provided 

^a^ = U{x), Va=Afix)u^, a = l,...,N, a = 0,...,m-l. (1.5.16) 

Given the condition (1.5.16) operators (1.5.11) are rewritten in a non-Lie 
form 

Qa = ^a^{x)d^^+Va{x), a=l,...,N, (1.5.17) 

where % = || — ^a'^ ix)\\]^pLo ("^ m)-matrices and system (1.5.9) is 
rewritten as a system of linear PDEs 

Cati{x)ux^ + r]a{x)u = 0, a = l,...,N. (1.5.18) 

Heren = (ti°,...,u"^-i)^. 

Lemma 1.5.1. Assume that conditions (1.5.10), (1.5.16) hold. Then, a set 
of functionally-independent first integrals of system of PDEs (1.5.9) can he 
chosen as follows 

Ui = bf{x)u°', i = 1, . . . ,m, 

Um+j = i^m+j (x), j = l,...,n- N 

and besides det \\bf {x)\\^^^Sq^ 7^ 0. 

Proof. Consider the following system of matrix PDEs: 

Ca^.ix)F^, = Fr]a{x), (1.5.19) 
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where F= is an (m x m)-matrix and ^a, Va = II -^a^(^)ll™;3io 

are coefficients of the operators Qa- Since the operators Qa form an involutive 
set, the above system is compatible and its general solution has the form 

F{x) = QB{x), 

where is an (m x m)-matrix whose elements are arbitrary functions of a 
complete set of functionally-independent first integrals of the system 

^a^.^^u; = 0, a = l,...,N (1.5.20) 

and B{x) = \\bf{x)\\'^~lQ is a particular solution of (1.5.19) with detB{x) 7^ 0. 

It is straightforward to check that from the involutivity of the set of op- 
erators Qa it follows that the operators Q'^ = ^.a^d^ form an involutive set. 
Consequently, system (1.5.20) is compatible and what is more due to the condi- 
tion (1.5.10) the number of its functionally-independent first integrals is equal 
to n — A^. We denote these as: Um+iix), LL!m+2ix),. . .^uJn+m-Nix). 

As det ll^f (a;) 117*0^0 7^ 0' expressions 6"(x)it", . . ., 6^(x)it", ujm+i{x), 
. . ., 0Jm+n-N{x) are functionally- independent. If we prove that the functions 
bf{x)u°', i = 1, . . . ,m are first integrals, the proof of the lemma will be com- 
pleted. 

Acting by the operators Qa on the functions bf{x)u°' one has 

{^a,d^ + AZ^{x)u^d^,) {bfix)u^) = (Ca^a^ftf (X) + bfix)Af{x)y = 

(we have taken into account that the matrix B{x) = \\bf{x)\\^~J^Q satisfies 
(1.5.19)) the same which is required. The lemma is proved. > 

Due to Lemma 1.5.1 we can resolve formulae (1.5.15) with respect to u°' 
and thus transform an Ansatz invariant under operators (1.5.17) to the form 

= a"f^{x)(p^{Um+l, ■ ■ ■ ,Um+n-N) 

or (in the matrix notation) 

U = A{x)ip{uJm+i, . . . ,UJm+n-N)-, (1.5.21) 

where A{x) = ||aa/3(ic)||^^lo inverse of the matrix B. 

Since the matrix function B{x) satisfies the system of PDEs (1.5.19), the 
following equalities hold 

iaA^{x) = ia^d^B-\x) = -B-\x)(iaAB{x))B~\x) 

= -B-\x)Bix)r]aB-\x) = -r]aA{x). 
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Consequently, we have established that the Ansatz invariant under the 
involutive set of operators (1.5.17) satisfying condition (1.5.10) is represented 
in the form (1.5.21), where A(x) is a nonsingular (m x m)-matrix satisfying 
the system of PDEs 

^a^^^^A{x) + l^aA{x) = 0, a = l,...,N (1.5.22) 

and functions uj„i-^-i{x), . . . , ci/'„t+n-Ar(.x) form a complete set of functionally- 
independent first integrals of the system of PDEs (1.5.20). 

We say that Ansatz (1.5.15) reduces system of PDEs (1.5.8) if the substi- 
tution of formulae (1.5.15) into (1.5.8) gives rise to a system of PDEs which 
is equivalent to one containing "new" independent w^+i, ujjn+2, ■ ■ ^m+n-N 
and dependent 99^, Lp^ , . . ., (^™~^ variables only. 

Let us recall the classical theorem about reduction of PDEs by means of 
group-invariant solutions: a solution invariant under the N -dimensional Lie 
algebra with basis elements (1.5.11) satisfying the condition (1.5.10), which 
is a subalgebra of the symmetry algebra of PDE under study, reduces it to an 
{n - N)- dimensional PDE [34, 190, 234, 235]. 

We will prove that for a given PDE to be reducible by means of the Ansatz 
(1.5.15) it is enough to require conditional invariance with respect to the corre- 
sponding involutive set of differential operators. Such a condition is essentially 
weaker than a requirement of invariance in the Lie sense and makes it pos- 
sible to obtain principally new reductions of PDEs as compared with those 
obtainable within the framework of the classical Lie approach. 

Definition 1.5.3. We say that the system of PDEs (1.5.8) is conditionally- 
invariant under the involutive set of differential operators (1.5.11) if the system 
of PDEs 

( UAix,u,u,...,u) = 0, A = l,...,M, 

1 r 

Ca/i(a;,nX^ - r]2{x,u) = 0, a = l,...,N, 
< D(^^a^ix,u)u^^-v^{x,u) = 0), a = l,...,N, 

. D'-^ {Uix, u)<^ -ri^{x,u) = 0), a = l,...,N, 

where the symbol D^(L = 0) denotes a set of all differential consequences of 
the equation L = of order s, is invariant in the Lie sense under the one- 
parameter transformation groups having the generators Qa, a = 1, . . . ,N. 

Before formulating the reduction theorem we will prove two auxiliary as- 
sertions. 



(1.5.23) 
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Lemma 1.5.2. Let us suppose that operators (1.5.11) form an involutive set. 
Then the set of differential operators 

Q'a = Kbix)Qb, det||A„6(x)||^,=i7^0 (1.5.24) 

is also involutive. 

Proof. The lemma is proved by direct computation. Indeed, 

[Qa) Q'b] = [KcQc, hdQd] = Kc{QAbd)Qd — hd{QdKc)Qc 
+KAbdf^Qdi = fabQc = fabled Q'd- 
where A^"*^ are elements of the matrix inverse to the matrix ||Aa5(x)||^(,^j^. > 

Lemma 1.5.3. Let system of PDEs (1.5.8) he conditionally-invariant under 

the involutive set of differential operators (1.5.11). Then, it is conditionally- 
invariant under the involutive set (1.5.24) with arbitrary smooth functions Xab- 

Proof. To prove the lemma we need the following identity for coefficients of 
the s-th prolongation of the operator ^^5^^ + rfdu^: 

C..,. =D,,... Z)^,(ry" - - i = 1,2, . . . ,s, (1.5.25) 

where 

is a total differentiation operator with respect to the variable Xa- The above 
identity is proved by the method of mathematical induction. First, we will 
prove it under i = 1. Prom the prolongation formulae given in the introduction 
we have 

whence it follows that the identity (1.5.25) holds for i = 1. Consequently, the 
base of induction is established. 

Let us suppose now that the identity (1.5.25) holds for all i < fc — 1. We 
will prove that hence its validity for i = A; follows. 

Indeed, 

/■a rj /-a a rj t 

S/^l.../^^. — ^t^k>'ixi...iXk-i "a;^j...a;^j,_ja;^-^A'fcS/3 
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the same which is required. 

Due to the identity proved above the r-th prolongation of the operator 
being restricted to the set of solutions of system of PDEs (1.5.23) takes the 
form 

= Q', + D,,...D,M"-C.u^^ 



d 



Substituting the formulae = Xah^bi ^'an ~ '^ab^bn into the above equality 
and taking into account that the relations 

D^,...D^,{n2-U^n = 0, i = l,2,...,r-l 

hold on the set of solutions of system (1.5.23) we get Q'^ = Xab{x,u)Qb. 

If wc denote by the symbol one of the equations of system (1.5.23) and 
by the symbol [L] the set of its solutions, then the following equalities hold 



[L] 



= Xab{x,u){QbU- 

[L] 



) =0, 

[L] 



whence it follows that the system of PDEs (1.5.8) is conditionally-invariant 
under the involutive set of operators (1.5.24). The lemma is proved. 1> 

Theoreml.5.1. Let the system of PDEs (1.5.8) be conditionally-invariant 
under the involutive set of differential operators (L5.11) satisfying condition 
(1.5.10). Then, the Ansatz (1.5.15) invariant under the involutive set (1.5.11) 
reduces system of PDEs (1.5.8). 

Proof. Due to condition (1.5.10) there exists such a nonsingular [N x N)- 
matrix || Aa(,(x, ii)||^^^;^ that 

n-l 

Q'a = Aab(W^^ - = + E -C a=l,...,N 

IJ,=N 

and what is more the operators form the involutive set (Lemma 1.5.1) 
such that system of PDEs (1.5.8) is conditionally-invariant with respect to it 
(Lemma 1.5.2). 

Since the set of operators Q'^, a = 1, . . . , N is involutive, there exist such 
functions f^{x,u) that 

[Q'a.Q'b] = fabQ'c. a,b = l,...,N. (1.5.26) 
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Computing commutators on the left-hand sides of the above equahties and 
equating coefficients of the linearly independent differential operators , dxi , 

dxN-i have f^^ = 0, a, 6, c = 1, . . . , iV. Consequently, operators 
form a commutative Lie algebra. 

Furthermore, systems of PDEs QaOj{x., u) = 0, a = 1, . . . , and \ab{x, u) 
X Qi)U>{x,u) = 0, a = l,...,N with det ||Aa5(x, / have the same 

set of functionally-independent first integrals. Hence we conclude that the 
involutive sets of operators Qa and give rise to the same Ansatz (1.5.15). 

From the definition of the conditional invariance it follows that the system 



is invariant in Lie sense under the one-parameter groups generated by the mu- 
tually commuting operators Q^. Consequently, the above system is invariant 
in Lie sense under the commutative Lie algebra {Qi, Q'2, ■ ■ ■ , Q'n)- 

Now we can apply the classical theorem about symmetry (group-theore- 
tical) reduction of PDEs and conclude that the Ansatz invariant under the 
involutive set of operators (1.5.11) (or, which is the same, under the commu- 
tative Lie algebra {Q'l, Q2, ■■■,Q'„i)) reduces system of PDEs (1.5.27). But 
by construction all equations from the system (1.5.27) with the exception of 
the first m equations (which form the initial system of PDEs (1.5.8)) vanish 
identically on the manifold (1.5.11). Consequently, the Ansatz (1.5.11) reduces 
system (1.5.8). The theorem is proved. > 

Note 1.5.1. There exists a deep relation between reducibility of PDE (1.5.8) 
conditionally-invariant under the involutive set of operators (1.5.11) and com- 
patibility of the over-determined system of PDEs (1.5.8), (1.5.9). But as is 
shown below from conditional invariance of PDE (1.5.8) with respect to the 
involutive set of operators (1.5.11) it does not follow a compatibility of system 
(1.5.8), (1.5.9) and vise versa. 
The equation 



of PDEs 



< 




N 



(1.5.27) 



m^, m ^ 0, 



where a,b = 1, 2, 3, is invariant with respect to the rotation group 0(3) having 
the generators Jab = Xadx^ — x^dx^, a < b, a, 6 = 1, 2, 3. However, the system 
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of PDEs 

f iXaXa)iUxt,Uxt,) - (XaUxa)'^ = m? , m / 0, 

\jabU = ^, a, 6 =1,2,3 
is incompatible, because substitution of the general solution of the last three 
equations u = f (xaXa) into the first one yields an inconsistent equality = 

2 

m . 

On the other hand, system of PDEs 

r Uxx + Uyy-u + y{ux -u) = 0, 

\uy=0 

is compatible (it has a solution u = Ce^, C = const) but the equation Uxx + 
Uyy — u + y{ux — "u) = is not conditionally-invariant under the operator 
Q = dy. 

Note 1.5.2. We have proved Theorem 1.5.1 under assumption that the condi- 
tion (1.5.10) holds. It is not difficult to prove that Theorem 1.5.1 is still valid, 
provided 

rank || Wll^=ipo = rank vl ■ ■ ■ Vr'Htipo = N' < N. (1.5.28) 

Indeed, using transformation (1.5.24) we can reduce involutive set of op- 
erators (1.5.11) satisfying (1.5.28) to the form Q[, Qn', Qn'+i = 0, 
Qn = 0. Now, we can apply Theorem 1.5.1 with N = N' . Consequently, 
if the system of PDEs (1.5.8) is conditionally-invariant under the involutive 
set of operators (1.5.11) satisfying (1.5.28), then the Ansatz (1.5.15) invariant 
under the involutive set (1.5.11) reduces it to (n — A^')-dimensional PDE. 

In the case when the condition (1.5.28) is not satisfied, so-called partially- 
invariant solutions (the term was introduced by Ovsjannikov [236]) are ob- 
tained. Reduction of PDEs conditionally-invariant under the involutive set of 
differential operators (1.5.11) not obeying the condition (1.5.28) is studied in 
detail in our paper [159]. 

2. Symmetry and compatibility of over-determined systems of linear 
PDEs. This subsection is devoted to the investigation of the following systems 
of PDEs: 

B^,{x)dx^+B^,{x)u{x) = Q, Ai = 0,...,n-1, (1.5.29) 

wheTex = {xQ,xi,...,Xn-i), u{x) = (^u^{x),u^{x), ...,u"^~^{x)^ , B^j,^, B^j, 
are variable (m x m) -matrices satisfying the condition 

rank ||-B^i/(a;)||)^~Lo = n x m. (1.5.30) 
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The problem of investigating compatibility of an over-determined system of the 
form (1.5.30) is closely connected with the problem of separation of variables 
in systems of linear PDEs (see [149, 227, 256] and Chapter 5). 

Theorem 1.5.2. System of PDEs (1.5.29) is compatible iff 

[B^vdv + -B^, Bapdp + Ba] = Rfj.al3iBi3udu + Bfj), (1.5.31) 

where R^ap are some linear first-order differential operators with matrix coef- 
ficients, /X, a = 0, . . . , n — 1. 

Proof. The necessity. Let system (1.5.30) be compatible. We will show that 
hence it follows that (1.5.31) holds. Due to (1.5.30) the block (ram x rarra)- 
matrix ||-B^i/||^'^Lo invertible. That is why there exists such a block (nm x 
nm)-matrix ||C'^i/||^^Lo ^^^^ 

C^y{x)B^a{x) = B^^{x)C^a{x) = S^al, (1.5.32) 

where / is the unit (m x m)-matrix. 

Let us rewrite (1.5.29) in the equivalent form 

d^u = F^{x)u, (1.5.33) 

where = -C^aBa- 

It is well-known (see, for example, [43, 61, 261]) that the necessary and 
sufficient compatibility conditions of system of PDEs (1.5.33) read 

d^F,-d,Fi, + [F^,F,]=0, ^i,u = 0,...,n-l. (1.5.34) 

Introducing notations = — F^{x) wc rewrite (1.5.34) in the form 

[Q^^, QA = 0. 

Representing the operators B^^d^ + B^ in the form B^i^di^ -\- B^ = B^^Qn 
we compute the commutator 

[BfivQv, BapQp] = [Bui,, BQ,f3]Qi/Qf3 + B^^lQi,, BaplQp 
—Bap[Qv, Bnp]Qp. 

Finally, substituting formulae = C^a{Baydv + B^) into the equality 
obtained we arrive at (1.5.31) and besides 

R-lxafi = {[B^y, Bai3i]Qi' + -B/ii/[Qi/, -Ba/3i] - Bai,[Qi,, -Bju/^JjC/^^^. 
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The sufficiency. Given (1.5.30), we will prove that there exist such linear 
first-order operators Rfj,i,f3 that the equality 



[CfMaiiBaiud^ + Ba^), C aB{B fiy^d^-^ + Bg)] 
= C^ai [Ba^vdv + Bai, Ca/i]{B pi,^dy^ + Bp) 
+ C ^aiC af3[Baivdv + -Bqj , Bp^j^d^i + Bp] 
+ [Cfiai, Cap\{Bp^ydi, + Bp-^){Baujdui + Ba) 
+Cal3[C^ai, Bpy^dy-^ + Bp]{Baiudi, + B^^) 
= Pfial3{Bpudu + Bp) = Pfj^ajsBp^Qiy. 

Choosing P^apBpu = R^av we arrive at (1.5.35). 

Computing the commutator on the left-hand side of (1.5.35) and equating 
coefficients of linearly independent operators d^j^ we get the equalities 

= 0. 

Consequently, operators commute, i.e., conditions (1.5.34) hold iden- 
tically. Hence it follows that system (1.5.33) is compatible. Since equations 
(1.5.33) are equivalent to the initial system of PDEs (1.5.29), the sufficiency 
is proved. > 

Note 1.5.3. In the theory of non-Abelian gauge fields (Yang-Mills fields) con- 
ditions (1.5.34) are called the zero curvature equations. The general solution 
of the system of matrix PDEs (1.5.34) has the form 

F^, = V,^V-\ M = 0,...,3, (1.5.36) 

where V{x) is an arbitrary nonsingular (m x m)-matrix which elements are 
smooth functions of x. Formula (1.5.36) establishes an one-to-one correspon- 
dence between over-determined systems (1.5.29) and solutions of the equation 

BQ^,{x)d^^ + Bo{x)u{x) = (1.5.37) 



holds. 

Indeed, 



of the form 



u{x) = V{x)x, 
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where V{x) is a nonsingular {m x m)-matrix, x = {x^i X^^ X^) X^)'^ ■ 

Thus, to construct particular solutions of the system of PDEs (1.5.37) it 
is necessary to classify algebraic objects of the type (1.5.29), (1.5.31). Up to 
now this problem is solved for a number of the Lie algebras and some simplest 
superalgebras [9, 10], [14]-[17], [100, 237, 238]. 

The most simple is the case where in (1.5.31) R^ai3 = i.e., the op- 
erators = B^i/dy + commute. For many fundamental mathemati- 
cal and theoretical physics equations (in particular, for the Dirac equation 
[198, 256]) it is possible to obtain complete description of commuting opera- 
tors S^, /i = 0, . . . , n — 1, where Sot/' = is the equation under investigation, 
and to construct solutions with separated variables. In this respect, we will 
consider the following particular case of system (1.5.29): 

Y,nU= {Bni,{x)dy + Bn{x)^u = X^u, /x = 0, . . . , n - 1, (1.5.38) 

where (Aq, Ai, . . . , A„_i) G A C M", matrices B^nix), B^{x) being independent 

of Aq,. 

When proving the principal assertion we will essentially use the following 
lemma. 

Lemma 1.5.4. If one of the systems of algebraic equations 

Pf^aB^p + P^^pB^^ = 0, (1.5.39) 
Pa^^C^p + Pp^C^a = 0, (1.5.40) 

where ||-B^i/(a;)|||]^Lo is a nonsingular block {nmxnm) -matrix, ||C'^j/(a^)||J]^Lo 
is its inverse and P/^a o-fs some variable {m x m) -matrices, holds true, then 

P„a = 0. 

Proof. We prove the lemma under assumption that (1.5.39) holds. Let us 
rewrite equalities (1.5.39) in the equivalent form 

P^l^^lC^^UlT^lt^aP = ^- (1.5.41) 

Here Tj,^^a0 = B^^aBnp -\- B^^pB^a- 
Since the identities 

hold, the block matrix ||T,^i^a/3|| is invertible. Consequently, equation (1.5.41) 
is equivalent to the relation 

P,.aCau = 0. (1.5.42) 
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Multiplying (1.5.42) by B,^p and summing over ly we have 
PfM/3 = 0, = 0,...,n-l. 

In the case, where (1.5.40) holds, the proof is analogous. > 

Theorem 1.5.3. Provided (1.5.30) holds the system of PDEs (1.5.38) is com- 
patible iff 

[Bf,udu + B^, Bapdp + Ba]=0, fi,a = 0,...,n-l. (1.5.43) 

Proof. According to Theorem 1.5.2, the compatibility criterion for the sys- 
tem of PDEs (1.5.38) reads 

[B^vdv + B^ — Aju, Bands + B^ — Xa] 

(1.5.44) 

= {RuaPvdi, + Rfxap) {Bpuidui + Bp — Xjj). 

Computing the commutator in the left-hand side and equating coefficients 
of the linearly independent operators dudjj, dp, I we get the system of PDEs 
for matrix functions Bf^^, Bf^, Rf^a/Bu, R^afi 

[Bfiv, Bajs] + [B^i3, Bau] = + Rfia^msBf^^^, (1.5.45) 

BnydyBaP " BaydyB^Q + [B n/d , -Bq] " [-Bo/3 , B u] 

(1.5.46) 

Bni/di/B(y Bf^ydi/B^ -\- \B^, Bjj\ = R^iaixivduB 

(1.5.47) 

''rRnam {Bjj,-^ — A^j ) . 
Differentiating (1.5.45) with respect to Xa^ we arrive at the relations 

whence due to Lemma 1.5.4 it follows that 

dRuapiy 



= 0, /X, a, /?, I/, /xi = 0, . . . , n — 1. 



Differentiation of equality (1.5.46) with respect to Xa^ yields 



dR, 



•^"Mi R p _ n 



dXa^ 
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Multiplying the above equality by C^/jj and summing over /3 we have 

5A„ 



or 



Rixa/3i = Aai-Rynaai/jC'/?/?! + R/mxPi, (1.5.48) 

and besides OR^p^/dXai =0, ai = 0, . . . , n — 1. 

Substituting (1.5.48) into (1.5.47) and equating coefficients of Xai, A^^Aq^ 
we come to the following relations: 

R/MxaipCppi + RuaPipC^ai = 0) 
RtJ.aaipCpi3^Bj3^ - R^aa-i = 0. (1.5.49) 

According to Lemma 1.5.4 R^aai/3 = 0, whence it follows that R^aai = 0. 

Thus, the necessary and sufficient compatibility conditions for system 
(1.5.38) are given by relations (1.5.44) with RfiaPv = R^af} = or, which 
is the same, by relations (1.5.43). The theorem is proved. > 

Results obtained in the present section are applied in a sequel to reduce 
multi-dimensional nonlinear partial differential equations to ODEs and to con- 
struct their exact solutions in explicit form. In addition. Theorems 1.5.2, 1.5.3 
form a basis of our approach to separation of variables in systems of linear 
PDEs (see Chapter 5). 



1.6. Conservation laws 



One of the important properties of equations admitting a nontrivial symmetry 
group is the existence of constants of motion (by a constant of motion we mean 
some combination of solutions of the equation considered which preserves its 
value in time) . The well-known examples of constants of motion are the energy, 
the momentum and the angular momentum. 

Within the framework of the traditional approach to the problem of con- 
struction of constants of motion, going back to Noether's works, we have to 
investigate symmetry of the Lagrangian of the equation in question and to con- 
struct conservation laws with the help of the Noether theorem [35, 190]. This 
theorem establishes correspondence between one-parameter subgroups of the 
symmetry group of the Lagrangian and conservation laws. However the above 
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approach has restricted apphcabihty since there exist mathematical physics 
equations which can not be derived via the Lagrange function. In addition, 
there are examples of conservation laws which cannot be obtained with the 
help of the Noether theorem even for equations derived in the framework of 
the variational principle [115, 116, 118, 190, 280]. 

That is why we apply a method of construction of constants of motion 
for the Dirac equation based on the direct calculation of a conserved quan- 
tity as a zero component of the four-vector of current with components j/^ = 

j^(x, ■0, -0, V') V') • • At = 0, . . . , 3 which satisfies the continuity condition 

1 1 

for each solution V' = ipix) of the Dirac equation. 

Lemma 1.6.1. Let us suppose that there exists the four-vector of current 
satisfying the relation (1.6.1) and besides conditions 

ja ^0, a = 1, 2, 3 under \x\ — > +oo 

hold true. Then, the quantity 




(1.6.2) 



is conserved in time, i.e., dl /dxQ = 0. 

Proof. Differentiating (1.6.2) with respect to xq yields 



whence it follows 




Applying the Gauss-Ostrogradski theorem we get dl/dx^ = 0. The lemma 
is proved. > 

For brevity we will call the four-vector of current satisfying relation (1.6.1) 
on the set of solutions of the Dirac equation the conservation law. 

Up to now there is no effective algorithm making it possible to obtain all 
conservation laws admitted by an arbitrary PDE. We will construct conserva- 
tion laws for the Dirac equation following an approach suggested in [115, 116] 
which utilizes its Lie and non-Lie symmetry. 
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Lemma 1.6.2. Let Q be a symmetry operator of the Dirac equation (1.1.1). 
Then, the four-vector with components 

Jn = (1.6.3) 

where ip = ip{x) is an arbitrary solution of PDE (1.1.1) vanishing under \x\ — > 
+00, is a conservation law. 

The proof is carried out by direct verification 

—im'ijjQilj = 

(we use the fact that any symmetry operator Q transforms the set of solutions 
of PDE (1.1.1) into itself, i.e., ijfj,dfj,Qtl^ = mQil)). > 

Let us find explicit expressions of conservation laws corresponding to the 
symmetry operators of the Dirac equation which belong to the class M\ 
(see Section 1.1). Substituting the basis elements of the Poincare algebra 
AP{1, 3) P^, J^u into (1.6.3) we get the well-known expressions of the energy- 
momentum and angular-momentum tensors 

T^u = V'7m^m^' ^i^ocP = iplixJapip (1.6.4) 

satisfying continuity equation (1.6.1) on the index fx. 

A trivial identity operator I gives rise to the current of a probability density 

= V^TmV'- (1-6.5) 

Substitution of zero components of currents (1.6.4), (1.6.5) into formula 
(1.6.2) yields the following conserved quantities: 

a) the energy 



b) the momentum 




c) the angular momentum 

^a/3 = j ^\x^d^-xpd^-{l/2)-i^-fp)i^d^x, a^P; 
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Constants of motion corresponding to the non-Lie symmetry operators of 
the Dirac equation (1.1.34) are obtained in the same way. 

In the case of the massless Dirac equation (1.1.17) there arise additional 
conserved quantities (for more detail see [118]). We restrict ourselves to ad- 
ducing constants of motion which correspond to symmetry operators of equa- 
tion (1.1.17) not belonging to an enveloping algebra of the conformal algebra 




,3 



AC{1,3) 




where A, 



27m, /x,z^ = 0, ...,3. 



CHAPTER 2 



EXACT 



SOLUTIONS 



The present chapter is devoted to exact solutions of Poincare-invariant 
systems of nonhnear PDEs for spinor, vector and scalar fields. We estab- 
lish the necessary and sufficient compatibility conditions and construct the 
general solution of the system of nonlinear PDEs which consists of the nonlin- 
ear d'Alembert and Hamilton equations. With the use of subgroup structure 
of the groups P(l, 3), P(l, 3), C(l, 3) we construct Ansatze reducing multi- 
dimensional spinor and vector equations to PDEs of lower dimension. These 
Ansatze enable us to obtain multi-parameter families of exact solutions of 
the nonlinear Dirac, Maxwell-Dirac and Dirac-d'Alembert equations, some of 
the families containing arbitrary functions. In particular, the exact solutions 
of the nonlinear Dirac equation expressed via the Bessel, Weierstrass, Gauss 
and Chebyshev-Hermite functions are constructed. In addition, a method of 
constructing exact solutions of PDEs for scalar, vector and tensor fields via 
solutions of a nonlinear spinor equation is suggested. 

2.1. On compatibility and general solution 
of the d'Alembert— Hamilton system 

As shown in [123, 156, 165] the substitution 




(2.1.1) 



reduces the ra-dimensional nonlinear d'Alembert equation 



(2.1.2) 
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to ODE for a function ip{u) iff the scalar function u = u{xq,Xi, . . . ,Xn-i) 
satisfies the nonhnear d'Alembert and Hamilton equations 

a^u = Fi{u), (2.1.3) 
{d^u){d^u) = F2{u), (2.1.4) 

simultaneously. 

In the above formulae Fi, F2 are arbitrary smooth functions depending 
on u only. Hereafter in the present section we suppose that indices denoted 
by yl, B, C take the values 0, ...,n — 1 and besides the summation con- 
vention in the pseudo-Euclidean space M(l, n — 1) with the metric tensor 
gAB = diag (1, -1, ... , -1) is implied. 

Thus, to obtain all Ansatzc of the form (2.1.1) reducing equation (2.1.2) to 
an ODE one has to construct the general solution of system (2.1.3), (2.1.4). Let 
us emphasize that such an approach to the problem of reduction of equation 

(2.1.2) does not require the knowledge of a subgroup structure of the invariance 
group. 

Following [154, 156] we call the system of PDEs (2.1.3), (2.1.4) the d'Alem- 
bert-Hamilton system. 

The d'Alembert-Hamilton system plays an important role in the theory of 
Poincare-invariant equations for the scalar [137, 154, 156, 171], spinor [151, 
155] and vector fields. In particular, any second-order P(l,n — l)-invariant 
scalar equation can be reduced to ODE with the use of solutions of system 

(2.1.3) , (2.1.4) (without applying the symmetry reduction technique). 

The three-dimensional elliptic analogue of system of PDEs (2.1.3), (2.1.4) 

^XlXl "I" Ux2X2 "I" ^0:3X3 — 0) '^xi ^X2 ^X3 ~ ^ 

with a complex- valued function u{x) was studied by Jacobi [25], who con- 
structed the following class of its exact solutions 

Co{u) + Ci{u)xi + C2{u)x2 + C3(n)x3 = 0, (2.1.5) 

where Co{u), . . . , C3{u) are arbitrary smooth complex- valued functions satis- 
fying the equality 

Ci{uf + C2{uf + Csiuf = 0. (2.1.6) 

Later on, Smirnov and Sobolev [263, 264] proved that the formulae (2.1.5), 
(2.1.6) give the general solution of the above over-determined system of PDEs. 
Some classes of exact solutions of the system of PDEs (2.1.3), (2.1.4) were 
obtained by Bateman [27], Cartan [44] and Erugin [77]. 
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Recently, Collins [55] has obtained the general solution of the three-dimen- 
sional d'Alcmbcrt-Haniilton system using the methods of differential geometry. 
However approach cannot be applied to systems of PDEs (2.1.3), (2.1.4) having 
n > 3 independent variables. 

In the present section we will establish the necessary compatibility condi- 
tions of system (2.1.3), (2.1.4) for arbitrary n G N and obtain its compatibility 
criterion in the case n = 4. Next, we will construct the general solution of the 
four-dimensional d'Alembert-Hamilton system. 

1. Compatibility of over-determined system of PDEs (2.1.3), (2.1.4). 

We study the matter of compatibility of the d'Alembert-Hamilton system un- 
der assumption that u(x) is a complex-valued function of n complex variables 
xq, xi, . . . , Xn-i- Provided F2{u) 7^ 0, we can transform system (2.1.3), (2.1.4) 
by means of changing the dependent variable 



u 




(2.1.7) 



as follows 

n^u' = F{u'), (5V)(9V) = 1. 

Consequently, the problem of investigating compatibility of the d'Alem- 
bert-Hamilton system is reduced to studying compatibility of the system of 
PDEs 

□„u = F(u), {d^u)id^u) = X, (2.1.8) 

where A is a discrete parameter taking the values 0, 1. 

To solve the above problem we will need the following auxilliary results. 

Lemma 2.1.1(171]. Solutions of the system (2.1.8) satisfy the identities 

• * * ! 

Uab^u^'"^ n^-^ = ■^^F(™)(«), m > 1, 

where Uab = BaBbU, < = gBcUcA, A,B,C = 0, . . . ,n - 1, F^"^) = (rF/du"^. 

Proof. We prove the assertion by means of the mathematical induction 
method by m. Differentiating the second equation of system (2.1.8) with 



(2.1.9) 
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respect to Xg, Xq we have 

UabcU^ + UabUc = 0. (2.1.10) 
Convoluting (2.1.10) with the metric tensor g^s we arrive at the equahty 

UabU^^ + U^^nUA = 0. 

Since □n'f^A = 9aF{u) = UaF{u), the above expression is rewritten in the 
form 

UabU'^'' + AF(u) = 0. 

Consequently, the base of induction is ensured. Let us assume that the 
assertion holds for m = G N. We will prove that it holds for m = A; + 1 as 
well. 

Convoluting (2.1.10) with the tensor 



gives 



(2.1.11) 

+U''UabcU''''''Ub^B3 u'^kC = 0. 

Since, according to the assumption of the induction, the equalities 

A„, „.BBy„, „.BuC _ (U I ^\-^„.Ai 



■'A 

■Ja 



u'^Uabcu'^^'Ub^b^ n^^^ = {k + l)-'u^d. 

X {ubcu'^'^Ub^b^ = {k + ly^u^d. 

x(A:!)-^(-A)M'=)(n) = -{{k + {-\f'''^F^^+^\u) 
hold, from (2.1.11) it follows that 

UabX^"^ u''k+^^ = {{k+l)\)~^{-\f+'^F^^+'^\u). 

The lemma is proved. > 

Lemma 2.1.2[171]. Solutions of the system of PDEs (2.1.8) satisfy the n-di- 
mensional Monge-Ampere equation 

det||n,^,^C7^Lo = 0. (2.1.12) 

Proof. The assertion follows from the fact that (2.1.12) is a criterion of 
functional dependence of functions Uxq , , ■ ■ ■ , t^x„-i ■ l> 
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Theorem 2.1.1. Let the d'Alembert-Hamilton system (2.1.8) he compatible. 

Then 

F{u) = Xfiu)r\n), (2.1.13) 

and what is more 

q^^O. (2.1.14) 

Proof. The cases A = 1 and A = have to be considered separately. 

The case A = 1. Due to the Hamilton-Cayley theorem [173] an arbitrary 

(n X n)-matrix W = ||1^as||a13=o satisfies the following identity: 

n-l 

^(-l)^'S(Mfc) tr(VF"-'=) + (-l)"ndetPF = 0, (2.1.15) 
fe=o 

n— 1 

where tr ||VFas||"^=o — S Wcc is the trace of a matrix W . 

c=0 

In (2.1.15) we designate the sum of A;-th order principal minors of the 
matrix M by the symbol S(Mfc). This sum is determined by the recurrent 
formula 

S(Mfc) = k-\-lf-^ I eVi)'S(MO tr {W^-l)^ , k>l, ^2 ^ 
S(Mo) = 1. 
We choose the matrix elements Wab as follows 

W^B = dAd''u{x), A,B = 0,...,n-l, 
whence due to Lemmas 2.1.1, 2.1.2 we conclude that 

tr(VF^) = ^ detW" = 0. (2.1.17) 

[k — 1)! 

Substitution of the above formulae into (2.1.15) gives rise to an ODE for 
F(u). Let us prove that this ODE is transformed to the form (2.1.14) by 
means of a nonlocal change of the dependent variable (2.1.13). 

Introducing the notation 

Yn = X;(-l)'S(Mfc)tr (W^^-'^+i), 
fe=o 



68 



Chapter 2. EXACT SOLUTIONS 



we rewrite formula (2.1.16) as follows 



S(Mfc) = ^ ^ k>l, 



whence 



Yn = tr {W^+^) - J2 iXk-it^ {W 
k=l 

(N-k) 



y _f 

Using the mathematical induction method we will prove the equalities 

{-l)N f{N+l) 

Yn= W ^ ^ , A^>1. (2.1.19) 

Let us prove that (2.1.19) holds under = 1. Due to (2.1.17) an expression 
for Yi can be rewritten in the following way: 

Yi = tr {W'^) - E(Mi)tr W = -F - F^. 

Substitution of F = /// into the above equality yields Yi = —f/f- The 
base of induction is established. 

Let us assume that (2.1.19) holds for all m < iV — 1. We will prove that 
(2.1.19) holds for m = as well. 

Indeed, 

Nl [fj k{N-k)\ [f) {k-l)\ [ f ) 



N\ \fj ^^k\{N-k)\ \f) \ f 



N\f \ f) N\f f ■ 

Consequently, relation (2.1.19) holds for all N e N. Putting N = n 
yields 

_ (-1)"-! /(") 

- (n-1)! / • 
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On the other hand, using (2.1.15), (2.1.17) we come to the following rela- 
tion: 

Yn-i = i-iy^^ndeiW = 0, 

whence f^'^\u) = 0. 

The case A = 0. Taking into account Lemmas 2.1.1, 2.1.2 yields 

detVF = 0, tr(VF*') = 0, A; = 2, . . . , n - 1. 

Due to these equalities formulae (2.1.15), (2.1.16) take the form 

(_l)n-ij7E(M„_i) = 0, (2.1.20) 
S(Mo) = 1, S(Mfe) = |^S(Mfc_i). (2.1.21) 

Resolving the recurrent relations (2.1.21) with respect to S(Mfc) we get 

nMk) = ^, k>\. 

Inserting E(M„_i) = ((n - 1)!) " V^-^ into (2.1.20) we have 

(_l)n-l 

= 

(n-1)! ' 

whence F = The theorem is proved. > 

Consequence 2.1.1. The over-determined system of PDEs 

□„u = F(ti), {dAu){d^u) = (2.1.22) 

is compatible iff F{u) = 0. 

Proof. The necessity is a direct consequence of Theorem 2.1.1. To prove 
the sufficiency we will show that system (2.1.19) with F{u) = possesses 
nontrivial solutions. It is straightforward to check that the function u{x) = 
Ci(xo+X3)+(72, where Ci, C2 are constants, satisfies equations (2.1.19) under 
F{u) = 0, the same as what was to be proved. > 

Let us note that the compatibility criterion for the system of PDEs (2.1.19) 
with a real- valued function u = u{x) has been established in [51]. 

Let us say a few words about geometrical interpretation of the d'Alembert- 
Hamilton system. If we designate by Pkiu) a A:-th order polynomial, then the 
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necessary compatibility conditions (2.1.13), (2.1.14) can be represented in the 
form 

F{u) = X-^lnPk{u), 0<k<n-l. 

Let ai, 02, . . . ,Q!fe be the roots of the polynomial Pfe(u). Then, the above 
relations read 

k . 

F{u) = XY^ , l<k<n-l (2.1.23) 

i=i " + 

or 

F{u) =0, k = 0. (2.1.24) 
According to [51, 165, 270] the parameters 

= (ai)~\ i = l,...,k, 
% = 0, J = A; + 1, . . . , n — 1 

can be interpreted as the principal curvatures of the level surface of the so- 
lution of system (2.1.8), (2.1.23) under A = 1. Consequently, solutions of the 
d'Alembert-Hamilton system have the remarkable geometrical property: their 
level surfaces have all principal curvatures constant (for the first time this fact 
was established by Cartan [44]). 

Now we adduce an assertion giving the compatibility criterion of the non- 
linear d'Alembert-Hamilton system (2.1.3), (2.1.4) in the case n = 4 

nu = Fi{u), {d^u){d^'u) = F2{u). (2.1.25) 

Heren = n(xo,xi,X2,:c3) G C2(C^ C^), {Fi,i=^2} C C(C\ C^). 

Theorem 2.1.2. System of PDEs (2.1.25) is compatible iff the functions 
Fi, F2 have the form 

1) Fi{u) =F2{u) =0, or 

2) Fi(n)=iV(//)-i-/(/)-3, F2{u) = {f)-\ (2.1.26) 

where f = f{u) e C^{C\ is an arbitrary function soMsfying the condition 
f ^ 0, N is a discrete parameter taking the values 0, 1,2,3. 
The proof can be found in [165]. 

Note 2.1.1. System of PDEs (2.1.25) with Fi, F2 given by formulae (2.1.26) 
is transformed to the form 

□u = Nu-^, idf,u)id''u) = 1 (2.1.27) 
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by means of the change of the dependent variable 

u^u' = f{u). (2.1.28) 

Theorem 2.1.3. Let u = u{x) be a real-valued function of four real variables 
xo, xi, X2, X3. Then, system (2.1.25) is compatible iff the functions Fi, F2 
have the form 

1) Fi{u) = F2{u) = 0, or 

2) F,{u) = eN{ff)-'-ef{fr\ F^iu) = e{f)-\ (2.1.29) 

where f = f{u) G C^(M^,M^) is an arbitrary function satisfying the condition 
/ ^ 0; N is a discrete parameter taking the values 0, 1, 2, 3; e = ±1. 

Note 2.1.2. System of PDEs (2.1.25) with Fi, F2 given by formulae (2.1.29) 
is transformed to the form 

□n = £Aru"\ {df,u){d^'u) = e (2.1.30) 

by means of the change of the dependent variable (2.1.28). 

Note 2.1.3. It follows from Theorem 2.1.3 that the nonlinear differential 
operator eu^U defined on the set of solutions of the PDE (5^'u)(5'^u) = e has 
a discrete spectrum, i.e., 

eu^Uu = Nu, iV = 0,l,2,3 (2.1.31) 

and what is more, the spectrum is determined by the dimension of the space of 
independent variables only. Consequently, the nonlinear additional constraint 
{d^u){d^u) = e plays the same role as the boundary conditions in the Sturm- 
Liouville problem [61]. 

It is natural to expect that an additional constraint changes the symme- 
try properties of the d'Alembert equation. This conjecture is confirmed by 
comparison of results given in the Tables 2.1.1, 2.1.2. 



Table 2.1.1. Symmetry of the nonUnear d'Alembert 
equation (2.1.1) with n = 4 



N 


Invariance group 


F{u) 


1. 


the Poincare group P(l, 3) 


arbitrary smooth function 


2. 


the extended Poincare group 


Ci{u + C2)\ 




P(l,3) [123, 137] 


Ci exp{A;ii} 


3. 


the conformal group 


Cl{u + C2f 




C(l,3) [123, 189] 
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Here Ci, C2, k are arbitrary constants. 

Table 2.1.2. Symmetry of the system 

□tt F{u), {d^u){d'^u) = A 



N 


Invariance group 


F{u) 


A 


1. 


the Poincare group 


arbitrary smooth function 


A G M-"- 




P(l,3) 






2. 


the extended Poincare 




AgM^ 




group P(l,3) [137] 




AgM^ 


3. 


the conformal group 


3X{u + Ci)-i 




C(l,3) [154, 156] 






4. 


the generaUzed Poincare 





A > 




group P(l,4) 






5. 


the gencrahzed Poincare 





A < 




group P(2, 3) 






6. 


infinite-dimensional 










group 







Here Ci, C2 are arbitrary constants. 



Comparing Tables 2.1.1, 2.1.2 we come to the conclusion that the con- 
formally non-invariant nonlinear d'Alembert equation Ou = 3u~^ after being 
restricted to the set of solutions of the Hamilton equation (dij,u){d^u) = 1 
admits the conformal group C(l,3). Consequently, an additional constraint 
{d^u){d^^u) = 1 "selects" a subset of solutions which is invariant under the 
group C(l,3). In other words, the nonlinear d'Alembert equation Hu = Su"^ 
is conditionally-invariant with respect to the conformal group. 

Such a definition of conditional invariance is much more general than that 
introduced in Chapter 1. Indeed, when defining in Section 1.5 a conditional 
invariance of a given PDE wc restricted ourselves to considering additional 
constraints which were first-order quasi-linear PDEs. It is straightforward 
to verify that the nonlinear d'Alembert equation mentioned in the previous 
paragraph is not conditionally-invariant with respect to conformal group in 
the sense of Definition 1.5.3. Nevertheless, its generalized conditional invari- 
ance can be used effectively to construct exact solutions. The peculiarity is 
that Ansatze invariant under three-dimensional subalgebras of the conformal 
algebra not belonging to the Lie algebra of the extended Poincare group reduce 
the equation du = 3u~^ to two ODEs. 

But we are not going to apply the symmetry reduction procedure to con- 
structing solutions of the d'Alembert-Hamilton system, since we have devel- 
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oped a method enabling us to construct its general solution. 

2. Integration of the d'Alembert-Hamilton system. It follows from 
Theorem 2.1.2 that the compatible system of PDEs (2.1.3), (2.1.4) is equivalent 
either to (2.1.27) or to the following system: 

□u = 0, {d^u){d^u) = 0. (2.1.32) 

General solutions of systems of PDEs (2.1.27), (2.1.32) are given by the 
following assertions. 

Theorem 2.1.4. The general solution of system of PDEs (2.1.27) is given by 
one of the following formulae: 

1) N = 0, 

u = A^{t)x^ + Ri{t), 
where r = r(x) is determined in implicit way 

Bi,{t)x^ + R2iT) = 

and Ah{t), B^^t), Ri{t), R2{t) are arbitrary smooth complex-valued func- 
tions satisfying the conditions 

A^A^' = 1, A^B^' = 0, ^5^ = 0, 5^B'^ = 0; 

2) N = l, 

u2 = (a^a;^ + Gi)2-(6^x^ + G2)2, 

where Gi = Gi{9^x^) G C^(C^,C^) are arbitrary functions, a^, b^, 6^ are 
arbitrary complex parameters satisfying the conditions 

a^o}' = -bi,b^ = 1, a^b'' = a^O^ = b^O^' = B^d^ = 0; 

3) N = 1, 

a) = (x^ + ^^(r)) (x^ + A'^(t)) + {b^{t) (x^ + ^''(r)) }^ where r = r(x) 
is determined in implicit way 

(x^ + yl^(r))5'^(r) = 0, 

A^{t), Bh{t) are arbitrary smooth complex-valued functions satisfying the 
conditions 

B^B^^ = -1, B^B^' = 0, 4 = R{t)B^ 
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with arbitrary R{t) e C^(C\ C^); 

b) V? = (x^ + Ah{t)^ (x'* + Ai^{t)^ + + Ai^irfj where r = r(x) is 

determined in implicit way 

(x^ + A^(T))>(r) + (x^ + A^(r))6'^6U"(r) = 0, 

>1ju(t) are arbitrary smooth complex-valued functions satisfying the condition 

A^A'^ + (6^i^)2 = 0, 

b^ are arbitrary complex constants satisfying the condition bfj)'^ 
4)N = 3, 

u^ = (x^ + A^{t))(x^ + A^{t)), 
where r = t{x) is determined in implicit way 

(x^ + yl^(r))s'^(r) = 0, (2.1.34) 

A^{t), B^ij) are arbitrary smooth complex-valued functions satisfying the 
conditions 

A^Bf" = 0, B^Bf" = 0. (2.1.35) 

Proof. We will give a detailed proof of the theorem for the case = 3. In 
the remaining cases only the schemes of the proofs will be outlined. 

Our approach for integration of the d'Alembert-Hamilton system is based 
on the generalization of the nonlocal transformation method [145, 146] to a 
case of multi-dimensional PDEs suggested in [165]-[167]. 

By a nonlocal transformation of the order r we mean the transformation 

x'u = u, u,...,u), 

Ik 

u' = f{x, u, u,...,u), 

1 k 

where {/u,/} C C"'(C",C^), the symbol u denotes the set of second-order 

s 

derivatives of the function u = u(x). 

A principal idea of the mentioned method is to linearize a PDE under 
study by means of the proper nonlocal transformation (2.1.36). If we succeed 
in constructing a solution of the linear equation (general or particular), then a 
solution of the initial equation is obtained by inverting transformation (2.1.36). 



= -1; 

(2.1.33) 



(2.1.36) 



2.1. On compatibility and general solution 



75 



Especially important are the contact transformations (first-order nonlocal 
transformations) 

x'u. = fni^^ u), u' = f{x, u, u), u'^^ = g^{x, u, u), (2.1.37) 
which preserve the first-order tangency condition 

du — Ux^dx^ = ^ du — u'r^i^dx'^ = 0. 

This fact is explained by that any two first-order PDEs can be transformed 
one into another by means of a proper contact transformation [190, 218]. 

According to Lemma 2.1.2 det ||^ j,=o = 0- Consequently, the rank 

of the matrix U = \\ux^xA^^,u=Q — takes the values 1,2,3. Each case listed 
has to be considered separately. 

Case 1. rank?7 = 3. With such a condition there is a non- vanishing third- 
order minor of the matrix U . Making, if necessary, changes xq — > ixa-, Xa — *■ 
ixQ or Xa — ^ iCft, Xfe — ^ Xa which leave system (2.1.27) invariant we can choose 

|3 



det \\Ux^xJa,b=l + 0- 

Performing the generalized Euler- Ampere transformation [165]: 



(2.1.38) 



= —u. 



yo = 

Hl2 = — 

H23 = — 
^^01 = — 



XO, Va 



H,, 



H{y) = XaUx, - U, 



xo: -'-'2/0 

Ul3 m3 

Ul2 U22 

Ul3 U23 

mi ui2 



Hq2 

Hq3 
Hqo 



Ul3 U23 

Uoi U02 U03 

U12 U22 U23 

Ul3 U23 U33 

Ull U12 «13 

Uoi U02 U03 

Ul3 U23 U33 

Ull U12 Ui3 

U12 U22 U23 

Uoi U02 U03 

A^Met \\u 



a = 1,2,3, 
Hii 

H22 
H33 



U22 


U23 


U23 


U33 


Ull 


Ul3 


Ul3 


U33 


Ull 


Ul2 


Ul2 


U22 



(2.1.39) 



A- 
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where u^,^ = u^^x^, H^^ = Hy^y^, \W\ = det||l^||, A = det H-UabU^ (,=!' in 
(2.1.27) we get 

det \\Hy^yJl,.=o + ^2{H) + 3[T{H)]-^det \\Hy^yJl^^ = 0, 

Hereafter T{H) = jjaHya — H, Tj2{H) is the sum of the second-order prin- 
cipal minors of the matrix \\Hyy,y^\\^n^i,=Q- 

Thus, instead of the nonhnear Hamilton equation, we have a simple linear 
PDE which is easily integrated 

H = -yo(l + VaVa)^^^ - B{yi, ys, ya), (2.1.41) 

where B G C^(C^,C^) is an arbitrary function. 

Inserting (2.1.41) into the first equation from (2.1.40) and multiplying by 
T{H) we note that the equation obtained is rewritten in the following way: 

aiyi + aayo + as = 0, (2.1.42) 

where 

ai = A3B + yaybBy^y,+3TiB), 

02 = T,2iB) + yayhBy^y^AsB - yaVbBy^y^By^y^ - 3[r(5)]2, 
as = il + yaya)det\\By^yX,b=i + [T{B)f- 

Since ai, 02, 03 are independent of yo, from (2.1.42) it follows that ai = 
02 = 03 = 0. 

Thus, we reduce d'Alcmbcrt-Hamilton system (2.1.27) with rank?/ = 3 to 
the system of three nonlinear PDEs with three independent variables 



1) AsB + yaybBy^y, = -3T{B), 

2) ^2iB) + yaybBy^y,AsB-yaybBy^y^By^y, = 3[T{B)]^ (2.1.43) 

3) det \\By^yX,b=i = -[TmH^ + VaVar'. 

The above system is simplified substantially by means of the following 
change of variables: 

za = yai'i^ + ybyb)'^^'^, 

(2.1.44) 

Pizi, Z2, Z3) = {1 + yaya) ^'^ B{yi,y2, ys). 
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In the new variables z, P{z) system (2.1.43) reads 

1) AsP - ZaZbP,,,^ = 0, 

2) S2(P) - ZaZbP,,,,A3P + ZaZbP,,,,P,,,, = 0, (2.1.45) 

3) det ||P,„,J|^,,=i = 0. 

Since detP = det H-PzaZi^Ha (,=i = 0, the rank of the (3 x 3)-matrix P is 
equal either to 1 or to 2. 

Subcase 1.1. rankP = 1. Hence, according to the theorem about an implicit 
function, it follows that there are such functions {i?i,i?2} C C^(C^,C^) that 

P,,=RkiP,,), A; = 1,2. (2.1.46) 

Substitution of (2.1.46) into the second equation of system (2.1.45) shows 
that its left-hand side vanishes under arbitrary Ri, R2. The first equation 
takes the form 

(1 + RkRk - {ZkRk + Z3f)Pz3Z3 = 0, 

whence 

Pzszs = (2.1.47) 

or 

1 + RkRk - {zkRk + 23) = 0, (2.1.48) 

where R^ = dRk/dPz^, k = 1,2. Hereafter in this section, the summation over 
the repeated indices denoted by the letters k. I. n from 1 to 2 is understood. 

Let the equality (2.1.47) hold true. Then, differentiating (2.1.46) with 
respect to z^ we have Pz-^zz — -^"2223 

= 0. Next, differentiating (2.1.46) with 
respect to zi, zi we conclude that Pzazy, = 0) a, & = 1, 2, 3, whence 

P = C„z„ + Co, C^gC^ (2.1.49) 

Now we turn to the case Pz-iz-i 7^ 0. Hence it follows that the equality 
(2.1.48) holds. To integrate system of the first-order PDEs (2.1.46), (2.1.48) 
we make the contact transformation 

ife = ^fe, ^3 = -P23) G{ti,t2,t3) = ZsPzz — P, 

Gt,=-Pz„ Gt,=Z3, k = l,2. 

As a result, we get 

Gt,=-Rk{t3), A; = 1,2, 

. . .2 (2.1.50) 

l + Rkit3)Rk{t3)- (tkRkit3)+GtA =0. 



78 



Chapter 2. EXACT SOLUTIONS 



Integration of the first two equations of system (2.1.50) yields 

G = -tkRkit3) + Qit3), (2.1.51) 

where Q G C'^{C^,C^) is an arbitrary function. 

Substituting the result obtained into the third equation of system (2.1.50) 
we have 

1 + RkRk — (tkR-k — tkRk + = 1 + R-kRk — = 0. (2.1.52) 

Thus, formulae (2.1.51), (2.1.52) determine the general solution of system 
of PDEs (2.1.50). Returning to the initial variables z, P{z) we obtain the 
general solution of system (2.1.46), (2.1.48) 

P = ZkRk{t3)+t3Z3-Q{t3), 1 + RkRk - Q'^ = 0, (2.1.53) 

where ^3 = t3{z) is determined by the relation Gjg = Z3, whence 

ZkRkih) +Z3- Q{t3) = 0. (2.1.54) 

To represent formulae (2.1.53), (2.1.54) in a manifestly 0(3)-invariant form 
we re-determine the parametric function to be t3{z) = i?3^r(z)^ and designate 

RkiT) = Rk(R3{r)), Q(r) = -Q(^3(r)), k = 1,2. 
With such notations formulae (2.1.53), (2.1.54) read 

P = ZaRa{r) + Q{t), RaRa - = 0, (2.1.55) 

where t = t{z) is a smooth function defined by the relation 

ZaRair) + ^(r) = 0. (2.1.56) 

Thus, the general solution of system of PDEs (2.1.45) is given by one of 
formulae (2.1.49) or (2.1.55), (2.1.56). Making the change of variables (2.1.44) 
we obtain the general solution of the system of nonlinear PDEs (2.1.43) 

B{y) = CaVa + Co{l + yayaf'\ (2.1.57) 
B{y) = yaRa{r) + Q{T){\ + yayaf'^, RaRa-Q^ = 0, (2.1.58) 
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where r = r(y) is a smooth function determined in imphcit way 

VaRair) + (^(r)(l + VaVa)^^^ = 0. (2.1.59) 

Evidently, the solution (2.1.57) is contained in the class (2.1.58), (2.1.59). 
Inserting the expression for the function B(y) from (2.1.58) into (2.1.41) we 
have 

H{y) = -(1 + yaVaY^^yo + Q{r)) - yaRair), 

where the function r = r(y) is determined by (2.1.59). 

At last, rewriting the expression obtained in the initial variables x, u{x) 
we arrive at the following class of solutions of the d'Alembert-Hamilton system 
(2.1.27): 

U{x) = Xaya -H=(xa + Ra{r))ya + (1 + VaVa)^^^ {xq + Q{t)) , (2.1.60) 

where ya = ya{x) are determined by the equalities 

Xa = Hy^ = -Raij) - yail + ybyb)~^^^ {xq + Q(r)) , a = 1, 2, 3. 
Resolving the above equalities with respect to ya we get 

Va = -{Xa + Ra){{xo + Q? - {Xb + Rb){Xb + Rb))'^^^ ■ 

Substitution of the expressions obtained into (2.1.60) yields 

u{x) = ((xo + Qf - {xb + Rb){xb + Rb)y^^, 
where r = r(x) is a smooth function determined by the equality 
VaRair) + Q(r)(l + y„y„)^/2 = (xo + (3(r))Q(r) - (x„ + ^„(r))^a(r) = 

and Q, Ra are arbitrary smooth functions satisfying the relation RaRa — Q = 
0. Introducing the notations = ^a = Ra we obtain formulae (2.1.33)— 
(2.1.35) under = i^, /i = 0, . . . , 3. 

Subcase 1.2. rankP = 2. Without loss of generality, we can assume that 



det 



zizi 



Z\Z2 



/o. 
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Consequently, there is such a function R G C^(C^,C^) that the relation 
Pz3 = R{Pzi, Pz2) holds. With account of this fact system (2.1.45) is rewritten 
in the following way: 

PzkZk + i^k + Z3Rk){Zn + Z3Rn)PzkZ„ = 0, 

(1 - ZkZk - zl){l + RkRk) + (^3 - ZkRkf = 0, (2.1.61) 

PzA ~ Pi,Pz\l Pz2)- 

Here Rk = dR/d{P,^), k = 1,2. 

Let us perform in (2.1.61) the following contact transformation: 

tk = Pzki t?> = Z?,, G{ti,t2,t3) = ZkPzk — P, 

Gtk = Zk, Gt^ = —Pzs, k = 1,2, 

Gtiti = ^ ^Pz2Z2i Gt-^t2 = ~^ ^PziZ2: 

Gt2t2 = ^ ^PziZi, Gt3t3 = ~S ^det ||P2^2j|^_5=i, 

Gtit^ = ^ {PziZ2Pz2Z3 ~ Pz2Z2PzxZz)^ 
Gt2t3 = ^ {Pz\Z2Pz\Z3 ~ PziZlPz2Z3)l 

where S = Pz-,z-,Pz2Z2 - Plz2 + 0- 

Being rewritten in the new variables t, G{t) system (2.1.61) takes the form 

1) ^1 + i?!^ — (Gt2 + tsRt2)^^Gt^ti — ^(^RtiRt2 ~ {Gti + hRti) 

^{Gt2 +HRt2))Gtxt2 + 

(l + Rl - (Gt, + hRt,f)Gt2t2 = 0, 

2) (1-4- Gt,Gt,){l + RtM + ih - Rt,Gt,f = 0, (2.1.62) 

3) Gt^ = R{t\,t2)- 

Integrating equation 3 from (2.1.62) wc have 

G = -hR{ti,t2)+iQ{ti,t2), (2.1.63) 

where Q G C=^(C^C^) is an arbitrary function. 

Substituting the expression (2.1.63) into the equations 1,2 from (2.1.62) 
and splitting with respect to the variable ^3 we arrive at the two-dimensional 
system of PDEs for the functions R{ti,t2), Q{ti,t2): 

1) il + QtM{l + RtM-{Qt,Rt,f = 0, (2.1.64) 

2) (1 + Qt.Qt, + RtMA2Q - iQt,Qt„ + RtMQt,t„ = 0, 

3) (1 + Qt.Qt, + RtM^2R - (Qt.Qtr. + RtMRt.u = 0, 
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where A2 = d^^ + df^ . 

We have succeeded in integrating the over-determined system (2.1.64). 
Making use of formulae (2.1.41), (2.1.44), (2.1.63), we rewrite its general so- 
lution in the initial variables x, u{x). After representing the result obtained 
in a manifestly covariant form we arrive at formulae (2.1.33)-(2.1.35). 

Case 2. rankC/ < 3. When studying the compatibility of the d'Alembert- 
Hamilton system, we have established that system of PDEs (2.1.27) with N = 
3 is incompatible provided rank ||tfa:^a;i. ||^,i/=o < 3 [165]. 

Consequently, any solution of system (2.1.27) can be reduced by means of 
one of the transformations xq — > ixa-, Xa ixQ or Xa ^ Xb, Xb ^ Xa to the 
form (2.1.33)-(2.1.35). Since the class of functions u{x) determined by for- 
mulae (2.1.33)-(2.1.35) is invariant with respect to the above transformations, 
hence it follows that any solution of the d'Alembert-Hamilton system (2.1.27) 
with iV = 3 is contained in it. To complete the proof for the case = 3 it suf- 
fices to check that any function u{x) determined by (2.1.33)-(2.1.35) satisfies 
the d'Alembert-Hamilton system (2.1.27). The check is performed by direct 
computation. Differentiating the equalities (2.1.33), (2.1.34) with respect to 
Xfj, and excluding from the equalities obtained we get 



(we have used the equalities (2.1.35)), the Hamilton equation is identically 
satisfied. 

Next, differentiating (2.1.65) with respect to and excluding r^;^ we get 



^x,x. = -({Xa + A^){x^ + A")) ^ (x^ + ^^-p(i.X + i-A)i3^) 




1/2 



where A- x = Afj,x^^, p= {B -x + B ■ A) 
Since 



-1 





+{A -x + A- A){B -x + B- A + B- A)]Bi^B' 
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Convoluting Uxi^x„ with the metric tensor Qf^i^ and taking into account the 
equahties (2.1.34) we come to the following relation: 



the same as what was to be proved. 

Further, we will outline the scheme of the proof of the theorem provided 
= 0,1,2 in (2.1.27). 

According to [165] system of PDEs (2.1.27) with N = 2 is compatible if 
and only if rank H^Uaj^jj^^ ||^ ^^^q = 2. Consequently, without loss of generality, 
we can suppose that the condition 



(5 = 



^0 



holds. 

Since rank ||^^^o = ^ and 5 7^ 0, there exists such a function 

S G C2(C^,C^) that solutions of the d'Alembert-Hamilton equation (2.1.27) 
with N = 2 satisfy an additional constraint S(uxq, Ux^, '^x2^ '^x-.i, 

) = 0. Con- 
sequently, in the case involved we have to solve the following over-determined 
system of PDEs: 



Uu = 2u 



{d^u){d^u) = 1, S{Ua:o, Uxi, U^a, Uxa) = 0- 



Due to the condition 6 ^ wc can resolve the last two equations with 
respect to Ux^, Ux^ and rewrite the above system as follows 



(2.1.66) 



Uxo = {^+UxkUxk + W^{Uxi, Ux^f) ^ , 

Ux3 = W{uxj^, Ux^), Ou = 2u''^. 

Let us apply to the system of PDEs (2.1.66) the contact transformation 

XQ = yo, Xk = Hy^, X3 = y3, 
u = VkHy^^ - H, 



UxQ — 


Hyo, 


Ux, 


= Vk, 


— 


Hy:i7 






Hn = 




Hl2 — - 




H22 = 




-1 


Hqi = 




Uoi 
U02 


Ul2 
U22 


s-\ 


H23 = 




un 
U12 


Ul3 

U23 


6- 


His = 




Ul3 
U23 


Ul2 
U22 


6-\ 


Hq2 = 




nil 

1112 


uoi 
U02 


s- 



(2.1.67) 
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^^00 


Uoi 


U02 








U02 


U03 


^^00 = — 


uoi 


Uu 


Ul2 


Ho3 — — 


■Ull 


U12 


Ul3 




U02 


Ul2 


U22 






U12 


U22 


U23 




Ull 


Ul2 


Ul3 












^^33 = — 


Ul2 
Ul3 


U22 
U23 


U23 
U33 


5-\ 











Here H^i, = d'^H/dyf^dy,y. = d'^u/dx^dxy, ^, 1/ = 0, . . . , 3. 
The first two equations of system (2.1.67) are linearized by tlie transfor- 
mation (2.1.67) 

Hyo = -(l + yfcyfc + ^^^(yl,2/2))^^^ 

Hys = -W{yi,y2). 
Integrating the above system, inserting the obtained expression for H{y) 

H = -2/0(1 + ykyk + W\yuy2)) - y3W{yi,y2) - ^(^1,^2), (2.1.68) 

where B G (7^(C^, C^) is an arbitrary function, into the last equation of system 
(2.1.66) and splitting with respect to yo, 2/3 we come to the over-determined 
system of five PDEs for two functions B{yi,y2), W{yi,y2) 

1) {A2W + ykynWy,yj[l + Wy,Wy, + T\W)) 
-{T{W)yk + Wy,) {T{W)yn + Wy^)Wy,y^ 

= -2T{W)[l + Wy.Wy, + T\W)), 

2) det\\Wy,yjl^^,=T\W)(l+Wy,Wy,+T\W)y' 

x{l + ykyk + WY\ 

3) {A2B + ykynBy^yj(l 

-{T{W)yk + Wy,) {T{W)yn + W,„)s,,,„ 

= -2T{B)(l+Wy,Wy,+T^{W)), 

4) det\\By^yJl^^,=T\B)[l + Wy,Wy,+T\W)) 

5) {A2W){A2B) - By^y^Wy.y^ = T{W)T{B) 

X (1 + Wy,Wy, + T\W)) (1 + yuyk + W^)-\ 
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Here the notations T{F) = ykFy^ ~ = ^yuyk used. 

Integrating the above system and returning to the initial variables x, u{x) 
according to the formulae (2.1.67) we get the general solution of the d'Alem- 
bert-Hamilton system (2.1.27) with N = 2 which is contained in the class of 
functions u(x) determined by the formulae 3 from the statement of Theorem 
2.1.4. 

According to [165] system of PDEs (2.1.27) with iV = 1 is compatible only 
in the following cases 

a) rank||n^^^J|3 ,^^0 = 2; 

b) rank ||ua:^^J|3 ,^^0 = 1. 

In the case a, we apply to the system under study the contact transforma- 
tion (2.1.67). The general solution of the Hamilton equation being written in 
the variables y, H(y) takes the form (2.1.68) with arbitrary smooth functions 
B{yi,y2), W{yi,y2). Inserting (2.1.68) into the d'Alembert equation written 
in the variables y, H{y) and splitting the equality obtained with respect to 
yo, 2/3 we arrive at the following system of four PDEs: 

1) l + Wy,Wy,+T^{W)=0, 

2) \\Wy,y Jl^^,=0, 

3) (1 + ykyk + W^)det WBy^y^ III = T{B) 

X {T{W)yk + Wy,) {T{W)yn + Wy^)By^y„, 

4) (1 + ykyk + W'){{A2W){A2B) - By,y„Wy,y„) 

= T{W){T{W)yk + Wy,) {T{W)yn + Wy„)By^y„. 

Integrating these equations and returning to the initial variables x, u{x) 
yield the general solution of system (2.1.27) with A'^ = 1 provided the condition 
a holds. 

Let us turn now to the case b. Since rank Huaj^x^H^ i/=o — there exist 
such functions Wa = T^a(^^xo) ^ C^(C\C^) that 

Uxa = Wa{uxo), a = 1,2,3. 

With this remark system (2.1.27) is rewritten in the form 

au = u-\ u,,^=Wa{u^J, (2.1.69) 

where Wair) are arbitrary smooth functions satisfying the equality — Wo(t) 

X Wa{T) = 1. 
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Make in (2.1.69) the following contact transformation: 



yO = Uxo, ya = Xa, 



H = XoUxo - u, 



(2.1.70) 



Hab = {uQaUOb " UoOUab)uQQ ■ 



Here u^i, = u^^r,^, H^i, = Hy^y^, a,b = 1, 2, 3. 

The last three equations from (2.1.69) are linearized 



Hya = -Wa{yo), a = 1,2, 3. 



Inserting the general solution of the above system 



H = yaWa{yo)-B{yo), 



(2.1.71) 



where B G C^(C^,C^) is an arbitrary function, into the first equation of the 
system of PDEs (2.1.69) and splitting with respect to yo we come to the system 
of ODEs for the functions Wa, B 



and what is more WaWa = y^ — 1. 

Integrating the system of ODEs obtained and returning to the initial vari- 
ables X, u{x) we obtain a particular case of the formulae 2 from the statement 
of Theorem 2.1.4. 

Provided N = 0, the general solution of system of PDEs (2.1.27) splits 
into two classes satisfying one of the conditions: rank Hu^i^x^ ||)i,;y=o = 1)2. 

If rank ||tta;^a;i, ||^,i/=o = 2, then we can apply the contact transformation 
(2.1.67). The general solution of the d'Alembert-Hamilton system is given by 
the formula (2.1.68), where B{yi,y2), (2/1,2/2) are solutions of the system of 
two PDEs 



Integrating it and returning to the initial variables x, u{x) we arrive at 
the formulae 1 from the statement of Theorem 2.1.4. 



1) Wa = {l-WhWi,){yoWa-Wa), a = 1,2,3, 

2) B = {l-WbWb){yoB-B) 



1) l + Wy,Wy,+{ykWy,-Wf=0, 

2) {vkiynWy^ -W)+ Wy,) {miynWy^ - W) + Wy)By^y, = 0. 
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Provided solutions of the d'Alembert-Hamilton system (2.1.27) with N = 
satisfy the condition rank llii^;^^^ ||jl,i/=o = '^^ can perform the contact 
transformation (2.1.70). The general solution of the system obtained is of the 
form (2.1.71), where Wa{yo), B{yo) are solutions of the system of two ODEs 
^a^a = li WaWa = Vq — I. Rewriting (2.1.71) in the initial variables x, u{x) 
according to the formulae (2.1.70) yields the formulae 1 from the statement of 
Theorem 2.1.4 with B^ = A^, R2 = Ri- 

Thus, we have established that the general solutions of the system of PDEs 
(2.1.27) with iV = 0, 1, 2 are contained in the classes of functions given by the 
formulae 1-3 from the statement of Theorem 2.1.4. To complete the proof we 
have to check that the function u{x) determined by these formulae satisfies the 
d'Alembert-Hamilton system. This check is carried out by direct computation. 
The theorem is proved. > 

Theorem 2.1.5. The general solution of system of PDEs (2.1.32) has the 
form 

A^{u, t)x^ + A{u, t) = 0, (2.1.72) 
where t = t{x,u) is determined in implicit way 

B^{u,t)x^' + B{u,t) = (2.1.73) 

and An{u, r), B^{u, r), A{u, r), B{u, r) are arbitrary complex-valued func- 
tions satisfying the conditions 

^A^' 

A^,A^ = A^B^ = B^Bi" = 0, B^—- = 0. (2.1.74) 



Proof. If u{x) 7^ const, then making, when necessary, the change of inde- 
pendent variables 

Xq > iXa, X(x > IXq, 

(2.1.75) 

Xb ^ Xc, Xc ^ Xb 

with some fixed a,b,c = 1,2,3 we can without loss of generality suppose 
that 7^ 0. With this condition we can make in (2.1.32) the hodograph 
transformation 

ya = Xa, a = 0,1,2, yz = u, U = X3, (2.1.76) 

where yo, ■ ■ ■ ,y3 are new independent variables and U = C/(y) is a new depen- 
dent variable. As a result, the following system of PDEs 

^yoyo ~ ^yiyi ~ ^/2j/2 — 0; Uy^ — Uy^ — Uy^ = 1 (2.1.77) 
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is obtained. 

Tlierefore, the four-dimensional system of PDEs (2.1.32) is transformed to 
the system with three independent variables (the fourth variable ys is con- 
tained in (2.1.77) as a parameter). 

Equations (2.1.77) are obtained from the d'Alcmbcrt-Hamilton system 
(2.1.27) with = by assuming that its solutions do not depend on X3 
and by identifying Xa with ya, a = 0, 1,2 and u with U. Consequently, the 
general solution of (2.1.77) is given by the formulae 1 from the statement 
of Theorem 2.1.4 provided the indices take the values 0,1,2. And what is 
more, all arbitrary functions included into the general solution contain as 
an argument. 

Thus, the general solution of system of PDEs (2.1.77) is determined by the 
formulae 

U = ao(T, y3)yo - ai(r, y3)yi - a2(T, 2/3)2/2 + Ri{t, j/s), 
bo{r, y-i)yo - bi{T, y^jyi - 62 (r, ^3)2/2 + R2{r, ys) = 0, 

where aQ,(r, ys), ba{T, 2/3), a = 0, 1, 2 are arbitrary complex-valued functions 
satisfying the equalities 

al-al-al = 1, - bj - = 0, 

ao6o-ai6i-a262 = 0, ^60-^61-^62 = 0. ^^'^'^^^ 

Rewriting the result obtained in the initial variables x, u{x) according to 
(2.1.76) we arrive at the following representation of the general solution of 
system (2.1.32): 

X3 = aoij, u)xq — ai(T, u)xi — 02 (r, u)x2 + -Ri(r, u), 

where r = t(x,u) is a complex- valued function defined implicitly 

60 (r, u)xo - bi{T, u)xi - 62 (r, u)x2 + -R2(t, u) = 

and aa{T, u), ba{T, u), a = 0,1,2 are arbitrary complex- valued functions 
satisfying (2.1.78). 

It is readily seen that the above formulae are obtained from (2.1.72)- 
(2.1.74) under 

Aa = aa, ^3 = 1, A = Ri, 
Ba = bai i?3 = 0, B = R2, 
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where a = 0, 1, 2. 

We have proved that any solution of system (2.1.32) satisfying the relation 
u{x) 7^ const can be reduced to the form (2.1.72)-(2.1.74) by the change of the 
independent variables (2.1.75). Since the class of functions F determined by 
the relations (2.1.72)-(2.1.74) is invariant with respect to the transformations 
(2.1.75) and contains the solution u{x) = const, hence it follows that G C F, 
where G is the class of functions u{x) determining the general solution of 
system of PDEs (2.1.32). Let us prove the inverse inclusion G C F. This 
assertion will be established if we show that any function u{x) determined by 
the formulae (2.1.72)-(2.1.74) satisfies equations (2.1.32). 

Differentiating equalities (2.1.72), (2.1.73) with respect to we find ita,^ 
and as 



W = ^[{x■A^ + Rlu)B^'-{x■B^ + R2u)A^'j, 
where A = {x-Ar+RiT)ix-Bu+R2u)-ix-Au+Riu)ix-Br+R2T), x-A = x^Ai". 



(we have used the identities (2.1.74)), the Hamilton equation is satisfied. 
Differentiating the first equation from (2.1.79) with respect to Xi, we get 



Convoluting Ux^x^ with the metric tensor Qi^h and taking into account 
identities (2.1.74) we arrive at the equality Du = 0. 

Thus, we have established that the relations F C G, G C F hold, whence 
it follows that F = G. In other words, formulae (2.1.72)-(2.1.74) (the class F) 




Since 
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give the general solution of the d'Alembert-Hamilton equation (2.1.32) (the 
class G). The theorem is proved. > 

Note 2.1.4. Assuming that the functions A^, do not depend on r and 
excluding r from the relations (2.1.72), (2.1.73) we get the following class of 
the exact solutions of system (2.1.32): 

g{A^{u)x^, B^{u)x^', u) = 0, (2.1.80) 

where g G C^(C^,C^) is an arbitrary function. 

Provided A^, are constants, formula (2.1.80) gives the class of exact 
solutions of the d'Alembert-Hamilton system obtained by Erugin [77]. 

Furthermore, if the function g does not depend on Bi^{u)x^, we can resolve 
(2.1.32) with respect to A^(n)a;'* and thus get the generalization of the Jacobi- 
Smirnov-Sobolev formula (2.1.5) 

A^,{u)x^' + A{u) = 0, A^A^" = 0. (2.1.81) 

It has been proved in [168, 317] that formulae (2.1.81), where indices take 
the values 0, 1, . . ., n — 1, give the general solution of the d'Alembert-Hamilton 
system D^-u = 0, {dAu)(d^u) = 0, provided u is a real- valued function of n 
real variables xq, xi, . . ., Xn-i- 

Note 2.1.5. If we choose in (2.1. 72)-(2. 1.74) 

A^ = C^iT), B^ = C^{t), A = C{t), B = C{r), 
then we get the class of exact solutions 

u = Cf,{T)x^' + C{T), C^{T)x^' + C{T) = 0, (7^(7'^ = 
which was constructed by Batcman [27]. 

3. Explicit solutions of the d'Alembert-Hamilton system. Theorems 
2.1.4, 2.1.5 give a description of the general solution of systems of nonlinear 
PDEs (2.1.27), (2.1.32) in the parametric form. But for some special choices 
of the arbitrary functions it is possible to obtain particular solutions in explicit 
form which is very important for applications of the above results. Below we 
will construct some real solutions of system (2.1.30) using Theorem 2.1.4. 
Take, for example, system (2.1.30) with N = 3, e = —1 



Bu = -3u-\ {di,u)id''u) = -1. 



(2.1.82) 
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To obtain the general solution of (2.1.82) it is necessary to make in (2.1.33), 
(2.1.34), (2.1.35) the change u — iu. As a result, we get the following formulae: 

u^ = -(^x^ + A^{t))[x^ + A^{t)), 

x^ + ^^(r))5^(r) = 0, (2.1.83) 
B^A^' = 0, B^B^' = 0. 

Putting in the above formulae A^^ = 0, = we get the well-known 
0(1, 3) -invariant solution of system (2.1.27) with = 3: u{x) = (.x^x^)^/^. 
This solution can be obtained by means of the symmetry reduction of PDE 
(2.1.27) with the use of the 0(1, 3)-invariant Ansatz u{x) = (^(x^x'^). 

A more interesting solution is obtained by putting 

Ao = T, Ai = Csm{T/C), A2 = Ccos{t/C), A^ = 0, 
Bt, = A^, // = 0, ...,3, 

where C G C / 0. 

With the chosen A^^ formulae (2.1.83) take the form 

= [xi + Csin(T/C7)]2 + + Ccos(r/C)]2 + - {xq + Tf, 
xq + t — x\ cos(r/C) + X2 sui{t/C) = 0. 

After making some simple algebraic manipulations we find an explicit form 
of the parametric function r 

t(x, u) = ±{2C{U^ - xlf'^ + XaXa - - C'^fl'^ , 

whence we conclude that the function u{x) is determined by the formula 
xq + t(x^ u) = xi cos(t{x,u)/C^ — X2 sm(T{x,u)/C^ = 0. 

This solution is new and cannot be in principle obtained within the frame- 
work of the Lie approach. 

In a similar way we have constructed other particular solutions of the 
d'Alembert-Hamilton system (2.1.30) with different N, e which are listed be- 
low 

1) = 0, £ = 1 

u{x) = xo; (2.1.84) 
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2) N = l, e = l 

u{x) = ±{xl-xiy/^; (2.1.85) 

3) N = 2, £ = 1 

u{x) = ±{xl-xj-xiy/^; (2.1.86) 

4) = 3, e = 1 

u{x) = ±{xl-xl-xl-xl)^/''; (2.1.87) 

5) N = 0, s = -l 

u{x) = xi COS Wi(xo + X3) + X2 sin VFi(xo + 2:3) + W2{xo + X3), 

xq + xi sin Wi ^n(x) + + X2 cos Wi ^u(x) + x^^ (2.1.88) 

+ W2(u{x) + X3) =0; 

6) N = l, e = -l 

u{x) = ±[(^xi + Wi{xo + X3)y + [x2 + W2{xo+X3)yy^^; (2.1.89) 

7) N = 2, e = -l 

zizu{x) + C = Xq sinh(r/C) — xi cosh(T/C), 

T=-X2±{xi~xi+ (^c ±u{x)yy^'^; 

±u{x) — C = xi sin(r/C) + X2 cos(r/C), 

T = -xo± {xl + xl - (-C ± u{x)yy'^- (2.1.90) 
xosinhr - ^3 coshr = 2~^/^{±(-'u^(x) - x^x'*)^/^ ± n(x)}, 

r = arcsinj {y2{x\ + X2)^/^) ^ (±«(x) =F (-u^(x) - x^x^)) ^''^j 
— arcsin|x2(xf + X2)~^^^|, 
u{x) = ±{xl + xl + xl)^'^- 

8) iV = 3, e = -l 

±(i( (x) — X3j + C = xo sinh(r/C) — Xl cosh(T/C), 

r = -X2± {xl - X?+(C ± [u\x) - xi]V2) 
± {u^{x) - xfj ^'"^ -C = Xl sin(r/C) + X2 cos(t/C), (2.1.91) 

T = -xo ± [xi + xi - (c T [tz2(x) - xif'^yy'\ 
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Here W2} C C^(M^,M^) are arbitrary functions, C is a real non-zero 
constant. 

4. Conditional symmetry of the nonlinear d'Alembert equation. 

According to the remark made in the very beginning of the section substitution 
of the Ansatz (2.1.1), where u{x) is an arbitrary solution of the d'Alembert- 
Hamilton system (2.1.30), into the nonlinear d'Alembert equation 



reduces it to an ODE for a function (p. 

It occurs that the class of Ansatze obtained in this way is substantially 
wider that the one obtainable by means of the symmetry reduction. 

Indeed, within the framework of the symmetry reduction approach to re- 
duce the nonlinear d'Alembert equation (2.1.92) to an ODE one has to con- 
struct Ansatze invariant under the three-parameter subgroups of its symmetry 
group. It is well-known that, provided Fq is an arbitrary function, the maxi- 
mal symmetry group admitted by PDE (2.1.92) is the ten-parameter Poincare 
group P(l,3) having the generators 



Furthermore, the general form of mentioned Ansatze is given by the for- 
mula (2.1.1), where u{x) is an invariant of some three-parameter subgroup of 
the group P{1, 3). An exhaustive description of the invariants of the Poincare 
group having the generators (2.1.93) is obtained in [239]. In particular, it 
is established that any invariant of a three-parameter subgroup of the group 
P(l,3) can be reduced by an appropriate transformation from the Poincare 
group either to the forms (2.1.84)-(2.1.87) or to the forms 

X0 + X3, xi + 9\n{xo + X3), xi + 9{xo + X3)^, x\ + x\, x\ + x\ + x\, 

where ^ is a constant. 

But the invariants listed above are very special cases of the formulae 
(2.1.88)-(2.1.90) which in its turn determine only particular solutions of the 
d'Alembert-Hamilton system. 

Such substantial extension of the class of the Ansatze reducing the nonlin- 
ear d'Alembert equation is achieved at the expense of its conditional symmetry. 

Consider, as an illustration, the Ansatz 



Uw = Fo{w), 



(2.1.92) 




(2.1.93) 




(2.1.94) 
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where p is an arbitrary smooth function, obtained by substitution of the first 
formula from (2.1.88) with Wi = 0, W2 = p into (2.1.1). 

In spite of the fact that the Ansatz (2.1.94) is not Poincare-invariant, it 
reduces PDE (2.1.92) to the ODE —ip = Fg^ip). This phenomenon cannot be 
in principle understood within the framework of the classical Lie approach be- 
cause the existence of sTich Ansatze is a consequence of conditional invariance 
of the nonlinear d'Alembert equation. 

Indeed, the manifold (2.1.94) is invariant under the three-parameter Abe- 
lian Lie group with the generators 

Qi = do- 83, Q2 = do + ds- 2pdi, Q3 = 82 

(this fact is established by direct computation). Obviously, the operator Q2 
cannot be represented as a linear combination of the operators P^, J^i, with 
constant coefficients which means that equation (2.1.92) is not invariant under 
the Lie algebra A = (Qi, Q2, Q2)- 

We will prove that PDE (2.1.92) is conditionally-invariant under the alge- 
bra A. Acting by the second prolongations of the operators Qa on (2.1.92) we 
have 

QiL = 0, Q2L = ApdiQiu, Q3L = 0, 

where L = \Ju — Fq(u). 

Hence it follows that the system of PDEs 

au = Fo{u), Qau = 0, a = 1,2, 3 

is invariant under the Lie algebra A, the same as what was to be proved. 

All Ansatze obtained by substitution of the formulae for u{x) listed in 
(2.1.88)-(2.1.91) (with the only exception of the last formula from (2.1.90)) 
into (2.1.1) correspond to the conditional invariance of the nonlinear d'Alem- 
bert equation and give rise to the new (non-Lie) reductions of PDE (2.1.92). 
Hence it follows, in particular, that the nonlinear d'Alembert equation admits 
an infinite conditional symmetry. It will be shown that the nonlinear Dirac 
and Yang-Mills equations have the same property (see Chapters 6,7). 

2.2. Ansatze for the spinor field 

We will apply the results given in Chapter 1 to construct Ansatze (1.5.15) 
reducing Poincare-invariant multi-dimensional PDEs for the spinor field to 
equations having a lower dimension. 
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According to Theorem 1.5.1 to construct an Ansatz (1.5.15) reducing a 
given equation to PDE with the less number of independent variables we have 
(see also [100, 155, 233, 236]) 

• to obtain operators Qi, Q2, . . . ,Qn of the form (1.5.11) satisfying con- 
ditions of Theorem 1.5.1; 

• to integrate the corresponding system of PDEs (1.5.9). 

In the present section we consider the case when operators Qa form a basis 
of the A^-dimcnsional real Lie algebra which is a subalgebra of the Lie algebra 
of the invariance group G of the equation under study. 

Let El, S2, . . . , Sm, M > N he the basis elements of the Lie algebra AG. 

Definition 2.2.1. Two sets of operators {Qi, Q2, • • • , Qn} and {Q[, Q2, . . ., 
Q'j^} are called G-conjugate if there exist such real parameters 9i, . . ., 9m that 

exp {Oi^i} Qj exp {-^^S,} = Q'j, j = l,...,M, (2.2.1) 

summation over repeated indices being implied. 

In other words, sets of operators {Qi, Q2, ■■■ , Qn} and {Q'l, Q2, ■■■ , Q'n} 
are G-conjugate if there exists a group transformation from the Lie group G 
having generators Si, S2, . . . , Sm which transforms Qj into Q'j, j = 1, . . . , N . 
Two Lie algebras with basis elements Qi, i = 1, . . . , and Q[, i = 1, . . . , A 
are called G-conjugate if the sets of the first-order differential operators {Qi, 
. . ., Qn} and {Q'l, . . ., Q'^} arc G-conjugate. Two Lie transformation groups 
are called G-conjugate if their Lie algebras are G-conjugate. 

It is evident that Ansatze invariant under G-conjugate subgroups of the 
Lie group G are equivalent in a sense that they can be transformed one into 
another by a suitable group transformation from the group G. That is why 
we will consider non-conjugate subgroups (subalgebras). 

Since the group generated by operators Qi,---,Qn is transformed by 
(2.2.1) into the group having generators Q'l, . . . ,Q'pf, Definition 2.2.1 intro- 
duces some relation on the set of subgroups of the Lie group G. It is not 
difficult to become convinced of the fact that this relation is the equivalence 
relation on the set of subgroups of the group G and, consequently, it separates 
this set into mutually disjoint classes. The problem of complete description of 
such classes (called the problem of a subgroup classification of the group G) 
has been solved for many important invariance groups of mathematical and 
theoretical physics equations [9, 10], [14]-[17], [100, 209, 237, 238, 267]. In 
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particular, a complete description of non-conjugate subgroups of the Poincare 
group P(l,3) [9, 10, 209, 237], extended Poincare group P(l,3) [14, 100, 238] 
and conformal group C(l,3) [15, 100] is obtained. 

We will construct Ansatze invariant under one- and three-parameter sub- 
groups of the groups P(l, 3), P(l,3), C(l,3). 

1. P(l,3)-invariant Ansatze [150, 152]. The Lie algebra of the Poincare 
group has thirteen -P(l,3) non-conjugate one-dimensional subalgebras 

Ai = (Jos), A2 = (J12), A3 = (Jo3 + aJu), 
A4 = {Joi-Jo3), A5 = {Po), Ae = {P3), 
At = {Po + P3), As = {Jo3+aPi), 

(2.2.2) 

^9 = {J12 + aPa), Aio = (J12 + aPo), 

An = {J12 + a(Po + P3)), A12 = (Joi - Jn + aPs), 

^13 = {Joi - Ji3 + aP2), 

where a € M"^, a 7^ 0. 

Thus, to construct all inequivalent Ansatze invariant under one-parameter 
subgroups of the group P(l,3) it suffices to integrate system (1.5.9) for each 
of the operators listed in (2.2.2). The problem of integrating equations (1.5.9) 
is substantially simplified by the fact that operators (1.1.22) realize a linear 
representation of the algebra AP(1,3). 

At first, we adduce the Ansatze constructed and then consider an example 
of integration of equations (1.5.9). 

A general form of the Ansatz invariant under the group with generators 
(2.2.2) is as follows 

il;{x) = A{x)ip{u;i, U2, L03), (2.2.3) 

where ip = (p{co) is a new unknown four-component function. A (4 x 4)- 
matrix A{x) and scalar functions Ua = 0Ja{x) are determined by the choice of 
a subalgebra from Ai, A2, . . ., A13 and are given below 

1) ip{x) = exp{(l/2)7o73 ln(xo + X3)}ip {xq - x|, xi, X2), 

2) tl){x) = exp{-(l/2)7i72 arctan(a;i/x2)}¥' {xq, xj + x|, X3), 

3) tl}{x) = exp{(l/2)7o73 ln(a;o + X3) - (1/2)7172 arctan(a;i/x2)} 

X(p (^Xq — x|, x1 + x|, aln(a:o + ^3) -|- arctan(xi/x2)^ , 



4) ip{x) = exp|a;i(2(xo + a;3)) (70 + 73)71}'/^ (a^o + 3^3, 



2 2 
Xq — Xi 
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-xj, X2), 

5) Ipix) = (f (Xl, X2, X3), 

6) tp{x) = (p{xo, xi, X2), 

7) tp{x) = (p{xo + X3, xi, X2), 

8) tpix) = exp{(l/2)7o73 ln(a;o + X3)}ip (xq - x^, X2, a ln{xo + X3) 

-xi), 

9) iIj{x) = exp{— (1/2)7172 arctan(a;i/x2)}¥' (xq, x\ + X3 

+aarctan(xi/x2)^ , 

10) 'il){x) = exp{-(l/2)7i72 arctan(xi/x2)}(^ [x^, x\ + x\, xq 

— Q;arctan(xi/a;2)) , 

11) ^/{x) = exp{— (1/2)7172 arctan(xi/a:2)}¥' (xq + X3, xf + x|, xq — X3 

—2a arctan(xi/x2)) , 

12) 'tp{x) = exp{(l/2Q)(xo + X3)(7o + 73)71}'/' {{xq + xs)^ - 2axi, X2, 

(xo + X3)^ - 3axi(xo + X3) + 3a^xo), 

13) tp{x) = exp{x2(2a)~^(7o + ^3)11}^ (xq + X3, Xq - xf - x§, axi 

-(xo +X3)X2). 

00 

In the above formulae exp{i?} = J2 {n\)~^R'^ + I, I is the unit (4 x 4)- 

n=l 

matrix. 

We will construct the Ansatz invariant under the algebra Ai. Since the 
operator Qi = J03 = — xo(?3 — X3C?o + (l/2)7o73 satisfies conditions (1.5.16), the 
above Ansatz can be looked for in the form (1.5.21) with n = 4, m = 4, A?" = 1, 
a (4 X 4)-matrix A{x) and functions a;i(x), a;2(x), 0^3 (x) satisfying equations 
(1.5.20), (1.5.22). Thus, to construct the Ansatz for the field ip{x) we have to 
find a particular solution of the matrix PDE 

(xo53 + X3do - (1/2)7073) ^(a^) = (2.2.4) 

and to obtain a complete system of functionally-independent first integrals of 
the PDE 
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{xods + X3doMx) = 0. (2.2.5) 

Hereafter, when integrating a matrix PDEs of the type (2.2.4) we use the 
following identity: 

5^exp{T/(x)} = (a^/(x))rexp{T/(x)}, (2.2.6) 

which holds true for an arbitrary constant (4 x 4)-matrix T and a smooth 
scalar function f{x). 

We look for a solution of (2.2.4) in the form 

A{x) = exp{7o73/(x)}. 

Substituting the above expression into (2.2.4) and applying (2.2.6) we ar- 
rive at the equality 

{{xod3 + x^do)/ - l/2}7o73 exp{7o73/} = 

or 

{xod3 + X-ido)f = 1/2. 

A particular solution of the above PDE is of the form f{x) = (1/2) ln(a;o + 
2:3), whence it follows that A(x) = exp{(l/2) ln(xo + 2:3)7073}. 
PDE (2.2.5) is equivalent to the Euler-Lagrange system 

dxQ dxi dx2 dxs 
X3 xo ' 

whose first integrals can be chosen in the form uji = Xq — x'^, 0:2 = xi, uj^ = X2. 

Substituting the results obtained into the formula (2.2.3) we obtain an 
Ansatz invariant under the one-dimensional Lie algebra A\. The remaining 
algebras A2, . . . , A13 are treated in a similar way. 

Now we give a complete list of P(l,3) non-conjugate three-dimensional 
subalgebras of the Lie algebra Ai-*(1,3) following [100, 237]: 

Ai = (Po, Pi, P2), A2 = {Pi, P2, P3), 

A3 = {Po + P3, Pi, P2), A4 = (Jo3, Pi, P2), 

A5 = {JoH, + P3, Pi), Ae = (Jo3 + aP2, Po, P3), 
Aj = (Jo3 + aP2, Po + P3, Pi), As = {J12, Po, P3), 
^9 = (^12 + aPo, Pi, P2), Aio = (J12 + aPa, Pi, P2), 
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An = {Ji2 + Po + P3, Pi, P2), ^12 = {Gi, Pq + P3, P2), 
^13 = (Gi, P0 + P3, Pi + aP2), 
^14 = (G1 + P2, P0 + P3, Pi), 

^15 = (Gi + Po, Po + P3, P2), (2.2.7) 
^16 = (Gi + Po, Pi + aP2, Po + P3), 

^17 = (-^03 + aJi2, Pq, P3), ^18 = (>/o3 + a-^12, Pi, P2), 

^19 = (<^12, </035 Po + P3)5 ^20 = (Gi, G2, Pq + P3), 

^21 = (Gi + P2, G2 + aPi + /3P2, Pq + P3), 

^22 = (Gi, G2 + Pi + (5P2, Po + Pa), 

^23 = (Gi, G2 + P2, Po + Pa), ^24 = (Gi, Joa, P2), 

^25 = (Joa + aPi + /3P2, Gi, Po + P3), 

^26 = (^12 + Po + Pa, Gi, G2), ^27 = (Joa + aJi2, Gi, G2), 

^28 = (Gi, G2, J12), ^29 = {Jqi, J02, J12), A^o = {J12, J23, Jai). 

In (2.2.7) Gi = Joi — Jis, i = 1,2 and (Qi, Q2, Qa) designates the linear 
span of operators Qa- 

Ansatze invariant under the algebras (2.2.7) were constructed in [152, 155]. 
They can be represented in the form 

i/jix) = A{x)ip{u), (2.2.8) 

where if{Lo) is a new unknown four-component function, a (4 x 4)-matrix A{x) 
and scalar function uj{x) being given below. 



1) V'(x) 


= ^{xs), 


2) 4j{x) 


= vi^o), 


3) 4^{x) 


= (fixo+Xs), 


4) 'ip{x) 


= exp{(l/2)7o73 ln(a;o + X3)}ip (xq - x^), 


5) ip{x) 


= exp{(l/2)7o73 ln(a;o + X3)}(p (^2), 


6) ip{x) 


= exp{(a;2/2a)7o73}v9(xi). 


7) ^P{x) 


= exp{(z2/2a)7o73}'/' (" ln(.To + X3) - X2) , 


8) il^ix) 


= exp{- (1/2)7172 arctan(a;i/.X2)}(^ (xf + x^ 


9) il^ix) 


= exp{-(a:o/2a)7i72}99(x3), 


10) v(^) 


= exp{(x3/2a)7i72}<yc(a;o). 
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11) ipix) = exp{(l/4)(x3 - a;o)7i72}</c(a^o +2:3), 

12) 'tp{x) = expj (xi/2{xo + xsfj (70 + 73)71 {xq + X3), 

IS) ipix) = expj ((axi -X2)/2(xo + X3)) (70 +73)71 jv'Ca^o + 3^3), 

14) 'tp{x) = exp{(x2/2)(7o + 73)7i}'y2 {xo + X3), 

15) ij;{x) = exp|-(^(a;o + X3)/2)(7o + 73)7i}9' (2x1 + (xo + X3)^), 

16) ^^(2;) = expj - (^(xo + a;3)/2) (70 + 73)71 (2(x2 - axi) 

-a(xo + X3)'^y 

17) iIj{x) = exp{-(l/2o;)(7o73 + 07172) arctan(xi/x2)}(/3 (xf + xi), 

18) ip{x) = exp{(l/2)(7o73 + 07172) ln(xo + xs)}^? (xq - x|), 

19) ^(x) = exp{(l/2)7o73 ln(xo + X3) - (1/2)7172 arctan(xi/x2)} 

xip{xl + X2), 

20) V(x) = exp|(^l/2(xo +X3)) (70 + 73) (712^1 + 72X2) }<^(xo + X3), 

21) i/;{x) = expj 2((xo + X3)(xo + X3 + /?) - a) (70 + 73) 

X 7i [{xo + X3 + P)xi - ax2^ + 72 ((xq + X3)x2 - xi j I 

X(^(xo + X3), 

22) V(x) = exp{(2(xo + X3)(xo + X3 + /3))~\7o + 73) 

X 71 [{XO + X3 + P)xi - X2) + 72X2(xo + X3)j |<y9 (xq + X3), 

23) V(x) = exp{(2(xo + X3)(xo + X3 + l))~\7o +73) 

X (jlXi{xo + X3 + 1) + 72x2 (xo + X3)) |(/? (xo + X3), 

24) V(x) = expj (xi/2(xo + X3)) (70 + 73)71} exp{(l/2)7o73 

X ln(xo + X3)}ip {xl - x\- xl), 

25) V(x) = exp|(^l/2(xo + X3)) (^xi - aln(xo + X3))(7o + 73)71} 

X exp{(l/2)7o73ln(xo + X3)}ip {x2 - /?ln(xo + X3)), 

26) V(x) = expj (^l/2(xo +X3)) (70 + 73)(7ia;i + 72X2)} 

X exp(-(l/4(xo + X3)) (x • x)7i72}(/:'(xo + X3), 

27) V(x) = exp{(l/2(xo+X3)) (70 + 73) (71 3^1 + 72X2)} 
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X exp{(l/2)(7o73 + 0:7172) ln(xo + xs)}ip {x ■ x). 

Let us note that triplets of operators Qa which are basis elements of the 
algebras ^23-^30 do not satisfy condition (1.5.10). Consequently, they lead 
to partially-invariant solutions which are not considered here. 

As an example, we will carry out integration of equations (1.5.20), (1.5.22) 
for the algebra from (2.2.7). Choosing in (1.5.20), (1.5.22) n = 4, m = 
4, N = Qi = -xods - x^do + (1/2)7073, Q2 = di, Q3 = 82 yields the 
following system of PDEs for A{x), oj{x): 

(xods + X3do - (1/2)7073)^ = 0, diA = d^A = 0, (2.2.9) 
{xodz + X2,dQ)oj = 0, dioj = d20J = 0. (2.2.10) 

Prom the last two equations of system (2.2.9) it follows that A = A{xo, x^). 
Substituting this expression into the first equation we get 

{xsdo + xods - (l/2)7o73)^(xo,X3) = 0, 

whence 

A{x) = cxp{(l/2)7o73ln(a;o + X3)}. 

It is easy to see that a complete set of functionally-independent first in- 
tegrals of system (2.2.10) consists of one integral which can be chosen in the 
form uj{x) Thus, we obtain the Ansatz numbered by 4. 

2. P(l,3)-invariant Ansatze [148, 150, 152, 155]. Subgroup classification of 

the extended Poincare group was carried out in [14, 100, 238]. One-dimensional 
subalgebras of the algebra AP{1, 3) which are P(l, 3) non-conjugate to subal- 
gebras of the algebra AP{1, 3) are equivalent to the following ones: 

(-^01 - -^13 + a^), {Ji2 + aD), ('2 2 in 

{Jo3 + PJi2 + aD), (Jo3 + /3Ji2-D + aPo), ' 

where {a, /?} c M^, a ^ 0, D = x^d^ + A;, /c G M"^ is the infinitesimal operator 
of the group of scale transformations (1.1.27). 

Ansatze invariant under operators (2.2.11) arc given by the formulae 

il^{x) = (xo - xs)"'' exp{(l/2a)(7o + 73)71 ln(xo + X3)}(p{uj), 

I 2 2 2\ -2 ( I \ -\ 

Ui = [Xq - Xi - X3)X2 , UJ2 = (xo + X3)X2 , 

W3 = axi(xo + X3)"^ + ln(xo + X3); 
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{xj + xl) '^/^ exp{- (1/2)71 72 arctaii(a;i/a;2)}(/7 (w), 
ioi = xqx^^, iV2 = 2q; arctan(xi/x2) — ln(xi + 
^3 = [xq - xr^){xi + X2) ; 
(x^ - exp{ (1/4) (7073 + /?7i72) 

X ln((xo + xs)/{xo - X3)) {u), (2.2.12) 

a;i = (xg - x^)"-^(xo + xs)^", 0^2 = {x^ - xj) 
x(x? + xi)""\ U3 = pin{xl + xl) 
—2a arctan(xi/x2); 

(2x0 + 2x3 - exp{ (1/4) (7073 + /?7i72) 

X ln((xo + X3)/(xo - X3)) (a;), 
oji = (2x0 + 2x3 - a) exp{(2/a)(xo - X3)}, 
iJ2 = (2xo + 2x3 — Ci)ixl + xl)"^, 
UJ3 = p\n{xl + x|) + 2arctan(xi/x2). 

Here if = ip{u;i,L02,LOs) is an arbitrary four-component function. 
Three-dimensional subalgebras of the algebra AP{1,3) which are -P(l,3) 
non-conjugate to subalgebras of the Poincare algebra are as follows 

Al = (- Jo3 + D + P0 + P3, Pi, P2), 

A2 = (- Jo3 + D + Po + P3,Po- Pa, Pi), 

A3 = {J12 + a(- Jo3 + D + P0 + P3), Pi, P2), 

A4 = (-J03 + + Po + P3, J12 + a(Po + P3), Po - P3), 

As = (- Joa + D, J12 + Po + P3, Po - P3), 

Ae = (-J03 + 2D, Gi + Po + P3, Po - P3), 

A7 = (- Jo3 + 2£>,^Gi + Po + P3, P2), 

^8 = (-^03 + D,Gi- P2, Po - P3), 

Ag = (- Jo3 -D + Po ~ P3, Gi, P2), 

Aio = {-Jo3+D,GuG2-P2), ^ 

Au = {-Jo3-D + Po-P3,GuG2),^ 

A12 = (J12 - a(Jo3 + D-P0 + P3), Gi, G2), 

Ai3 = (J12 - aD, Po, P3), Ai4 = (J12 - aD, Pi, P2), 

Ai5 = (Jo3 + otD, Po, P3), A16 = (Jo3 + aD, Pq - P3, Pi), 



V'(x) = 
■i/'(x) = 



V'(x) = 
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Ai7 = (Jo3 + aD, Pi, P2), ^18 = (^12 - aJo3 - ^D, Po, ^3), 

^19 = (J12 - aJo3 - PD, Pi, P2), 

A20 = {Gi - aD, Po - P3, P2), (2.2.13) 

A21 = {Gi-aD, P0-P3, Pi), 

A22 = {Gi - aD, Po - P3, Pi + /3P2), 

^23 = (Gi - aD, G2 - (3D, Po - P3), 

A24 = {Gi, Jos + aD, Po - P3), 

A25 = {Gi, Jo3 + aD, P2), 

A26 = (J12 - aD, Jo3 + PD, Po - Pa), 

A27 = {Jo3, J12, D), A28 = (Po, P3, D), 

A29 = (Pi, P2, D), A30 = (Po + P3, Pi, D), 

A31 = (Po, J12, D), As2 = (P3, J12, D), 

A33 = {Po + P3, J12, D), Au = (Pi, Jo3, D), 

A35 = {Po + P3, Jos, D), ^36 = {Po +f3, J12 + aJo3, D), 

A37 = {Po + P3,Gi,D), ^38^= (P2 , Gi , D) , 

^39 = {Gi, G2, D), A^o = {Gi, Jo3, D)^ 

Ail = {Po + P3, Gi,G2 + D), ^42 = (Gi, G2, Jo3 + aD), 

^43 = (Gi, G2, J12 + aD), Au = (Gi, G2, J12 + aJo3 + PD), 

where G, = —Joi — Jis, i = 1,2; {a, 13} C M}. 

Without going into details of integration of equations (1.5.22), (1.5.20) we 
list the Ansatze for the spinor field ip(x) invariant under the three-dimensional 
subalgebras (2.2.13). 

1) V(a;) = (xo + xa)"*'/^ exp{(l/4)7o73 ln(xo + xs)}ip (ln{xo + X3) 

-xo + X3) , 

2) V(x) = X2'^exp{(l/2)7o73lnx2}9?(xo - X3 - 21nx2), 

3) V(x) = (xo + xa)"'^/^ exp{(l/4a)(Q;7o73 - 7172) ln(a:o + X3)} 

Xif (].n{xo + X3) - Xo + X3) , 

4) V(x) = (x? + xi)-'=/2 exp{(l/2)7i72 arctan (X2/X1) + (1/4)7073 

X ln(xi + x|)}(/p ^CK arctan (X2/X1) + (l/2)(xo — X3) 

-(l/2)ln(x? + xi) 
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5) = {xl + exp{(l/2)7i72 arctan(x2/xi) + (1/4)7073 

X ln{xl + xl)}(f (^arctan(x2/xi) + (xq — xs)/2^ , 

6) iIj{x) = X2''exp{-(l/4)7i(7o - 73)(xo - X3)}exp{(l/4)7o73lna;2} 

Xip (x2[{xo - X3)'^ - 4xi]~-^^, 

7) V(a;) = ((xo - xs)^ - 4xi) exp{-(l/4)7i(7o - 73)(xo - X3)} 

X expj (1/4)7073 ln((xo - X3)^ - 4xi)|<y9 ([(xq - X3)^ - 4xi] 

X [(xq - X3)^ - 6(Xo - X3)xi + 6(xo + X3)]~^) , 

8) V(a;) = (a;i(xo - xs)"^ - X2) exp{-(l/2)7i(7o - 73)xi(xo - xs)"^} 

X exp|(l/2)7o73ln(^xi(xo - x-^y^ - X2^^ip{xo - X3), 

9) iP{x) = (xQ - X3)-'=/2cxp{-(l/2)7i(7o - 73)xi(xo - xg)-^} 

X exp{- (1/4)7073 ln(xo - X3)}<^ ((xq - - x§)(xo - X3)"^ 

+ ln(xo -X3)), 

10) ipix) = (x • X + (x^ - X? - x|)(xo - 2:3)-^) ''^^ exp{-(l/2)xi 

x(xo - X3)"Sl(70 - 73)}cxp{-(l/2)x2(xo - X3 + 1)^^ 

^72(70 - 73)} exp| (1/4)7073 ln(x • X + (xq - xf - x|) 

X (xQ - X3)"^) |(^ (xQ - X3), 

11) iIj{x) = (xo - X3)-'=/2 exp{(l/2)(xo - X3)-H7o - 73)(7ia;i + 72a:;2)} 

X exp{-(l/4)7o73 ln(xo - X3)}ip (^{x ■ x)(xo - X3)~^ 

+ ln(xo -X3)), 

12) iIj{x) = (xq - X3)~''/^ exp{(l/2)(xo - X3)~^(7o - 73)(7iaJi + 723^2)} 

X exp{(l/4a)(7i72 - 0:7073) ln(xo - X3)}(f ((x • x) 

X (xq - x^y '^ + ln(xo - X3)) , 

13) ■ip{x) = (x^ + X2)^'^^^ exp{(l/2)7i72 arctan(x2/xi)}</? ^Q;arctan(x2/xi) 

-(l/2)ln(x?+x^)), 

14) 'i/;{x) = X3''exp{(l/2o;)7i72lnx3}(/?(xo/x3), 
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15) = X2''exp{-{l/2a)-fol3^^X2}(p{xi/x2), 

16) ipix) = X2''exp{-(l/2Q;)7o73lna;2}</c((a:;o-X3)a;2^°"^^^^"), 

17) ^{x) = {xo + X3)'=°/'(xo - X3)-'=°/' exp{ (1/4)7073 ln((xo + X3) 

X(X0 - X,)-')}v ((xo + X3)(l+")/2(xo - X3)(l-")/2), 

18) V(^) = (a;? + xl)-''/^ exp{(l/2)(7i72 - 07073) arctan(x2/xi)} 

(/3arctan(x2/xi) - (l/2)ln(xi +X2)), 

19) V(^) = (^0 + ^3)'^/'"(xo - xa)-"^^^" exp{(l/4a)(a7o73 

-7172) ln((xo + X3)(xo - X3)-^) ((xo + X3)("+^)/' 
x(xo-X3)("-^)/^), 

20) V(a;) = (xo-X3)-'=exp{-(l/2)xi(xo-X3)"Si(7o-73)} 

XV? (ln(xo - X3) + axi(xo - xs)"^), 

21) V(a;) = X2^exp{(l/2a)7i(7o - 73)ln(xo - X3)}v? ((xo - X3)/x2), 

22) V(x) = (xo-X3)-'=exp{(l/2/3)7i(7o-73)(x2-/3xi)(xo-X3)-'} 

Xip ((x2 - /3xi)(xo - xs)"^ - (P/a) ln(xo - X3)), 

23) V(ic) = exp{(l/2)(2aA; - 71(70 - 73))a;i(xo - xa)"^} exp{(l/2) 

X (2/3k - 72(70 - j3))x2{xo - X3)"^|</? (exp{(axi 

+/3X2)(X0 - X3)"^}(xo - X3)) , 

24) V(a;) = X2 ^' exp{-(l/2)xi(xo - X3)-Si(7o - 73)} exp{-(l/2a) 

X7o73lnx2}v? ((xo - X3)x^^""'"^^/") , 

25) i;{x) = {xl -xl- xi)-'=/2^xp{-(l/2)xi(xo - X3)-Si(7o - 73)} 

X exp{-(l/4a)7o73 ln(xo - xj - x|)}<^ ((xo - X3) 

x(xg-x?-xi)-(«+^)/^«), 

26) i){x) = {xl + xi)-'=/2 exp{ (1/2)7172 arctan(x2/xi) + (1/4)7073 

X (ln(xf + xi) - 2 ln(xo - X3)) ((l/2)(/? + 1) ln(x? + x|) 
— /31n(xo — X3) — a arctan(x2/xi)j , 
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27) = {x ■ x)-''/^ exp{(l/4)7o73 ln((xo + X3){xo - xg)"^) } 

X exp{- (1/2)7172 arctan(xi/x2)}</c((xo - xl){xl + xl)'^^ 

28) V(x) = (x2 + x2)-'=/V(xi/x2), 

29) V(x) = (x2-xi)-*=/V(W^3), 

30) V(a;) = {xo - X3)~''ip (x2{xo - xsy^y 

31) V(a;) = (x? + xi)-^/^cxp{(l/2)7i72arctan(x2/xi)} 

xv.((x? + x^)V2x3-i), 

32) V(a;) = (x? + x^)-'^/^ ^^pj (1/2)7172 arctan(x2/xi)} 

X99((x? + x^)i/\o^)> 

33) V(x) = (xf + xi)-*^/2gxp| (1/2)71 72 arctan(x2/xi)} 

X(/p((x?+xi)V2(a;o-X3)-^), 

34) V'(x) = {xl - xi)-*=/2 exp{(l/4)7o73 ln((xo + X3)/(xo - X3)) } 

x^((x^-xi)V\,-i), 

35) V (a;) = x5"''exp|(l/2)7o73ln(xi(xo -X3)"-^)|(/9(x2/xi), 

36) V(x) = (xf + xi)-*^/2 exp{(l/2)7o73 ln((x? + xi)V2(a,o - xs)-^) 

+(1/2)7172 arctan(x2/xi)|(/? (ln(a;? + xf)^^^ - ln(xo - X3) 
+a arctan(x2/xi)^ , 

37) V (a;) = (xo -X3)"''exp{-(l/2)7i(7o -73)xi(xo -xs)"^} 

38) V (a;) = (xo - X3)"^exp{-(l/2)7i(7o - 73)xi(xo - X3)"^} 

xip ((xq - Xl - xi)(xo - xs)^^) , 

39) ijj{x) = (xo - X3)"'' exp{(l/2)(xo - a;3)"-^(7o - 73)(7ixi + 72X2)} 

Xip(x- x(xo - ^3)"^), 

40) tjj{x) = Xa^'expj- (1/2)71 (70 - 73)xi(xo - X3)~^}exp{(l/2)7o73 

X ln(^X2(xo - X3)~^^ ({xl - Xl - X|)X2 ^) , 

41) V(a;) = (xo - X3)~'=exp|(l/2)(7o - 73)(7iXi(xo - a;3)~^ 
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-72 ln(a;o - xa)) j^p (ln(a;o - ^3) + X2{xo - X3) ^) , 

42) V (a;) = {x-x)-''/^ex.p{{l/2){xo-X3)-^{jo-l3){lixi + ^2X2)} 

X exp{-(l/4Q;)7o73 x ■ ((x • x)"+^(xo - ara)""^"), 

43) = (xo -X3)"''exp{(l/2)(xo -X3)"^(7o -73)(7ia;i +72X2)} 

X exp{(l/2a)7o73 ln(xo - xz)](^ {x ■ x(xo - ^3)"^) , 

44) i){x) = (x • x)-^/2 exp{(l/2)(xo - X3)"^(7o - 73)(7i-^i + I2X2)} 

X exp{(l/4/3)(7i72 - 07073) ln(x • x)}^? ((x • x)"+'' 

x{xo-X3)-^f). 



3. Conformally-invariant Ansatze. Complete classification of C(l, 3) non- 
conjugate subgroups of the conformal group was obtained quite recently [15, 
100]. We use this classification to construct Ansatze for the spinor field ip{x) 
invariant under one- and three-parameter subgroups of the group C(l,3). 

C(l,3) non-conjugate one-parameter subgroups of the conformal group 
which arc not C(l, 3) -conjugate to subgroups of the group -P(l,3) are gener- 
ated by the following operators: 

Ql = Q, Q2 = Q + £(Po_P3), 

Q2, = Ji2 + OiQ, Qi = Q + a{D - Jq^), 
Q5 = PJi2 + aQ + e{Po-P3), 

Qg = aJi2 + Q - Joi- Ji3 - P2, 

Q7 = SJi2 + aQ + (]{D- J03), (2.2.14) 
Qs = Po + Ko, Qg = a{Po + Ko) + J12, 
Qio = a{Po + Ko) + J12 + P{P3 - K3), 

Qu = Jl2+P{P3-K3). 

Here Q = (l/2)(Ko - K3 + Pq + ^3), cR\ e = ±1. 

Operators (2.2.14) unlike generators of the extended Poincare group P{1, 3) 
have quadratic dependence on x^. That is why the corresponding system 
(1.5.20), (1.5.22) is nonlinear with respect to the independent variables x^ (in 
particular, equations (1.5.20) with Q of the form (2.2.14) lead to a Riccati-type 
system of ODEs). To avoid a necessity to integrate a nonlinear Riccati-type 
system of ODEs we will apply the trick used by Dirac when investigating 
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conformal invariance of equation (1.1.17) [70]. Relying on the well-known 
fact of isomorphism of Lie algebras of the groups C(l,3) and 0(2,4) he ob- 
tained a change of variables connecting the transformation group C(l,3) of 
the form (1.1.24)-(1.1.28) with the group of homogeneous linear transforma- 
tions of some six-dimensional projective space preserving the quadratic form 
+ — z| — — z| — 2;|. And what is more, generators of the group 0(2, 4) 
were linear in the variables Za_, A = 1, . . . , 6. 

Consider the following representation of the Lie algebra AO(2,4): 

Qi2 = zidz2 - Z2dzi + (i/2)747o, 

= -Z2dz2+a - Z2+adz2 + (l/2)707a, 
^^2+o2+6 = -Z2+adz2+i + Z2+bdz2+a + (V2)7a7&, (2.2.15) 
Ql6 = Zidze - ZqOzi + («/2)74, 

^2 6 = Z2dzQ - zedz2 + (1/2)70, 

^2+a6 = -Z2+adz6 + ZQdz2+^ + (l/2)7a, a, 6 = 1, 2, 3 

(the remaining elements of AO(2,4) are obtained by the rule ^ab = —^bai 
A,5 = l,...,6, A^B). 

It is straightforward to verify that operators (2.2.15) do satisfy commuta- 
tion relations of the algebra AO(2,4) 

[^AS5 ^cd] = {Pad^bc + Pbc^ad ^ Packed ~ Pbd^ac)i 

where Pab = diag(l, 1, — 1, — 1, — 1, — 1) is the metric tensor of the pseudo- 
Euclidean space i?(2,4). Next, the isomorphism of the algebras AO(2,4) and 
AC( 1,3) is established by the formulae 

-Po = — ^12 — i^265 Pa = —^12+a — 
Joa = ^^22+05 Jab = ^2+a2+6, 

(2.2.16) 

D = —CliQ, i^o = — ^^12 + i^2 6) 

Ka = -^12+a + ^2+a6, a, 6 = 1, 2, 3, a ^ b. 

The transformation relating the groups 0(2,4) and (7(1,3) can be repre- 
sented in the form 

= Zf^+2 {ze - zi)~'^ , 
^{x) = (z6-^i)'{l-(l/2)(z6-zi)-^(l + z74) (2.2.17) 

X (702:2 - 'yaZ2+a)]'^iz), 
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coordinates zi,. . . ,Zq satisfying an additional constraint 



A 2,2 2 2 2 2 n 

ZaZ = Zi -\- Z2 — Z-^ — Z^ — Z^ — Zq — U. 



It is important to note that the Lie groups 0(2,4) and C(l,3) are not 
isomorpliic. Formulae (2.2.17) determine a projection of the group 0(2, 4) on 
the group C(l, 3). 

On rewriting operators (2.2.16) in the variables x, ip{x) according to 
(2.2.17) we get the following expressions for the generators of the conformal 



where S^^ = (1/4) (7^7,, - 71.7^), ^u, 1/ = 0, . . . , 3, fj.< v. 

Hence we conclude that an Ansatz invariant under a subgroup of the group 
0(2,4) with generators (2.2.15) is transformed by (2.2.17) into an Ansatz 
invariant under a subgroup of the group C{1, 3) with generators (2.2.18). But 
the above arguments cannot be immediately applied to construct conformally- 
invariant Ansatze reducing the massless Dirac equation (1.1.17). The matter is 
that on the set of solutions of equation (1.1.17) a representation of the algebra 
^C(l,3) inequivalent to the representation (2.2.18) is realized (see Section 
1.1). To avoid this difficulty we will modify the change of variables (2.2.17). 
Let us consider the group 0(2, 4) acting on the space of eight-component 
spinors ^ which depend on six variables zi,. . . ,ze. Its generators are chosen 
as follows 



groupC(l,3): 




(2.2.18) 



Cli2 = zidz2 - Z2dz-, + (l/2)(7ro, 
^^12+o = -Zldz2+^ - Z2+adzi + {l/2)aVa, 
= -Z2dz2+a - Z2+adz2 + (l/2)rora, 

^^2+a2+fe = -Z2+adz2+b + Z2+bdz2+a + (l/2)rar;„ 

file = zidze - zedzi + (l/2)c7, 

^26 = Z2dze - Z6dz2 + (l/2)ro, 

= -Z2+a0z(, + ^e^^j+a + (l/2)ra, 
nAB = -^BA, A^B. 



(2.2.19) 



Here T 



a are (8 x 8)-matrices of the form 
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Using the relations 

we can become convinced of the fact that operators (2.2.19) do form a basis 
of the Lie algebra AO(2,4). 
The change of variables 

i>{x) = (^6-^i)^{i-(1/2)(1 + ^t) (2.2.20) 

x(ro2;2 - raZ2+a){z6 - Zi)-^}^{z), 

where ^(x) is an eight-component spinor, establishes a correspondence bet- 
ween the group 0(2,4) having the generators (2.2.19) and the group C(l,3) 
having the generators 

-Pjtt — , Jftu = Xfid Xiyd^ -|- Sfxi/, 

D = x^d^ + 3/2 + {l/2){l-a), (2.2.21) 
= 2x^D - {x ■ x)di' + 25^,x- + (1/2) (1 - a)r^, 

where S^, = (1/4) [r^, T,]. 

Lemma 2.2.1. Let ipix) satisfy the equation 

Q4>ix) = {a^P^ + P^J^, + dD + e^K^)i>{x) = 0, (2.2.22) 

where a^, P^i^, S, 9^ are som,e real parameters. Then, the four- component 
spinor ip = {"ilP ,'ilP' satisfies the following equation: 

Q^{x) = {a^P^ + f3^,J^, + 5D + e^K^)^{x) = 0, (2.2.23) 

the operators P^, . . . , being of the form (1.1.22). 

Proof. We represent the eight-component function il^{x) as follows 

^{x) = (1/2)(1 + a)Mx) + (1/2)(1 - ct)Mx)- 
Substitution of the above expression into (2.2.22) yields 

(1/2)(1 + a)Q^i + (1/2)(1 - a)Qi>2 = 0, 
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whence it follows that 



(l/2)(l + a)gV'i = 0. 



(2.2.24) 



Since 




(1/2) (1 + a)Di;i{x) = {x^d^ + 3/2) (1/2) (1 + a)^^) 
(1/2) (1 + a)K^4>i{x) = {2x^,{x,d, + 3/2) - [x ■ x)d^' 
+2S^,x^}{l/2)(l + a)'^u 



we conclude that due to (2.2.24) equality (2.2.23) holds true. > 

The above arguments can be summarized in the form of the following 
algorithm of constructing conformally-invariant Ansatze for the spinor field 



• using the isomorphism (2.2.16) we establish the correspondence between 
C(l,3) non-conjugate subalgebras of the algebra AC{1,2>) and 0(2,4) 
non-conjugate subalgebras of the algebra AO(2, 4); 

• integrating the systems of PDEs (1.5.20), (1.5.22) we construct Ansatze 
invariant under non-conjugate subalgebras of the algebra ^0(2,4) hav- 
ing the basis elements (2.2.19); 

• using the change of variables (2.2.20) we rewrite the obtained Ansatze 
in variables x, ip{x)\ 

• acting on the eight-component spinor 'iIj{x) by the projector P = (1/2) 
X (1 -|- o") we arrive at the conformally-invariant Ansatze for the spinor 
field 'il>{x). 

We will realize the above algorithm for the operator Q2 from (2.2.14), the 
remaining operators being treated in an analogous way. 
Due to (2.2.16), (2.2.19) the operator Q2 takes the form 



Consequently, to determine matrix function A{z) and scalar functions 
0^1(2;), .. ., u^{z) it is necessary to integrate the equations 



il){x): 



+e{z2 - Z5){d,, + d,,) - (l/2){r3 + (tFo + e(l + a)(ro - Ts)}. 



Q2A{z) = 0, 
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[z2dzi - zidz^ + Z5dz^ - zedz^ + £(2:6 - zi) (2.2.25) 
x(5^2 + a^g) + £(2:2 - Z5){dz^ + a26)|a;i(z) = 0, 

where i = 1, . . . , 5. 

It is convenient to rewrite (2.2.25) by introducing new independent vari- 
ables 

Ul = {Zi - Zof + {Z2 - z^f, 

U2 = 2{zi - Zg){z2 - Z5), U3 = Z3, = Z4, 

U5 = {zi - Zg){zi + Zq) + {Z2 - Zrj){z2 + ^5), 
U6 = {Zl - Ze){z2 + Z5) - {Z2 - Z5){zi + Zq). 

As a result, equations (2.2.25) read 

{-2(4 - uD^^du, - 2£Uidu,}iOi{u) = 0, 

{-2{ul - uD^/^du, - 2suidue - (1/2) (aFo + Tg (2.2.26) 

+£(l + (7)(ro-r3))}A(n) = 0. 

The first equation of system (2.2.26) implies that ijJi{u), . . . ,uj5{u) are the 
first integrals of the following Euler-Lagrange system: 

dui du2 du2 du4 du^ du^ 

IT ~ -2{uj - u^^y/^ ~ ~0~ ~ ~0~ ~ ~ ~ -2eui ' 

A complete set of functionally-independent first integrals of the above sys- 
tem can be chosen in the form 

wi = arcsin(n2/ui) — e{uQ/ui), U2 = u\, 

= U2, ti^4 = U3, 1^5 = U4- 

Using the identity (2.2.6) we get the following particular solution of the 
second equation of system (2.2.26): 

A{u) = exp{-(en6/4ni)(aro + T3+ e{l + a)iTo - T3)}. 

Rewriting the above expressions in the variables z^ and substituting these 
into Ansatz (1.5.21) we have 

^{z) = exp{-(£/4)[(zi - Z6){Z2 + Z5) - {Z2 - Z5) 

x(zi + ze)][{zi - z^f + {Z2 - z^f]-^ (2.2.27) 
X [Fa + aVo + (1 + a){To - T3)]]^{uj), 
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where (f is an arbitrary eight-component function of wi , . . . , and 

LOi = arcsin|2(2:i - zq){z2 - -Z5)((-Zi - zq)"^ + (2^2 - -25)^) | 

-£{(2:1 - Zq){z2 + Z5) - {Z2 - Z5){zi + Zq)} 

x[{zi- ze)^ + {z2- z^f^ \ 

1^2 = {Zi - Zof + {Z2 - Z^f , UJz = Z^, LlI4 = Z4, 

2,2 2 2 2 2 
= + 2:2 - - 24 - 2:5 - 26- 

In the initial variables x, il'{x) Ansatz (2.2.27) reads 

ij{x) = xi^{l - (1/2)(1 + a)V ■ .x} 

X exp{r(a;) (Pg + crro + (1 + cr)(ro - Tg)) }(^ U2, u-^), 
wi = - arcsin|2(a;o - ^3) (l + (xq - ^3)^) | 

+e(a;o + a;3 + (a^o - a^s)^; • (l + (xq - xs)^) , 

W2 = (1 + (XO - X3)^)xJ"^, a;3 = (1 + (xq - X3)^)X2 ^, 

r(x) = (e/4) [xq + X3 + (xq - X3)x ■ xj (^1 + (xq - X3)^) 

(when deriving the above formulae we use the identities 21(^6 ~ z\)~^ = 
(l/2)(x • X — 1), 26(26 — 2i)~^ = (l/2)(x • X + 1) which follow directly from 
(2.2.20)). 

Acting on the Ansatz obtained by the projector P = (1/2) (1 + a) we get 

ip{x) = xj"^{cos^ T + 7073 sin^ r + 7 • x(7o - 73) cost sinr}(^(aji, u;2, t^a), 

where (p{io) is a new four-component function, scalar functions t(x), LOa{x) 
are determined above. 

Below we adduce Ansatze invariant under operators Qi, Q3, ■ ■ ■ ,Qii- 

the operator Qi 

ip{x) = R{x, T, l)xj~^99 (uj), 

oji = [{x • X - 1)2 + 4xo]xj"^ u;2 = [(a; • X - 1)^ + 4xo]x^^ 
LV3 = arctan{(x • x — l)(2xo)^^} — arctan{(x • x -|- l)(2x3)^^}, 
r = (1/2) arctan{(x • x - l)(2xo)"^} + 7r/2; 
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the operator Q3 

jp{x) = R{x,T,a)(xl + xly^ exp{-T-fij2}^ (io), 

ui = [{x-x- 1)^ + 4^l]{xl + xl)-^, 

UJ2 = arctan{(x • x — l)(2xo)~^} — a arctan(xi/a;2), 

Us = arctan{(x • x — l)(2xo)~'^} — arctan{(x • x + l){2x3) 

T = (1/2) arctan(a;i/x2); 

the operator Q4 

V'(x) = R{x, T, l)x^^ cxp{ra(l + jol3)}'P (t^), 
wi = ln{x?[l + (xo - xsf]-^} 

-aarcsin{2(xo - X3)[l + (xq - xs)^]"^}, 
^^2 = x^'^ixo + X3 + (xo - X3)x • x], 

LO3 = X2 ^[Xo + X3 + (xo - X3)x • x], 

r = (l/4a) ln{x?[l + (xq - x^f]'^}; 

the operator 

tpix) = Rix,T,a){xl +X2)"^exp{-/3r7i72}</5(a;), 

LOi = [l + {xo-xs)fixl + xl)-\ 

UI2 = earcsm{2(xo - X3)[l + (xq - 2^3)^]"^} 

+a[xo + X3 + (xo - X3)x • x][l + (xq - X3)^]"\ 

COS = —2e arctan(xi/x2) + P[xo + X3 + (xq — X3)x • x] 

x[1 + (xo-X3)^]-\ 
r = (e/2)[xo + X3 + (xq - X3)x • x][l + (xq - X3)^]~^; 

the operator Qq 

^(x) = [1 + (xq - X3)^]~Hcos^(^/2) + 7073 sin2(r/2) 
2 

+ ^ifj cos T - gj sin r)7j (70 - 73) + 7 • a;(7o - 73) 
X cos(r/2) sin(r/2)} exp{-(ar/2)7i72}(/5 (w), j = 1, 
a) under a = 1 

h=92 = -t/2, /2 = -gi = 1, 
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UJi = [X2{X0 - X3) - Xi][l + {xq - Xsf]'^, 

L02 = - arcsm{2(xo - X3)[l + (xo - xs)^]"^} 

+2[a;i(a;o - 0:3) + X2][l + (.xo - X3f]~\ 
Us = arcsin{2(xo - X3)[l + (xq - xs)^]"^} 



+ [Xo + Xa + (xo - X3)x • Xj [{xo - X3)X2 - Xi 

r = arctan(xo — X3); 




b) under a 7^ 1 



h= 92 = sin(l - a)r, 

/2 = -91 = [2(a - l)]-^[2(a - 1) cos(q - 1)t + 1], 

wi = [2(xo - X3)x2 - 2xi - (1 - a)(x? + X2)][l + (xq - X3)2]"\ 



+ (a - 1) arcsin|2(xo - X2,)\l + (xq - x^fj |, 
T = arctan(xo — X3); 

the operator Q7 

V'(x) = i?(x,r,a)(xf + x|)~-^ exp{/?r(l + 7073) - 5t^i'^2}^ [oj), 

UJl = (xf + X2)~^[xo + X3 + (xo - X3)x • x], 

u;2 = Sln{{xl + xl)[l + (xq - xsf]'^} - 2/3 arcsin {xi (x? + xl)~^}, 
UJ3 = a\n{{xl + xl)[l + (xo - xs)^]'^} 

-/3arcsm{2(xo - X3)[l + (xq - x^)'^]'^}, 
T = (1/25) arctan(xi/x2); 

the operator Qg 

ip{x) = X]^2(cos r — 7 • X70 sinr)!/? [w), 
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L0i=X2/xi, UJ2=X3/Xi, = {1 + X ■ x)"^ {xl + + X^) ^, 

r = (1/2) arctan{(x • x - l)(2xo)~'^} + Tr/2- 

the; op(;ral,or Qg 

ip{x) = X3 ^(cos ar — 7 • X70 sin ctr) exp{— r7i72}</? (w), 
wi = {xf + x|)a;:^^, 0^2 = (a; • a; + 1)2^3"^, 
UI3 = arctan{(x • x — l)(2xo)^^} — a arctan(xi/x2), 
T = (1/2) arctan{(a; • x - l)(2xo)"^} + n/2; 

the operator Qio 

V'(x) = (xf + ^2)"^ (^cos ar cos /?r + 7o73 sin ar sin /?r 

+7 • x(7o sin ar cos ar — 73 cos ar sin ar)^ exp{— r7i72}</? (cD), 

wi = a arctan(a:i/x2) — arctan{(x • x — l)(2xo) ""^j, 
LO2 = /3 arctan(.xi/.T2) — arctan{(x • x + l)(2xo)~"'^}, 
ij3 = [{x-x-lf + Axl]ixl + xl)-\ 
T = (1/2) arctan(xi/x2); 

the operator Qii 

tp{x) = {xi + x|)~'''(cos /3r — 7 • X73 sin/3r) exp{— r7i72}<^ (Co), 

OJl = [Xi + X2)Xq , 

L02 = — /3arctan(xi/.T2) + arctan{(x • x + l)(2x3)~'''}, 
UJ3 = {x ■ X — 1-){xl + X2)~^^^, T = (1/2) arctan(xi/x2). 

In the above formulae we use the following notation: 

R{x, T, a) = cos^ ar + 7073 sin^ ar + 7 • x(7o — 73) cos ar sin ar, 

(p = (p{uj) is an arbitrary four-component function oi uji, 0^2, ^3- 

Three-dimensional C(l,3) non-conjugate subalgcbras of the conformal al- 
gebra which are C(l,3) inequivalent to subalgebras of the algebra AP{1,3) 
are as follows 



Ai — {Q + J12, —Jqi — J12 — P2, D — J03), 
A2 = {Q + aJi2, D - Jo3, Po - Pi), 



116 



Chapter 2. EXACT SOLUTIONS 



A-3 = {Q + Jl2 — Joi — Jl3 — P2, —J02 — J23 + ^1) Pq — Ps), 

A4 = {Q + J12 + a{D - J03), -Joi - Ji3 - P2, Po - P3), 

A5 = ( J12 + c^iD - J03), Q + PiD- J03), Po - P3), 

Ae = (Jo3 + D, (1/2) (i^o - K3), (1/2) (Po + P3)), 

A'r = {Q,D-Jo3,Ji2), As = {Ji2,Q,Po-P3), (2.2.28) 

Aq = {Q + J12, — Joi — Ji3 — P2, Po — P3), 

Alo = {J12, (l/2)(i^o + Po), (1/2)(P3 - K3)), 

An = (J23 + (l/2)(Pi - Ki), J31 + (1/2)(P2 - K2), J12 

+ {1/2){P3-K3)), 

An = {J12 + (1/2)(P3 - K3), - Jo3 - (l/2)(Pi + Ki), 

(l/2)(Po-Ko) + (l/2)(P2+K2)), 

^13 = {VSJol - J02 -D, P0 + K0 + 2{K2 - P2), Ko - Po 
-K2-P2-Vs{Ki + Pi)), Au = {Ko,Po,D). 

Here Q = (1/2) (Kq - K3 + Po + P3), {a,p} C R\ 

The algorithm of constructing conformally-invariant Ansatze formulated 
above proves to be very efficient when obtaining Ansatze invariant under 
three-dimensional subalgebras of the algebra C(l,3) listed in (2.2.28) but 
computations are much more cumbersome. That is why we omit interme- 
diate computations and write down the final result: the Ansatze for the eight- 
component spinor field '^{x) invariant under three-parameter subgroups of the 
group C(l,3) with generators (2.2.28). 



1) *(x) = (1 + {XO - 3:3)^) (^X2{xo - X3) - Xi^ 

X (1 - (1/2)(1 + a)T ■ x) exp{(l/2)(aro + r3 

-rir2)Ti + (i/2)(ri(ro - r3) + (i + a)r2)r2} 

xexp{(l/2)(a + ror3)T3}^(a;), 
u = 2(xi{xo - X3) + X2^ (x2{xo - X3) - xi^ +(-*- + ~ ^3)^) 

X (xo + X3 + {Xo - X3)x ■ (x2{xo - X3) - Xi^ 



T\ = arctan(a;o — X3), 

T2 = (1/2) (^Xo +X3 + {xo - X3)X ■ (x2{xo - X3) - Xi)j 
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ra = -ln{(l + (xq - xs)^) (x2(xo - X3) - xi) |; 

2) *(x) = {xj + x2)-i(l - (1/2)(1 + a)T ■ x) exp{(l/2)(aro + Ts 

-arir2)ri} exp{(l/2)(l + a)(ro - r3)r3} 

xexp{(l/2)((7 + ror3)r2}¥^(a;), 
CO = arctan(xi/x2) — Q!arctan(xo — X3), ri = arctan(xo — X3), 
T2 = -(1/2) ln{ (1 + (xo - X3f){xl + xi)-^}, 

T3 = (1/2) (^xo + X3 + (xo - X3)x • x) (^1 + (xo - xa)^) ; 

3) *(x) = (l + (xo-X3)2)"'(l-(l/2)(l+a)r-x) 

X exp{(i/2)(aro + r3 - rir2 - ri(ro - r3) - (i + (T)r2)ri} 

X exp{(l/2)(l + a)(To - T3)t2} exp{(l/2)((l + c7)ri 
-r2(ro -r3))r3 - (l + cr)(ro - Tsprs^ifiuj), 

CO = — arctan(xo — X3) + (xi(xo — X3) + X2) (l + (xq — xs)"^^ , 
Ti = arctan(xo — X3), 

r2 = (xi{xo - X3) + X2) (x2(xo - X3) - xi) (1 + (xo - xa)^) 

+ (1/2) (xq + X3 + (xo - X3)x • x) (1 + (xo - X3)^) , 

T3 = {x2{xo - X3) - xij (1 + {xq - Xsf^ ; 

4) *(x) = (l + (xo-xa)')(x2(xo-xa)-xi)"'(l-(l/2)(l + a)r-x) 

X exp{(l/2)(ra + aVo - TiFs + a{a + ror3))Ti} 

X exp{-(l/2)(ri(ro - Ts) + (1 + a)r2)r2} 
X exp{(l/2)(l + a){To - T3)T3}ip (co), 

Lo = ln| (1 + (xo - xs)^) (x2(xo - X3) - xi) I 
+2a arctan(xo — X3), ri = arctan(xo — X3), 

T2 = (xi{xo - X3) + X2) (1 + (xo - X3)^) 

X exp{— a arctan(xo — X3)}, 
T3 = { (a;i(xo - X3) + X2) (x2(xo - X3) - xi) (1 + (xo - xa)^) 



118 



Chapter 2. EXACT SOLUTIONS 



+(l/2)(a;o + X3 + {xq - X3)x • x) (l + {xq - xs)^) ^} 
X exp{— a arctan(xo — 3:3)}; 

5) = {xj + xl)-^ (1 - (1/2) (1 + a)r ■ x) exp{(l/2) (aFo + 

+p{a + ror3))T2} exp{(i/2)(rir2 - Q(a + ror3))Ti} 

X exp{(l/2)(l + a)iTo - TsHjip {u), 
Lo = 2a arctan(a;2/xi) — 2(3 arctaii(a;o — X3) 

+ ln{{xl + xl)(l + {xo - xsfY^}, 
Ti = arctan(x2/a;i), T2 = arctan(xo — X3), 
T3 = (l/2)cxp{2a arctan(x2/xi) — 2/3arctan(xo — X3)} 

X (xo + X3 + (xo - X3)x • x) (^1 + (xo - X3)^) ; 

6) *(x) = x^^{l - (1/2)(1 + a)T ■ x) cxp{(l/2)(l - a){To - Ts)n} 

X exp{(l/2)(a - ror3)T2} exp{(l/2)(l + a)(ro + T3)T3}ip (co), 
u = xi/x2, Ti = (l/2)(xo + X3)(x • x)"\ T2 = ln((x • x)/xi) , 

"^3 = (l/2)xi(x3 - xo)((x? + X2)x • x) ; 

7) *(x) = {xj + xi)-^(l - (1/2)(1 + a)T ■ x) exp{(l/2)(aro + r3)Ti 

+(l/2)(^j + ror3)r2 - {l/2)TiT2T3}ip {cu), 

LO = (^Xq + Xs + (xo - X3)x • X^ (xf + x|)~"^, 

Ti = arctan(xo - X3), T2 = (1/4) ln| (j^x ■ x f + (xq + 2:3)^^ 

X (1 + {xo - xs)'^^ |, r3 = arctan(xi/x2); 

8) *(x) = (x? + xi)-^(l - (1/2)(1 + a)r ■ x) exp{-(l/2)rir2ri 

+(l/2)(aro + r3)T2 + (1/2)(1 + a)(ro - r3)T3}<^ (a;), 

U = {xl + xl) {l + (xo - X3)^) , 

Ti = arctan(xi/x2), T2 = arctan(xo — X3), 

T-i = (1/2) [xq + X3 + (xo - X3)x ■X^{l + (xo - X3)^) ; 

9) *(x) = (l + (xo-X3)2)"'(l-(l/2)(l+a)r-x) 

X exp{(l/2)(aro + r3 - rir2)ri - (1/2)((1 + a)V2 
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+ri(ro - r3))T2 + (i/2)(i + a){ro - r3)n}ip (co), 

U! = (x2{xo - Xs) - Xi^ (l + {xo - Xsf^ , 
Ti = arctan(xo - X3), T2 = (xi{xo - X3) + X2) (l + {xq - xs)^) 
T3 = (l/2)(xo +X3) - {l/2)xlixo - xs)-^ + (1/2) (1 - (xo - xsf 
X (x2(a;o - X3) - xi) (xo - X3)~^ (l + (xq - X3)^) ; 

10) *(x) = (x? + xi)-^ (1 - (1/2)(1 + a)r ■ x) 

X exp{-(l/2)rir2Ti + (l/2)aror2 + (l/2)r3r3}9? (c^), 
CO = (4xg + (x • X - 1)2) (x? + xi)-\ 

Ti = arctan(xi/x2), r2 = arctan(^(x • x — l)(2xo)-^) +7r/2, 
T3 = arctan ((x-x + l)(2x3)-^); 

11) *(x)=Xo-'(l-(l/2)(l+a)r-x) 

x{RiBiCi - R1B2C2 - R2B1C2 - R2B2Ci)ip {u), 

Ri = i + (ri/2)(r2r3 - Ti) - (T2/2)(r3ri - Ts), 

R2 = (ri/2)(r3ri - r2) - (r2/2)(r2r3 - r^, 

Bi = (i/2){i - rir2r3 + (1/2) (x? + x^ + (x • x - 1)^) 

X (x • X - i)-^(x? + xlr^ (xi(i + rir2r3) + X2(rir2 - r3)) } 

B2 = (1/4) (x? + xl- (x ■ X - 1)2) (x ■ X - l)-\xl + xly^ 

X (x2(i + rir2r3) + xi(r3 - T1T2)) , 
Ci = 1 + (pi/2)(r2r3 - Ti) + (p2/2)(r3ri - r2), 
C2 = (pi/2)(r2 - r3ri) + (p2/2)(r2r3 - Ti), 

6<J = (x • X — 1)X|^^, 

n = (1/4)(2X2X3-Xi(x-X + I))(x? + X^)"\ 
T2 = (1/4) (2X1X3 + X2(X • X + 1)) {xj + xi)-\ 
Pi = — (X • X — 1)2 (2X2X3 + Xl(x • X + 1)) (xf + X2)~'^ 

x((x -x- 1)2 +4xg) \ 
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P2 = —{x ■ X — Vf ^2x1X3 — X2{x- x + l)j {x\ + x\) ^ y. 

x{{x-x-lf +Axfj ^ 

12) ^(x) = ({x-x- if - Axl - 4xi) (1 - (1/2)(1 + a)T ■ x) 

X exp{(rir2 - Ta + aV^ - ror3)Ti} exp{(ro + (jV2)t2} 
X exp{(l/2)(rir2 - Ta + aV^ + ToFa) arcsin((2r4 - a;) 
x(a;2 + 4)-V2)}^(^), 

OJ = r^^(r| + r| - 1), n = Xi{x ■ x-1- 2x2)~^, 

T2 = -(1/2) ln{(l/2)(x -x-l- 2x2) [{x-x- if - 4x1 - 4^1) '^^^}, 

Ta = 2^X3(x ■ x — I — 2x2) — xi{x ■ X + 1 — 2xo)^ 

-1 /n 

X (x • X - 1 - 2x2)"^ ((x • X - if - 4x1 - 
T4 = (2xo — X • X — l)(x ■ X — 1 — 2x2)"''"; 

13) *(x) = xg 2(1 - (1/2)(1 + a)T ■ x) exp{rig+} exp{r2g} 

X exp{r3Q'+} exp{r4g} exp{T5g_}(/5 (u), 
q± = {l/2){a - T0T2 + VSToTi) ± {1/2){2T2 - aVo), 
q={l/2){-fo + (jT2 + V3aTi), 

n = (l/2)(x • X + 1 + 2xo)(x • X - 1 + X2 - \/3xi)"\ 
T2 = (1/2) ln{2(x • X - 1 + X2 + \/3xi)(x • x - l)-^}, 

functions ui{y\, 1)2), (2/1,2/2), & = 3,4, 5 being determined by the fohowing 
relations: 

Qn - r| + 3yi = 0, Qr4 + 2r3 = 0, 

Qr5 + exp{-r4} = 0, to = yl - 4yi{yl + 1) , 

where 

Q = 2y2dy,+4Ciyl + l)dy,, 

yi = (\/3x2 - xi)(v^X3)-i + (l/4)(2xo + x • x + 1)^ 

XX3 "^(x • X — 1 + X2 + V^Xi)^^ , 

2/2 = (l/4)x^^/^(x • X - 1 + X2 + V3xi)--'^/2 

x{(2xo + X • X + 1)^ + 2\/3(2xo + x • x + l)(\/3x2 - xi) 

X (x • X — 1 + X2 +\/3xl) + 2(2xo — X • X — l)(x • X — 1 + X2 +y/?>xif}. 
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Basis operators of the algebra Ai^ do not satisfy condition (1.5.10). Conse- 
quently, they give rise to a partially-invariant solution which is not considered 
here. 

In the above formulae cp (a;) is an arbitrary eight-component complex- 
valued function. 

To obtain conformally-invariant Ansatze for the four-component Dirac field 
we act with the projector P = (1/2)(1 + a) on expressions 1-13. As a result, 
we have 

1) tpix) = [1 + {xq - X3f][x2ixo - Xs) - Xi]'"^ R{ti) 

X exp{-(ri/2)7i72}exp{-(r2/2)7i(7o - 73)} 
X exp{(r3/2)(l + 7o73)}<^(w), 

2) iP{x) = (x? + xi)-^i?(ri)exp{-(ari/2)7i72} 

X exp{(r2/2)(l + 7o73)}<^(w), 

3) iP{x) = [1 + {xo - X3f]-^R{n) exp{-(ri/2)7i72} 

X exp{-(l/2)(7iri + 72r3)(7o - -fs)}ip{u;), 

4) ^(x) = [l + {xo-X3f][x2ixo-X3)-Xi]-^R{Ti) 

X exp{-(ri/2)7i72 + (ari/2)(l + 7073)} 
X exp{-(r2 72)71(70 - 73)}v3(u;), 

5) ^l;{x) = (x? + xi)-ii?(r2)cxp{(/3r2/2)(l + 7o73)} (2.2.29) 

X exp{(ri/2)[7i72 - a(l + -fol3)]}^{^), 

6) ip{x) = {x ■ .t)"^(7 • x) cxp{(l/2)(3 - 7073) ln[(x • x)/xi]}(p{uj), 

7) tPix) = {xj + xI)-'R{ti) exp{(r2/2)(l + 7073) - (r3/2)7i72}(^(a;), 

8) iP{x) = (x? + xi)-ii?(r2)exp{-(Ti/2)7i72Mu;), 

9) ^(x) = [1 + {xo - xsf]-^R{n) exp{-(ri/2)7i72} 

X exp{-(r2/2)7i(7o - 73)}<^(a;), 
10) i;{x) = {xj + xi)-\cos(r2/2) cos(r3/2) + 7073 sin(r2/2) sin(r3/2) 
-1-7 • x[yo sin(r2/2) cos(r3/2) - 73 cos(r2/2) sin(r3/2)]} 
X exp{-(ri/2)7i72}(/?(a;). 

Ansatze invariant under the algebras An, A12, A13 are given by very 
cumbersome formulae. Therefore they are not adduced here. 

In (2.2.29) ^p{lo) is an arbitrary four-component function; w, ri, T2, T3 are 
real-valued functions defined above in the formulae 1-13; 

R(t) = cos^(r/2) + 7073 sin^(r/2) + (1/2)7 • a;(7o - 73) sinr. 
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Thus, the problem of construction of Ansatze for the spinor field invari- 
ant under the C(l,3) non-conjugate one- and three-parameter subgroups of 
the conformal group is completely solved. It is important to note that these 
Ansatze can be applied to reduction of any spinor equation invariant under 
the groups P(l, 3), P(l,3), C(l,3) in representation (1.1.24)-(1.1.28). 

Now we will say a few words about Ansatze reducing Poincare-invariant 
equations for particles with arbitrary spins. Suppose that on the set of so- 
lutions of the PDE under study a covariant representation of the Poincare 
algebra 

= 5^, J^u = x^d" - x.d^" + Sf,„ (2.2.30) 

where S^u are constant matrices fulfilling the commutation relations of the 
Lie algebra of the Lorentz group 0(1,3), is realized. Then Ansatze invariant 
under the P(l, 3) non-conjugate one- and three-dimensional subalgebras of the 
algebra with basis elements (2.2.30) are obtained by making in the P(l,3)- 
invariant Ansatze for the spinor field the following replacement: 

7o7o "^Soa, 7a7o -^Sao, Jalb ^ 2S'„b, a b. 

On applying the same trick to the P(l, 3) Ansatze for the spinor field we 
get the Ansatze invariant under the P(l,3) non-conjugate subalgebras of the 
algebra ^P(l,3) having generators (2.2.30) and D = x^d^ji + k {k may be a 
constant matrix commuting with 3^1,). 

Another method of constructing Poincare and conformally-invariant An- 
satze for fields with spins s = 0, 1,3/2 via Ansatze for the Dirac field is sug- 
gested in Section 2.6. 

In conclusion we mention nonlocal Ansatze for the Dirac equation. As 
established in [153] the real eight-component Dirac equation (1.1.14) admits 
the Poincare algebra having the following basis elements: 

P^ = d>' + e{U + f 5)(5'^ + irnV^), _ _ .2 2 31) 

Here P^ are (8 x 8)-matrices defined in Section 1.1, = 0, . . . , 3, 6 = const. 

Let us emphasize that the operators are non-Lie operators because the 
coefficients of are matrices not proportional to the unit matrix. 

We have succeeded in solving systems of PDEs (1.5.20), (1.5.22) for each 
inequivalent subalgebra of the algebra ylP(l,3) listed in (2.2.7). As a result 
we get P(l, 3)-inequivalent Ansatze for the spinor field 



^'(x) = A{x)ip{u;), 
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where A{x) is an (8 x 8)-matrix and uj = uj{x) is a scalar function, reducing 
(1.1.14) to systems of ODEs for cp = (p{uj)- These Ansatze cannot be, in 
principle, obtained within the framework of the traditional Lie approach (for 
more details, see [153]). 

2.3. Reduction of Poincare-invariant spinor equations 

According to Consequence 1.5.1, substitution of P(l, 3)-invariant Ansatze 
(2.2.3) obtained in the previous section into the Poincare-invariant equation 



where fi = fi{ipip, -074 ^Z"), yields a three-dimensional system of PDEs for a 
four-component function = Lp{ui,(jj2,(jJi)- As a direct computation shows 
these Ansatze satisfy the relations 



where fi = fi{ipip, (p-j^ip); f/j^, g^, are rational functions of toi, L02, uj^. 

Omitting intermediate computations we adduce a final result: reduced 
equations for four-component functions (p{uj) 



{ilfidij, - fi- /274}V'(a;) = 0, 



(2.3.1) 



A-\x){i^^d^ -h- f2i^}A{x)^{u) 

= {lufnaduja + {9n + ^54)7^ + /l + /274}'/?(w) 



(2.3.2) 



1) 




2) 
3) 



+l2<fuJ3 = R, 

(l/2)a;^^/^72(/9 + 7oV^c^i + "^ujI^"^ 'y2Vu>2 + l3Vu>3 = 



R 




+(a;2/wi)(7o + l3))^c^2 + 72^0^3 = 

7095a;i + 7iVlU2 + 72fuJ3 = R, 

(70 + 73)<fuJi + 1WW2 + 72V'a;3 = ^> 



5) 

6) 
7) 



(2.3.3) 
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8) (l/2)(70 + 73)'y2 + (a;i(7o + 73) + 70 - 73)<^a;i + 72</?a;2 

+ (a(7o + 73) - li)^uJ3 = 

9) (l/2)w2'^^^72'^ + iQVoji + 2a;2^^72V?a;2 + (73 + a^2^''^li)Voj,, = R, 

10) (l/2)u;^^''^72(^ + 7395^^1 + 2uj2^^-f2^^2 + (70 - a'^2"^^^7i)¥'u;3 = 

11) (1/2)^2 72V5 + (70 + 73)9^(^1 + 72(^0)2 + 

— 1/2 

+(70 - 73 - 2au;2 7i)V'c^3 = R^ 

12) -2a7i99^^ + 72(/9a;2 + (3/2)(2a^7o + ^1(70 + JsijiPcv-s = R^ 

13) (2a)"S4(7o + 13)^ + (70 + 73)'Pu>i + (<^i(7o + 73) - 2a"^a;37i 
+{u2 + a~^a;|)a;f ^(70 + 73))¥'a;2 + («7i - ^il2)Vu,3 = R- 

In (2.3.3) ip^^ = d^^if, R = -ifi{'fip,ipj4'p)ip - i hi'ff , ^iMn'f ■ 

P(l, 3)-invariant Ansatze (2.2.8) also satisfy conditions of the form (2.3.2) 

A-\x){i-i^d^ - /i - f2i4)A{xMio) (2.3.4) 
= {pulnd^ + {Qh + /iM74)7M - /i - hlAj'fi'^), 

where fi = fi{<p(p, (p^4,(p); p^, 7^, arc rational functions of uj. Using this re- 
sult we get the following set of reduced equations for four-component functions 

1) J3ip = R, 

2) 700 = R, 

3) (70 + 73)9^ = R, 

4) (1/2) (70 + 73)9^ + (^^(70 + 73) +10-13)^ = R, 

5) (l/2)(7o+73)9? + 72<yi = ^, 

6) -(l/2a)7i7499 + 7i0 = i?, 

7) -(l/2a)7i7493 + (^a exp{-w/a}(7o + 73) - 72)'/' = R, 

8) (l/2)a;"i/2^295 + 2io^/'^-f2^ = R, 

9) -(1/20)737499 + 730 = R, 

10) (1/2q;)7o74(/5 + 7o0 = R, 

11) (1/4) (70 - 73)74 9? + (70 + 73)0 = ^, 
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12) (l/2a;)(7o + la)"^ + (7o + l3)v> = R, 

13) (l/2Q;u;)(a + 74)(7o + 73)^ + (70 + Ts)*^ = R, 

14) (l/2)(7o+73)74^ + (7o + 73)</' = i?, (2.3.5) 

15) 2710 = i?, 

16) 2(72 - a7i)(/3 = R, 

17) (1/20)6^-^/^72(0 - 74)99 + 2(j^/^72(/i = i?, 

18) (1/2) (70 + 73)(1 + 074)9? + (w(7o + 73) +70 - 73)0 = R, 

19) (1/2) (70 + 73 + c^-^/%2)'/5 + 2w^/2^2</' = i?, 

20) w"-^(7o + 73)9^+ (70 +73)0 = ^, 

21) (1/2) [uj{uj + /?) - a) ((1 - a)74 + 2a; + /?) (70 + js)^ 
+(70 + 73)'/' = R, 

22) (l/2)(a;(a; + /3))~\2a; + ^ - 74) (70 + 73)<^ + (70 + 13)^ = R, 

23) (1/2) + 1)) ~\2u + l)(7o + 73)*^ + (70 + 73)<^ = R, 

24) (70 + 73)(/5 + (a;(7o + 73) + 7o - 73) = R, 

25) (70 + 13)^ + (72 - Pilo + 73)) = R, 

26) (a;--^(7o + 73) + (V4)(7o - 73)74) + (7o + 73)<^ = R, 

27) (l/2)(7o + 73)(3 + a'j4)ip + (00(^0 + 73) + ^0 - Is)^ = R- 

Here 99 = dip/dio, R = -ifi{(fip, •^Ji^)(p - if2{'f^, i^li^hi^. 
Formulae (2.3.2), (2.3.4) can be applied to reduce the equation 

d^d^i^ix) = (2.3.6) 

by means of P(l, 3)-invariant Ansatze for the spinor field il>{x). To this end 
we make use of the identity 

= Ji,df,A{x)A-\x)ji,d^ (2.3.7) 

which holds for each invertible (4 x 4)-matrix A{x). By force of (2.3.7), we 
have 

A-\x)d^d^A{x)ip{u) = A-\x)^f,d^A{x)A-\x)^f,df,A{x)ip{u;) 
= A-^{x)j,^df^A{x){'jf^ffj,a{u)(p^^ + Jn(^gi^{uj) + /i^ (0^)74) 

= A-^{x)\^-fi^f^a{^)d^^ + 7m(5m('^) + ^^(^3)74)} V, 
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the forms of functions f^a, g^, being determined by (2.3.3). 

In the same way we estabhsh that P(l, 3)-invariant Ansatze (2.2.8) reduce 
equation (2.3.6) to ODE 



where functions p^iiuj), ^/^(w), h^iio) are determined by (2.3.5). 

Provided reduced equations (2.3.3), (2.3.5) possess nontrivial symmetry, 
their dimension can also be decreased with the use of Theorem 1.5.1. But 
direct application of the infinitesimal Lie method to investigation of the sym- 
metry of systems of PDEs with variable coefficients (2.3.3), (2.3.5) is, in many 
cases, impossible without applying symbolic computation packages [108, 109, 
202, 252] (for multi-component systems of PDEs with n > 2 independent 
variables these packages are also of little help). 

In the papers [152, 155] we suggested a purely algebraic method of in- 
vestigation of invariance properties of reduced equations. It is based on the 
following assertion. 

Theorem 2.3.1. Let G he a Lie invariance group of some PDE and H he a 
normal divisor in G. Then an equation ohtained via reduction with the help 
of an H -invariant Ansatz admits the group G/H (here the symhol / means 
factorization). 

Proof can be found in [236] . > 

We use an equivalent formulation of the above theorem: if there is a PDE 
admitting a Lie algehra AG whose suhalgebra Q is an ideal in AG, then an 
equation ohtained hy reduction with the help of a Q-invariant Ansatz is invari- 
ant under the Lie algebra AG/Q. 

To apply Theorem 2.3.1 to algebras (2.2.2), (2.2.7) we have have to select 
the maximal subalgebras of the algebra ^P(l,3) such that algebras (2.2.2), 
(2.2.7) are ideals in these. 

From the general theory of Lie algebras (sec, e.g. [19, 194, 236]) it follows 
that the algebra AG = {Qi, ... , Qn) is an ideal in the Lie algebra AG = (Si, 



the summation over repeated indices being implied. 

Given an explicit form of the elements Qi, we compute with the aid of 
(2.3.8) the maximal subalgebra of the algebra AG such that the algebra AG 
is an ideal in it. Next, we compute a factor- algebra whose basis elements 




S2, Em), M> AT iff 



[Qi, Sj] — XijQk, Xij 



j = const. 



(2.3.8) 
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according to Theorem 2.5.1 generate an invariance group of the corresponding 
reduced equation. 

The above scheme will be realized for the algebra from (2.2.2). Sub- 
stituting Q = Pq into (2.3.8) and putting N = 1 we arrive at the following 
relations for Sj = Oj^J^iy + OjPij,' 

[Po, e'p^, + e^P,^ = A,Po, j = l,...,M. (2.3.9) 

Computing the commutators and equating coefficients of the linearly-in- 
dependent operators P^, J^i, yield the system of linear algebraic equations for 
constants ^j"^, 6*^ 

ef = ef = Q, a = 1,2,3, 

of', 6 J are arbitrary real constants. 

Consequently, the basis of a maximal subalgebra of the algebra AP(1,3) 
containing the algebra = (Pq) as an ideal consists of the operators 

P^, Ji2, J23, Jzi- (2.3.10) 

The basis of the factor-algebra ( P^, Jab) / { Po) is formed by those operators 
from (2.3.10) which are linearly independent of Pq. As a result, we come to 
the Lie algebra 

^5 = (A, P2, P3, J12, J23, J31) (2.3.11) 

which, according to Theorem 2.3.1, is the invariance algebra of the system 5 
from (2.3.3). The explicit form of symmetry operators is obtained by passing 
from the "old " variables x, ip{x) to the "new" ones 00, (p{uj) according to 
formula (2.2.3). 

Below we write down the invariance algebras of equations (2.3.3) 
Ai = {-L02d^, + ujsd^^ + (1/2)71 

A2 = {u^sdtji +ujidu,3 - (1/2)7073, doji, du,^), A3 = {du,^), 

A4 = {2ujiu;3d^2 +ujidu,3 - (l/2)(7o + 73)71, -^^i^wi + (l/2)7o73, 

M = {-uJidu;2 +(^2duji + (1/2)7172, -a;25<^3 -hws^c^a + (1/2)7273, 

-ws^o,! +ujidu,.^ + (1/2)7371, 9^^, 5^2, 5,^3), 
Aq = {ujid^^ +a;29a;i - (1/2)7071, ioid^.^ + ^^^d^^ - (1/2)7072, 

- ^2du,3 + ^35,^2 + (1/2)7172, d^i, 5^2, duj'i), (2.3.12) 
A^ = {uid^2 - (l/2)(7o + 73)71, uid^^ - (l/2)(7o + 73)72, -ujid^^^ 
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+ (1/2)7073, -W25a;3 +^35a;2 + (V2)7l 

All = {du)i, d^s), Ai2 = {du)2, du)^), 
Ai3 = (2au;i3<^3 - (70 + 73)71) '^^3dco2 + {^1 - a^)du,3 
+ (l/2a)(7o + 73)(a72 - li^i), iOid^^). 

The invariance algebras of systems of ODEs listed in (2.3.5) are obtained 

in a similar way 

Ai = {d^, 7o7i, 7072, 7172), ^2 = {doj, 7i72 , 7273 , 737i), 

-43 = (71(70 + 73), 72(70 + 73), 7172, (^du, - (1/2)7073, duj), 

I4 = (7172), A5 = {duj), Aq = {d^, 7073), Aj = {2ad^ - 7073), 

= (7073), Ag = {duj, 7172), -4io = {d^, 7172), All = {doj, 7172), 
A12 = (72(70 + 73), w"Si(7o + 73), - (1/2)7073), 
^13 = ((71 + tt72)(7o + 73), c^~Si(7o + 73), (^du, - (1/2)7073), 

Al4 = (71(70 + 73), 72(70 + 73), ^o;), Ai5 = {d^, 72(70 + 73)), 

AiQ = {d^), An = (7073), I18 = (7172), ^9 = 0, (2.3.13) 
A20 = {u}d^ - (1/2)7073, a^~Si(7o + 73), '^~S2(7o +73), 7172), 
A21 = {[lo{uj + /3) - a]-^(7o + 73)[(a; + /3)ji - 72], [uj{lo + /3) 

- a]~"^(7o + 73)(t^72 - a7i)), 
-422 = (w"Vi(7o +73), + P)- a]~"^(7o + 73)('^72 - 7i)), 
^23 = (t^~Si(7o + 73), + l)~S2(7o + 73)), -424 = (7172), 

-425 = {dcv, 71(70 + 73)), -426 = (7172), -427 = (7172)- 

It is worth noting that any Poincare-invariant spinor PDE after being 
reduced by means of the P(l, 3)-invariant Ansatze (2.2.3), (2.2.2) is invariant 
under Lie algebras (2.3.12), (2.3.13). But for the specific reduced equations 
these algebras are not, generally speaking, the maximal ones. Wc will consider 
in more detail symmetry properties of the systems 5-7 from (2.3.3). 

By the Lie method we can prove the following assertions. 

Theorem 2.3.2. Equation 5 from (2.3.3) is invariant under the conformal 
group C(3) iff 

fj = {^^f'^h [i^i^ii^iA^r^) , J = 1, 2. (2.3.14) 

Theorem 2.3.3. Equation 6 from (2.3.3) is invariant under the conformal 
group C(l,2) iff (2.3.14) holds. 
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Theorem 2.3.4. Equation 7 from (2.3.3) admits an infinite-parameter in- 
variance group with the following generators: 

a) with arbitrary fi, f2 

Ql = duJi, Q2 = -W2<9a;3 + ^^38^2 + (1/2)7172, 

Q3 = wid^2 + W2d^^^^ + (l/2)(u;i7i + ti)272)(7o + 73), (2.3.15) 
Q4 = ^iduii - (1/2)7073; 

b) with /i = /i(v;v), /2 = 

Ql = du,j_, Q2 = -i^2dujs + ujsd^^ + (1/2)7172, 

Qs = widuj2 + W2du;3 + (l/2)(?Z;i7i + 7U272)(7o + 73), 

Q4 = w^374(7o + 73), Qb = i^idoji - (1/2)7073; 

c) with fi = i'iPilj)^/^''fi{ijj4^{ijjj4^)-^), ^ = 1,2 

Ql = dojj_, Q2 = -0J2du,s + u)2,d^2 + (1/2)7172, 

Qz = widu,2 + W2d^^ + (l/2)('iZ;i7i + 'ii;272)(7o + 73), 

Q4 = Uadu,^ +k, Q5 = uid^^ - (1/2)7073; 

d) with fi = (V^V)'/'/«(v5V'(^74^)-'), i = 1,2 

Ql = wid^2 + W2d^.^ + (l/2)(zZ;i7i + w;272)(7o + 73), 

Q2 = -UJ2dco:i + LO^dui^ + (l/2)7l72, 

Qz = wod^-^ + wo{uj2da;2 + ws^^g) +W0 + (l/2)ii)o 
x(7iW2 + 72t^3)(7o + 73), Qi = toiduji - (1/2)7073. 

Here = Wn{u;i) are arbitrary smooth real- valued functions, an overdot 
means differentiation with respect to ui. 

Consequently, the invariance algebras of PDEs 5-7 from (2.3.3) are sub- 
stantially wider than the algebras — Aj adduced in (2.3.12). 

Using the above results we have constructed the Ansatze for field ^{x) 
reducing PDE (2.3.1) with /i = /i(?/;'0), /2 = which cannot be obtained 
within the framework of the Lie approach: 

1) /i G C(M^,R^) is an arbitrary function 

tpix) = exp{u;374(7o + 73) - (l/2)(u;i7i + ?i;272)(7o + 73)} 

ip{xi + Wl), 

X < exp{-(l/2)7i72 arctan[(xi + wi){x2 + W2)~^]} 

Xif [{Xi + Wif + {X2 + W2f]; 
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2) /i = A(V;V)'/', Ae 



Wq ^ exp {u;374(7o + 73) - (l/2)(iui7i + W2^2){7o + 73) 
-{wo/2wo)[yi{xi + + 72(^2 + iU2)](7o + 73)} (2.3.16) 



X < 



ip[wQ {xi+wi)], 

exp{-(l/2) arctan[(xi + Wi){x2 + W2)~^]} 
X(p [{Xi + Wi)^Wq'^ + {X2 + W2fwo'^]; 



iloxo - 71x1 - 72x2) (xg - xl 

' ip\xQ(xl-x\-xlY\ 
^ \xx{xl- x\- x\)-\ 



xl) 



-3/2 



X < 



exp{— (1/2) arctan(xi/x2)} 

x^ \{x\ + a;|)(a;§ -x\- xl^-\ 

tp{x) = (71X1 + 72X2 + 733:3) (xj + xl + x|)~^/^ 

(p[xi{xl + xl + xl)-^], 
exp{-(l/2)7i72 arctan(xi/a;2)} 
Xip [(xl + xl){xl +xl + x§)-2]. 



X < 



In (2.3.16) wq, . . . are arbitrary smooth functions of xq + X3; (p 
are unknown four-component functions. 

Substitution of Ansatze (2.3.16) into PDE (2.3.1) with corresponding /i, /2 
gives rise to the following systems of ODEs: 



(z/2)a;~^/^72(/C + 2iuj^/^j2'P 
ilW = A((^(^)^/V, 
(z/2)a;~^/^72(p + 2iuj^/'^j2'P 

1/2, 



(2.3.17) 



-A(^<^)VV, 



(i/2)(j-i/2^2V5 + 2iw^/2^2<^ 

{i/2)uj-'^/^-f2P + 2iuj^/^-f2^ = -X{<pip)^/^tp. 

From Theorem 2.3.4 it follows that the Dirac equation (1.1.1) is conditi- 
onally-invariant under an infinite-parameter Lie group. As established in [152, 
155] a broad class of Poincare- invariant equations (the Bhabha-type equations) 



{ifigds — m)^(x) = 0, m = const 



(2.3.18) 
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possess such a property. 

In (2.3.18) ^' = (^1, . . . , ^")^; x = (xq, xi, . . .,xn), N > 2; po, Pi, ■ ■ ■ , 
f3]sf are (n x n)-matrices satisfying the conditions 

\Ps, Srp] = {gsrPp - gspl3r), (2-3.19) 

where Srp = {PrPp - PpPr), 9st = diag (1, -1, -1, . . . , -1). 

It is well-known that the Bhabha equation is invariant under the Poincare 
group P{1,N) having the generators [30] 

P-j- = drp^Xpi Jrp ~ X-j-Pp XpPf + S-pp. 

Imposing an additional condition {dx^ — dxj^)'^{x) = on '^{x) we get the 
following system of PDEs for *(a;) = *(xo + xn, xi,... , xjv-i): 

|i(/3o + pN)d^o + E (^j^o^j - rn^-^i^) = 0- (2-3.20) 

Theorem 2.3.5. Equation (2.3.20) is invariant under the infinite-parameter 

Lie group having the generators 

Ql = dojo, Qjk = —^j^ojk + ^kdojj + Sjk, 

N-1 . (2.3.21) 

Q2 = E {Wk{uJo)d^, - Wk{uo){Sok - SkN)}, 

k=l 

where Wi, W2, . . . , VFjv-i are arbitrary smooth functions, = dW^/duJo, j, 
k = 1,...,N-1. 

Proof. It is evident that the operators Qi, Qjk belong to the invariance 
algebra of equation (2.3.20). Let us prove that the operator Q2 commutes 
with the operator of equation (2.3.21) 

N-l 

Computing the commutator [L, Q] we have 

JV-l 

[L,Q] = iY.{-Wki(3o + (3N)iSok-SkN) 
k=i 

-Wk[/3o + Pn, Sok - SkN]du;o]- 
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Resulting from relations (2.3.19), the equalities 

[Po + Pn, Sok - SkN] = 0, 

(^0 + MiSok - SkN) = (/3o + PNWk - PkPo - PkPN 
+pNf3k) = WoPoPk - PoPkPo) + iPNpNpk - PnMn) 
HPoPNPk - PNPkPo) + {PNPoPk - PoPkPN) 
= Pk-Pk = 0, k = l,...,N-l 

hold, whence it follows that [L, Q] = 0. The theorem is proved. > 

P(l, 3)-invariant Ansatze for the spinor field ijj = ijj{x) (2.2.8) obtained in 
the previous section reduce a P(l, 3)-invariant spinor equation 

iji_,d^ip - (0^)^/''{/i(V'^(V'74V')"') +/2(V^V'(V^74V')~')74}V' = 

to systems of ODEs of the form 

1) 2z739P + (z/4)(7o + 73) (7073 - 2A;)(^ = R, 

2) i(7o - 272 - 73)(/j + (^/2)72(7o73 - ^k)(p = R, 

3) 2z73(^ + (z/4q;)(7o + 73) (07073 - 7172 - 2ka)(p = R, 

4) (z/2)(7o - 73 - 271 + 2a72)(^ + (V2)(l - 2k + 7o73)<^ = R, 

5) (z/2)(7o - 73 + 272)^' + (^/2)7i(l - 2fc + 7073)^' = R, 

6) iLu{4:L0-fi + 72)(/' + (1/4)72(7073 - ^k)(p = R, 

7) -iuj(l2ji + a;^/^(157o + Qjsfjip- z7i(7o73 - 4.k)ip = R, 

8) z(7o - 73)(/? + {i/2u) (jo - 73 + (71 - ^^72) 

x(7o73 -2k)^ip = R, 

9) 2^7093 + (i/4)(7o - 73) (2 -2k- 7073)'/' = R, 

10) i(7o - 73)0 + (V2)(7o - 73) (^"^ + (^ + l)"^)v5 + (i/4) 

X ((70 + 73) (1 + (70 - 73) (1 + ujy^) (7073 - 2k)ip = R, 

11) 2i7oV3 + (V4)(7o - 73) (4 -2k- 7073)9^ = R, 

12) 2i7ov9 + (i/4a)(7o - 73) (^(4 - 2k)a - 0:7073 + 7172)'/' = R, 

13) i{a-f2-7i)^ + {i/2){l-2k)jiip = R, 

14) i(7o - 73^)0 + (V2o)73(7i72 - 2ka)ip = R, 

15) i(7i - 72a;)0 - (i/2o)72(2A;o + 7073)'/' = R, 
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16) {i/a)(a{'jo - 73) - (a + l)uj2)ip- {i/2a)j2{'2ka + 7073)^' = R, 

17) ia;^(7o + a'y3)(p + {i/2a)uj{'jo + 2ka'y3)(p = R, 

18) z(/372 - 11)^ + ((1 - 2A;)/? - a7o73)^ = R, 

19) ia;^°''"''"^''°(a7o + /?73)93 + (i/2a)a;"^/" 73(0:7073 — 7172 
+2/3k)ip = R, 

20) z(7o - 73 + a7i)</^ + (V2)(l - 2A;)(7o - 73)^' = R, 

21) z(7o - 73 - a;72)(/? - ■jA;72<^ = R, 

22) (V«)(a(72 - /371) + /?(73 - 7o))</i - (V2/3)(7o - 73)(2A;/3 + 7i72)<^ 
= R, 

23) i(Q;7i + (3^2 + 70 - 73)<^ + (V^)(7o - 73)<^ = -R, 

24) {i/a)(a{'jo - 73) - (a + l)a;72)</? + (z/2a;)(7o - 73)'/' 
-(i/2Q;)72(7o73 + 2ka)ip = R, 

25) (z/2a)((a - l)(7o - 73) - (a + l)a;^(7o + Jsfj^p + (i/2a;)(7o - 73)'/' 

-(i/4a;a;)(^(7o - 73) + (70 + 73)1^^) (7073 + 2ka)(p = R, 

26) i[{j3 + 1)71 - /3(7o - 73) - 072) <^ + (^2)71(1 -2k + 7073)"^ 

+ (i/2)(7o-73)9' = ^, (2.3.22) 

27) (i/2)(l - cj)-i(c^-i/27o - 72)vi + i((l/2)(Lj-i/2^o + 72) 

+fc(a; - l)-n^'% - 71))'^ = - 1)"'/', 

28) i(7i - u;72)vi - ik{uj'^ + l)-^(a;7i + 72)^? = i?(cj2 + l)-i/2^ 

29) (i7o - u;73)vi - iA;(u;2 _ _ ^3) = i?(^2 _ -^^-1/2^ 

30) z(72 - w(7o - 73)) - iKlo - Iz)^ = R, 

31) i{coji - ujSs)^ + (i/2)(l - 2A:)7i^ = R, 

32) - uj^jo)^ + (i/2)(l - 2fc)7i(/p = i?, 

33) - u\-fo - 73))<^ + {i/2){l - 2fe)7i^ = R, 

34) i(a;7o - a;%2)^ + («/2)(l - 2A;)7i(/:> = R, 

35) i(72 - W7i)</' + (V2)(7o - 73 + 7274 - 2kji)(p = R, 

36) i(7i + 072 - 70 + 73)*^ + (^/2)(7o - 73 + 7274 + (1 - ^k)ji^ip = R, 

37) i(72 - u;(7o - 73))^^ + (i/2)(l - 2k)ijo - = R, 
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38) i (70 + 73 - ^^(70 - 73)) ^ + (1 - 2A;) (70 - 73)<^ = R, 

39) i(jo + 73 - a;(7o - 73))^ + «(1 - A;) (70 - 73)(/? = R, 

40) i(a;(7o - 272 - 73) + 70 + 73) <^ + (V^) (2(70 - 73) - 7i74 - 2/^72) 



R, 



41) i((l - a;)(7o - 73) + 72)^ + (i/2)(l - 2k){jo - j3)v> = R, 

42) iio[{l - a)c^^/'"(7o - 73) + (1 + a)io-^/^'' {jo + 73)) 
+(i/4a) [(1 + 2a(2 - /c))a;^/2"(7o - 73) - (1 + 2A;a)u;-^/2" 

x(7o + 73) <^ = -R, 

43) i(jo +73 - £^(70 - 73))^ + {i/2a)(2a{l - k) +74^(70 - 73)'/' = R, 

44) iu;((a - P)Lo'/^'^{-fo - 73) + (« + /3)c^-'/'^(7o + 73))^ 
+(i/4/3) [(a + 4/3(1 - A;) - 74)^'/'^(7o - 73) 

-(a + 4A;/3 - 74)^"^^^^ (70 + 73)] f = R, 

where i? = {ipip)^/^''{fi{ifip{ifjA'p)~'^) + /2(<^¥'(<^74V')"^)74}v'- 

At last, Ansatze (2.2.29) invariant under C(l,3) non-conjugate three- 
dimensional subalgebras of the algebra AC(1,3) listed in (2.2.29) after being 
substituted into a conformally-invariant spinor equation 

give rise to the following systems of ODEs for tp = (p{uj) : 

1) i(-(3/4)(a;^ + 4) (70 - 73) + 70 + 73 + '^li + 272) 

- a;(7o - 73) + (1/2)7172(70 - 73))^' = R^ 

2) z(^7i cos a; - 72 sin a; - q;(7o - 73)) - (^/2)(3 - 7073) 
x(7isina;-|-72COSc<;)(^— (m/2)(7o — 73)71 72<^ = R, 

3) ^(72 - 70 + 73)9^ = R, 

4) + a(7o — 73)e'"'^)(/P + 2i^\ip = i?e'^/^, 

5) i (71 + a72 - /3(7o - 73)e'") - (^2) (871 (2.3.23) 

+2a72(l + 7073))'^ = i^e-'^/^ 
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6) z(a;^72 -a;7i)(^-ia;(l + a;^) ^2(1 + ToTs)"/? + + 3) 

x(a;2 + 1)-Si¥' - ii/2){3uj^ + + 1)"S274<^ = R, 

+i(u;{uj'^ + l)~^/^(7o + 73) - (o^^ + + 7073)72 

-(3/2)72)v' = i?(^' + l)^/^ 

8) 2ia;72(/i - (3i/2)72<yC = iiu;"^/^, 

9) -i7iv? = i?, 

10) -2iw(a;- 4)720 -i((l/2)cj^/2(^_ 4)1/2 -2)729? 



2.4. Exact solutions of nonlineeir spinor equations 

Using the results obtained in Sections 2.2, 2.3 we will construct in explicit 
form multi-parameter families of exact solutions of the following systems of 
nonlinear PDEs: 



which are obtained from (2.3.1) by putting fi = X^tjj'ipy/'^'' , /2 = and 
fi=m + \{'il)'4>)^ , /2 = 0, respectively. 

In (2.4.1), (2.4.2) m. A, k are real constants, m 7^ 0, fc 7^ 0. 

Equation (2.4.1) with fc = 1/2 was considered by Heisenberg [180]-[74] (see 
also [184]) and equation (2.4.2) with k = 1 was suggested by Ivanenko as a 
possible basic model for the unified field theory [192]. 

According to Theorem 1.2.1 equations (2.4.1), (2.4.2) are invariant under 
the Poincare group. In addition, system of PDEs (2.4.1) admits the one- 
parameter group of scale transformations (1.1.28). 

To reduce equations (2.4.1), (2.4.2) we apply P(l, 3)-, P(l, 3)- and C(l, 3)- 
invariant Ansatze constructed in Section 2.2. 




{z7^a^-m-A(VSV)*^}^ = 0, 



(2.4.1) 



(2.4.2) 
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1. Poincare-invariant solutions of system of PDEs (2.4.1). 

1.1. Integration of reduced DDEs. Substitution of the P(l, 3)-invariant Ansatze 
(2.2.8) into (2.4.1) gives rise to systems of ODEs (2.3.5) with R = -iX{ififY/'^^ 
Xif. When integrating these we wih use essentially the following assertions. 

Lemma 2.4.1. Solutions of equations 3, 12-14, 20-23 from (2.3.5) satisfy the 
relation (p^p = 0. 

Proof. Multiplication of the ODE 3 from (2.3.5) by the matrix 70 + 73 on 
the left yields the following consistency condition: 

-a(^(/?)^/2'=(7o + 73)¥' = 0, 

whence (pip = or (70 + ■~i^)'p = 0. The general solution of the algebraic 
equation (70 + 73)1^ = is represented in the form 

^ = (70 + 73)¥'i, 

where (pi is an arbitrary four-component function-column. 

Since (p = {<p>i{'^q + 73)}^7o = "^1(70 + 74), an identity (pip = (^1(70 + 
IaYp^i = holds. Other equations are treated in the same way. > 

Lemma 2.4.2. The quantity (pup is the first integral of systems of ODEs 1, 2, 
5, 15, 16, 25 from (2.3.5). 

We prove the assertion for the system 1. Multiplying it by —73 yields 

ip = a((^(^)V2fe^3^. (2.4.3) 
The conjugate spinor satisfies the following equation: 

= -iX{<pipy/'^''ip^3- (2.4.4) 

Multiplying (2.4.3) by (p on the left, (2.4.4) by ip on the right and summing 
the expressions obtained we arrive at the relation 

(pp + (p(p = 0, 

whence d{(pp) jduj = (pp + (pp = 0. The lemma is proved. t> 

Due to Lemma 2.4.1 we conclude that the Ansatze numbered by 3, 12-14, 

20-23 give rise to the solutions of equation (2.4.1) which satisfy the condition 
= ipp = 0. Consequently, a factor A(V'V')"^'^^'^ determining the nonlinear 

self-coupling of the spinor field V'(aj) vanishes. Such solutions are of low interest 

and are not considered here. 
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According to Lemma 2.4.2 the system of ODEs 1 from (2.3.5) is equivalent 
to the linear equation 

= iACi/2S3<^ (2-4.5) 
with a nonlinear additional constraint 

(p(p = C = const. (2.4.6) 

Integrating ODE (2.4.5) wc get 

(p{uj) = exp{iXC^/^''-f3Uj}x, ^(u;) = x exp{-iXC^/^''j3Uj}. (2.4.7) 

Hereafter % is an arbitrary constant four-component column. 
Substitution of expressions (2.4.7) into (2.4.6) yields 



X 



exp{-iAC^/2fe^g^|gxp{zAC^/2S3w}x = C, 



whence xx = C. Thus, the general solution of the system of nonlinear ODEs 
1 from (2.3.5) is given by the formula 

ip{uj) = exp{a(xx)^/^''73a;}x. 

The general solutions of equations 2, 5, 15, 16, 25 are constructed in the 
same way. As a result, we have 

ip{uj) = exp{-a(xx)^^^^7ow}x, 

= cxp{i72((xx)^/^^ - (V2) (70+73)) w}x, 

ifiiv) = exp{(iA/2)(xx)'/''7ic^}x, (2-4.8) 

ip{u) = cxp{(a/2)(l+a2)-i(xx)'/''(72-«7i)'^}x, 

ifiu) = expj 72(70 + 73) + ^A(xx)^^^'' (72-/5(70 + 73))]'^}x- 

To integrate systems of ODEs 6, 9-11 from (2.3.5) we will use their sym- 
metry properties. As established in Section 2.3 the equation 6 is invariant 
under the Lie algebra with the basis elements d^, 7073- We seek for a solu- 
tion which is invariant under the one-dimensional subalgebra of this algebra 
{do. - ^7073), eeR\ 

In other words, a four-component function cp = (p{Lo) has to satisfy the 
additional constraint 
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The general solution of the above equation reads 

ip{u;) = exp{6'7o73a;}x', (2.4.9) 

where x' is an arbitrary constant four-component column. Substituting (2.4.9) 
into the system of ODEs 6 from (2.3.5) we have 

(6*717073 - (l/2a)7i74) exp{6'7o73w}x' = -iAr exp{6'7o73w}x'> 

where r = {x'x')^^'^^- 

Multiplying both parts of the above cquaUty by exp{— ^70730;} on the left 
we arrive at the system of algebraic equations for x' 

{ (^72 - (1/2^)71)74 + i\T}x' = 0. (2.4.10) 

Consequently, substitution (2.4.9) reduces the system 6 to algebraic equa- 
tions (2.4.10). Making in (2.4.10) the transformation 



x' = ([6*72 - (l/2a)7i]74 - iArjx 

yields 

[AV^ -e'- (2a)-2]x = 0. 
As X 7^ 0, the equality 

e = (£/2a)(4AW - 1)^/2^ £ = ±1 (2.4.11) 

has to be satisfied. 

The condition r = (x'x')^^^'^ gives rise to the nonlinear algebraic equation 
for T 

^2k ^ 2AV2(xx) + 2ar^(x7274X) - iAra-^(x7i74X)- (2-4.12) 

Thus, we have constructed a particular solution of the system of ODEs 6 
from (2.3.5) 

ip{uj) = exp{6'7o73w}([6'72 - (l/2a)7i]74 - iXr^x, 

where 9, r are determined by (2.4.11), (2.4.12). 

Particular solutions of systems of ODEs 9-11 from (2.3.5) are obtained in 
an analogous way 

ip{u) = exp{e7i72u;}([^7o - (l/2a)73]74 - iAr)x, (2.4.13) 
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parameters 9, r being defined by the formulae 

r'^k ^ 2X^T^{xx) + 2^Ar6'(x7o74x) - ^Ara-l(x7374X), 
0= (£/2a)(l-4a2AV)V2; 

ip{uj) = cxp{07i72cj}(^[073 + (l/2a)7o]74 - iXrjx, 
parameters 9, r being defined by tlie formulae 

r2fc = 2AV2(xx) + 2ar6'(x7374X) +«Ara-i(x7o74X), 
e = (£/2a)(l+4a2A2e2)i/2. 

(p{uj) = exp{6'7i72a;}(^46'(7o + 73)74 + (70 - 73)74 - 4zAt)x> 
parameters 9, r being defined by the formulae 

^2k ^ 32A2t2(xx) - 8iAr[x(7o - 73)x] 
-32^3x3 [x(7o + 73)74X], = -X^t\ 

Equation 8 from (2.3.5) by virtue of the change of variables 

where (f){Lo) is a new unknown four-component function, is reduced to the 
following system of ODEs: 

2za;V2^2</, = Aa;-V4fe(^0)V2^=</,. 

Multiplying both parts of the above equality by (i/2)72u;~^/^ we come to 
the equation 

<j) = (a/2)a;-(^+2*^)/^S2(#)^/^V, (2.4.19) 
the conjugate spinor satisfying the following equation: 

^ = -(iA/2)a;-(^+2*^'/^S2('^</')^/^V- (2.4.20) 

Multiplying (2.4.19) by 4> on the left, (2.4.20) by (p on the right and sum- 
ming the equalities obtained we get 

^(l) + 4)^ = 0, 

whence = C = const. Consequently, equation (2.4.19) is equivalent to the 
linear ODE 

= (iA/2)u;-(2'=+i)/4fcc^/2fc^2^ (2.4.21) 



(2.4.14) 
(2.4.15) 

(2.4.16) 
(2.4.17) 

(2.4.18) 



140 



Chapter 2. EXACT SOLUTIONS 



which is supplemented by the additional constraint (pcj) = C. 
Integration of (2.4.21) yields 

(t>{uj) = exp{2UA;(l - 2A;)-iCi/2fe^2a;(^*^-^^/^*^}x, 
A; = 1/2, 4){uj) = exp{(zA/2)C72lna;}. 

Since C = 4>(f> = XXi the general solution of the initial equation 8 is given 
by the formulae 

A; 7^ 1/2, = a;-V4exp{2zAA;(l-2A;)-^(xx)^/^'= 

X72a;(2*^-^)/^*^}x, (2.4.22) 
A; = 1/2, ^{u) = a;-V4exp{(U/2)(xx)72lna;}x. 

To integrate the system of ODEs 19 from (2.3.5) we make the change of 
variables ip{Lo) = u~^/^(j){uj) transforming it to the form 

2a;i/2^2</' + (l/2)(7o + li)<P = (2.4.23) 

Solutions of the above system of ODEs satisfy the condition 00 = C = 
const, whence it follows that equation (2.4.23) is linearized 

2w^/2^20 + (1/2) (70 + 73)0 = -iAC^/^'^w-^/^V- (2.4.24) 
A general solution of (2.4.24) is looked for in the form 

<^{^) = {/ll'^) +72/2(w) + (70 +73)/3('^) , ^ , 

(2.4.25) 

+72(70 +73)/4(t^)}X, 

where fi{io) are some real- valued scalar functions. 

Substituting (2.4.25) into (2.4.24) we arrive at the following system of four 
linear ODEs: 

2a;V2/i = -acV2'=a;-i/^V2, 
2a;V2/2 = UCV2fea;-V4fc/i, 

2a;VV3 = (l/2)/2 - 1X0'/'^^'/^^/,, 

Integration of the above system is carried out by standard methods. As a 
result, we have 

/i = cosh/(u;), /2 = isinh/(u;). 
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{U7 
cosh/(a;) y z-^/^ sinh[2 f{z)]dz 

-sinh/(u;) j z'^/"^ cosh.[2f{z)\dz\, (2.4.26) 

/4 = cos\i f {z) j z-^'^cosh[2f {z)]dz 

-sinh/(a;) j z'^l'^ smh[2/(z)]dz I , 



where 



(AC/2) In A; = 1/2, 

/(tj) = .( ^ ' ^ ' (2.4.27) 

From (2.4.26), (2.4.27) it follows that (fxp = xXi whence we conclude that 
C = XX- Thus, the general solution of the system of ODEs 19 from (2.3.5) is 
given by the formula 

ip{u) = a;"^/^{/i + 72/2 + (70 + 73)/3 + 72(70 + 73)/4}x, 

functions fi(uj), f2{uj) being defined by (2.4.26), (2.4.27) with C = XX- 

In addition, wc have succeeded in integrating the systems of ODEs num- 
bered by 4, 24, 27 (with a = 0). These systems can be written as follows: 

(A^/2)(7o + 73)<y3 + (a;(7o + 73) + 7o - 73)'^ = -iK'^vY''^^^, 

where cases A'' = 1,2, 3 correspond to equations 4,24,27 (with a = 0) from 
(2.3.5). 

Multiplying both parts of the above equality by the matrix 0^(70 + 73) + 
7o — 73 on the left yields 

Au^ = -[n{1 + 7073) + iA(^(^)^/^''(a;(7o + 73) + 7o - 73) jv?, (2.4.28) 

the equation for the conjugate spinor taking the form 

Au(p = -^{a^(1 - 7073) - iXi^^f^^ (cc;(7o + 73) + 7o - 73) }• (2.4.29) 
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Multiplying (2.4.28) by (p, (2.4.29) by (p and summing we arrive at the 
relation 

pf + ifif = —2N(p(p, 

whence it follows that (fnp = Cu~^/'^, C = const. 

Substitution of the result obtained into (2.4.28) gives rise to a linear equa- 
tion for ip{u) 

4iOip = {-N{1 + 7073) + iTU^{Lj{'yo + 73) + 70 - 73)}'/', 

where r = -AC^/^fc^ q ^ -N/Ak. 

Writing this equation component-wise (we assume that 7-matrices are of 
the form (1.1.8)) we get a system of four ODEs 



(2.4.30) 



which is equivalent to the following second-order system of ODEs: 

uj^p>^ + (1/2) (iV - 2e)ujip^ + (rV4)w^''+V° = 0, 
Lo'^ip^ + {1/2){N - 2e)L0ip^ + (TV4)a;2^+V^ = 0, 
ip^ = -(2^/r)a;-V^ f'^ = -(2z/r)a;-V°- 

The first two equations of the above system are the Bessel-type equations 
[26, 197, 282]. Provided 6 7^ —1/2, their general solutions are given by the 
formulae 

/ ( (2.4.31) 

^3 ^ ^(2+2.-iV)/4(^ly^(^) + ^3j^(^))^ 

where J,,, Y„ are the Bessel functions, z = r(26' -|- l)-^u;(2^+^)/^ 1^ = {6 + 1 
— N/2){1 + 26)~^, . . . are arbitrary complex constants. Consequently, 
the general solution of system of ODEs (2.4.30) is given by (2.4.31) and by 

the following formulae: 

^2 ^ a;(2+2e-^)/4{(^/2r)(iV-20-2)a;-^-i 

^ , ^ (2.4.32) 

(^1 = a;(2+2e-iV)/4|(-/27-)(iV-20-2)a;-^-i 
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Formulae (2.4.31), (2.4.32) determine the general solution of nonlinear 
equations (2.4.28), (2.4.29) provided 



0* 2 I 2* I 3* 1 I 3 1* —N/2 



Substitution of expressions (2.4.31), (2.4.32) into this formula gives rise to 
the following equality: 

2i {29 + l){T'Kr\x\^* - X'X°* + X\^* 

(we have used a well-known identity for the Bessel functions Ji,{z)Yi,{z) — 
Y^{z)X{z) = 2{ttz)-^ [282]). 

Comparing the both parts of the above equality yields 

C = 2i {26 + 1) {T7rr\xV - X'X°* + x'x'* - x'x'*), 

whence 

C = {i {2k - N) {7rk\r\x'*x' - X'x'* + x'*x' - x'x'l}''^^"'^'^ ■ 

System (2.4.30) with 6 = —1/2 (<;=^ k = —N/2) is integrated in elementary 
functions. Omitting intermediate calculations we present the final result 

1)t^^N-1, N = 2,3 

ip^ = -{2i/T)u-'^/^{e+x^u^+ +0-X^u;^-), 

(2.4.33) 

ip^ = -{2i/T)io-y\e+x''u;^+ +e-x^io^-), 



.3 = ^3^e+^^i^e.^ 



where 6^ = (1/4) (l - N ± [{N - 1)^ - 4r2]V2j, X°> • • • >X^ Sire arbitrary 
constants; r satisfies the equality 



i{x'*x' - X\'* + X'*X' - X\'1{{N - 1)^ - 4r2) 
= (_l)^+V^+iA-^; 



1/2 
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2) r 7^ 0, N=l 

ip^ = x°cos[(r/2)lnu;] + x'sin[(T/2)lna;], 

ip^ = -ia;"^/2(x^cos[(r/2)lnLL>] - x'''sin[(T/2)lnu;]), 
= -icj-i/2(^x^cos[(r/2)lncj] - x°sin[(T/2)lna;]), 



,2 = _^^-l/2|^^2, 

^ x^cos[(T/2)lnc<;] +X"^sin[(T/2)lnc<;], 



(2.4.34) 



where x°)---)X^ are arbitrary complex constants; r is determined by the 
equahty 

■ \ / 2* 0* 2 I 3 1* 1 3*\ 

r = -zA(x''x -XX+XX -XX); 
3) T = e{N -l)/2, £ = ±1 

^0 ^ a;M/4(xO + x'lna;), 



(^1 = (z/2r)(7V - l)a;-V2(^3 + 4^^^! _ jv)-i^-(JV+i)/4^i^ 
(^2 = (z/2r)(7V - l)a;-V2(^o + 4^£(i _ jv)-i^-(JV+i)/4^2^ 
(^3 = a;(i-^)/4(x^ + x^lna;), 
where x° > • • • ) complex constants satisfying the equality 

Hx\'* - X°* - X°*X' + X'x'* - X'*X') = {-1)''{{N - l)/2sX) 



(2.4.35) 



N+l 



Thus, the general solution of system (2.4.28) is given by formulae (2.4.31), 
(2.4.32) under k + N/2 and by formulae (2.4.33)-(2.4.35) under k = N/2. 

Now we turn to Ansatze (2.3.16) which were obtained by reducing the non- 
linear Dirac equation (2.2.1) by means of the one-parameter subgroups of the 
group P(l, 3) and then by means of symmetry groups of the reduced equations 
5-7 from (2.3.3). As established in Section 2.3 Ansatze (2.3.16) reduce system 
of PDEs (2.4.1) to systems of ODEs (2.3.17) with /i = X{i,^Y)'^^ . Up to the 
sign at the nonlinear term \{(fnpY/'^^Lp, they coincide with systems of ODEs 
1, 2, 8 from (2.3.5). Using this fact it is not difficult to construct their general 
solutions 

ip{uj) = exp{iA7i(xx)^^^''^}x, 

{exp |2iAfc(l - 2A:)-i(xx)^/^^72 
X c^(2fc-i)/4fc|^^ A;/ 1/2, 
exp{(iA/2)(xx)72lna;}x, k = 1/2, 
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ip{uj) = exp{iA(xx) ' 7i^^}x, 

^{u) = u;-i/Sxp{-2a(xx)'/'72C^'/'}x, (2.4.36) 

ip{Lj) = cxp{iA(xx)^^^7o'^}x, 

ip{uj) = exp{-iiA(xx)^^^7iw}x, 

ifiuj) = a;-V4exp{2a(xx)'/'72^^/nX, 

ip{u) = exp{-iA(xx)^^^7i^}x, 

cpiu) = a;-V4exp{2iA(xx)'/'72a;i/^}x. 

Here x is an arbitrary constant four-component column. 

The fact that many of nonlinear systems (2.3.5) are integrable in quadra- 
tures is closely connected with their nontrivial symmetry. The last property, 
in its turn, is the consequence of the broad symmetry admitted by the initial 
PDE (Theorem 2.3.1). Therefore, the wider the symmetry group of the equa- 
tion under study the more effective is the application of the group-theoretical 
methods for construction of its exact solutions. 

1.2. Exact solutions of equation (2.4- !)■ Substitution of formulae (2.4.8), 
(2.4.9), (2.4.13), (2.4.15), (2.4.17), (2.4.22), (2.4.25)-(2.4.27), (2.4.31)-(2.4.36) 

into the corresponding P{1, 3)-invariant Ansatze (2.2.8) and (2.3.16) yields the 
following classes of exact solutions of nonlinear spinor equation (2.4.1): 

the case fc £ R-^ 

ipi{x) = exp{-iA(xx)^^^So2;o}x, 
ijj2{x) = exp{iA(xx)^^^^73a:3}x, 
^^3(3;) = exp{(l/2)7o73ln(xo + .X3)} 

X exp{i72[(xx)^/^'' - (V2)(70 + 73)]a;2}x, 
ip4:{x) = exp{-(l/2)(7o + 73)71 (a^o + 2:3)} 

X exp{(iA/2)(xx)'/'Si[2a;i + {xq + xsf]}x, 
i;5{x) = exp{-(l/2)(7o + 73)71 (2^0 + X3)}exp{(iA/2)(l + a2)-i 

X(XX)^^^*'(72 - a7i)[2(a:2 - axi) - aixo + x^fjjx, 

tpeix) = exp{(l/2)[xi -aln(a;o + a;3)](xo + a;3)~^(7o + 73)71} 

X exp{(l/2)7o73 ln(aro + 3:3)} expj (72(70 + 73) + iKxx)^^'^'' 

X [72 - /3(7o + 73)]) [x2 - /? ln(xo + xs)] }x, 

iprix) = exp{(2Q)~^(x2 + 2q6'xi)7o73}[(6'72 - (2a)"Si)74 - «At]x, 
a G M\ e, T are determined by (2.4.11), (2.4.12); 
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ipsix) = exp{(2a) ^(2a0X3 - xo)7i72}[(^7o - (2q!) ^3)74 - ^Ar]x, 
a G M"^; 9, r are determined by (2.4.14); 

tpg{x) = exp{[(l/4)(,T3 - Xq) + e{xo + .T3)]7i72} 

X [46'(7o + 73)74 + (70 - 73)74 - 4iAr]x, 
6, T are determined by (2.4.18); 
tpio{x) = exp{[-(l/2)(wi7i + W2^2) + ^i'374](7o + 73)} 
X exp{iA(xx)^/^'^7i(a;i + wi)}x; 



the case fc g R\ fc 7^ 1/2 

V'ii(x) = exp{(l/2)7o73ln(a;o + X3)}<y2(xo-x|), 

ip{uj) is determined by (2.4.31), (2.4.32) under N = 1; 

iPuix) = [{xi + wif + {X2 + W2f]-'^/^ exp{[-(l/2)(ii;i7i 
+u;272) + 11^374] (70 + 73)} exp{-(l/2)7i72 
X arctan[(xi + wi) /{x2 + ''^'2)]} cxp{2iAA;(l — 2k)~^ 

X(XX)'/'S2[(X1 + ^.l)^ + ix2 + W2n''-'^/''}x, 

i'laix) = {xl + xlY^I^ exp{(l/2)7o73 ln(xo + X3) - (1/2)7172 

X arctan(xi/a;2)}{/i + 72/2 + (70 + 73)/3 + 72(70 + 73)/4}x, 
/. = ji{x\^x\) are determined by (2.4.26), (2.4.27) 
under k ^l/2\ 



the case fc g R\ k^l 

ipu{x) = exp{(l/2)xi(xo + X3)~-^(7o + 73)71} 

X exp{(l/2)7o73ln(xo + X3)}(p{xl - x\- a;|), 

'^(u) is determined by (2.4.31), (2.4.32) under N = 2; 



the case fc G R\ k 3/2 

•015(3;) = exp{(l/2)(xo + X3)"^(7o + 73)(7ia;i + 72a;2)} 
X exp{(l/2)7o73 ln(xo + X3)}v9(x • x), 
ip{uj) is determined by (2.4.31), (2.4.32) under iV = 3; 
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the case k = 1/2 



i^iQix) = exp{(l/2)7o73ln(xo + X3)}(/?(xo 
(p{io) is determined by (2.4.34); 
V;i7(x) = {xl + x2)-V4 exp{(l/2)7o73 ln(xo + X3) - (l/2)7i72 



X arctan(a;i/x2)}[/i + 72/2 + (70 + 73)/3 + 72(70 + 73)/4]x, 
fi = fiixj + xl) are determined by (2.4.26), (2.4.27) 
under A; = 1/2; 



X exp{[-(l/2)(u;i7i + 102^2) + 1^374] (70 + 73)} 
X exp{-( 1/2)71 72 arctan[(xi + wi)/{x2 + W2)]} 
X exp{(iA/2)(xx)72 ln[(a;i + wif + {x2 + W2f]}x; 

the case fc = 1 



^20{X) = Wo'^^[ixi + Wif + {x2+W2f]-'/^ 

X exp|(^-(l/2)(?Z;i7i + W2^2) + w^374 - {1/^)woWq^ 

x[7i(a;i +wi) + 72(^2 + 1^2)] (70 + 73)} 

X exp{— (1/2)7172 arctan[(xi + wi)/{x2 + W2]} 

X exp{-2a(xx)'/'72[(ici + w;i)' + {x2 + W2f]'/^w-^^^}x, 

1p2l{x) = {'JOXQ - JlXl - ^2X2){Xo - xl - xl)~^^^ 

X exp{a(xx)^''^7oa;o(a;o - xj - xiy^}x; 
ip22{x) = {'Joxo - 71^:^1 - 723:2) (a^o -xj- xlY^^"^ 

X exp{-a(xx)^''^7i3;i(a;o - ^1 - xl)~^]x', 
'^2i{x) = (7oa;o - 713^1 - 722;2)(a:o - 2:1 - a:2)""^(a:i + a;2)""^/^ 



V'24(a;) = laXa{xbXh) exp{-iA(xx) ^^^7ia;i (a^a^^a) ^}x\ 
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V'25(a;) = laXa{XaXa)~^{xl+xl)~^/^eyip{-{l/2)-fij2 

X arctan(xi/a;2)} exp{2iX{xx)^/^ {xj + xl)^/'^{xaXa)~^^^}x; 
ip26ix) = exp{(l/2)xi(a;o + 373)^^(70 + 73)71} 

X exp{(l/2)7o73 ln(xo + X3)}ip{xl -x\- 
<~p{ijj) is determined by (2.4.33) or (2.4.35) 
under N = 2; 

the case A; = 3/2 

'^27{x) = exp{(l/2)(7o + 73) (712:^1 + l2X2){xo + xz)~'^} 
X exp{ (1/2)7073 ln(xo + X3)}ip{x ■ x), 
ip{uj) is determined by (2.4.33) or (2.4.35) 
under = 3. 

In the above formulae wq, wi, 11)2, ^«3 are arbitrary smooth functions of 
xq + X3, an overdot denotes differentiation with respect to xq + X3. 

In addition, in [152, 155] we have constructed two other classes of exact 
solutions of system of PDEs (2.4.1) 

the case k = 1/2 

^28(.x) = a;~^exp{(l/2)7i(7o + 73)(xo + X3)}|[72 + /3(7o + 73)] 

X [X2 + l3{xo + Xs)] + (1/2)71 [2X1 + {xo + X3)2]} 

X exp{iA(xx)(/3? + Pir'u-' (/3i[72 + P{lo + Is)] + P2I1) 
{Pi[x2 + P{xo + xs)] + (/32/2)[2xi + (xo + X3)^])}x; 

the case fc G R\ k <0 

V'29(a;) = exp{(l/2)7i(7o + 73)(xo + X3)}|(^[72 + /?(7o +73)][2;2 + /3 
x(a;o + X3)] + (1/2)71 [2x1 + {xo + X3)^])f{u;)+ig{u;)}x- 

Here a, P, f3i, P2 are arbitrary constants, 

a; = [x2 + ^(xo + X3)]^ + (1/4) [2xi + (xo + xa)^^ 
f{u) = \k\'/\e{l - kf"\-\xx)-"'')'u.-'-''^'^'\ 

^(^) = _ fc)l/2(,(l _ fc)l/2^-l(-^^-l/2.^^'^-./2^ ^ ^ 
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Thus, we have constructed wide classes of exact solutions of the nonlinear 
Dirac equation (2.41), some of them containing arbitrary functions. By a 
special choice of these functions we can select subclasses of exact solutions 
possessing important additional properties. 

For example, if we put 

Wo = exp{9^{xo + ^3)^}, 9 G M.^, wi = W2 = = 
in the solution ipiglx), then it takes the form 

V'(x) = exp{-e^{xo + X3f}(l + e^{xo + X3){jixi+-f2X2) (2.4.37) 

X (70 + 73)) exp{a(xx)^/^''7ia;i ex.p{-9^{xo + X3f}}x- 

This solution is localized inside the infinite cylinder having the generatix 
parallel to the coordinate axis Ox^. In addition, it decreases exponentially as 

Xq +00. 

It is worth noting that (2.4.37) under ^ = becomes the plane-wave solu- 
tion 

^{x) = exp{iX{xx)^/^liXi}x- (2.4.38) 

Consequently, (2.4.37) can be considered as a perturbation of the stationary 
state (2.4.38). 

1.3. Generation of solutions. Solutions ilji{x) — ip29{x) depend on the variables 
x^ in asymmetrical way, while in equation (2.4.1) all independent variables 
are enjoying equal rights. Using the language of physics we can say that 
system of PDEs (2.4.1) is solved in some fixed reference frame. To obtain 
solutions (more precisely, families of solutions) not depending on the choice of 
a reference frame it is necessary to apply the procedure of generating solutions 
by transformations from the Poincare group [137, 139, 140, 155]. 

Let the equation under study be invariant under the Lie group of trans- 
formations of the form 

x'^ = U{x,9), i;'{x') = A{x,9)i>{x), (2.4.39) 

where A(x, 9) is an invertible (m x m)-matrix, 9 = {9i, 92, ■ ■ ■ ,9r) are group 
parameters. In addition, there is some particular solution V'/(a;) of the equation 
considered. 

Theorem 2.4.1. The m- component function ipii{x) determined by the equality 

ijii = A-\x,9)i;ii^fix,9)) (2.4.40) 
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is a solution of PDE admitting the Lie group (2.4-39). 

Proof. According to the definition of the invariance group, the Lie group 
(2.4.39) transforms the set of solutions of the equation under study into itself. 
In other words, provided i/j = il){x) is a solution of the equation written in 
coordinates x, ^^{x) the function constructed by means of formulae (2.4.39) is 
a solution of the same equation written in coordinates x', tp'(x'). Resolving 
(2.4.39) with respect to ip{x) we have 

^{x)=A-\x,e)i:'ix'), 
whence due to (2.4.39) we get 

^{x)=A-\x,e)i:'[fix,e)). 
Denoting -0 = -0//, V'' = i^i yields (2.4.40). I> 

Using Theorem 2.4.1 it is possible to obtain a r-parameter family of exact 
solutions starting from a single solution. 

Definition 2.4.1. Formula (2.4.40) is called the formula for generating solu- 
tions by transformations from the group (2.4.39). 

Definition 2.4.2. A family of solutions of the form 

ipix) = iIjo{x,t), T = {ti,T2, ...,Ts)G R", 
Ri{T) = 0, z = l, ...,s — n + 1, l<ra<s 

is called G-ungenerable (or ungenerable) provided the equality 

A-\x, 6)^0 {fix, e),T)= V'o {x, r'(r, 9)) 

holds and what is more Ri{T'{T, 0)) = 0, i = 1, . . . , s — n + 1. 

Using the final transformations from the group C(l;3) (1.1.24)-(1.1.28) 
and Theorem 2.4.1 we obtain formulae of generating solutions by transforma- 
tions from the conformal group C(l,3). 

1) the group of translations 

i^iiix) = Mx'), x'=x^ + e^- (2.4.41) 



2) the Lorentz group 0(1,3) 
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a) the group of rotations 0(3) 



ipn{x) = exp{{l/2)eabcdaSbc}i^iix'), 

x'q = xq, x'a = Xa COS 9 — 9~^£abcdbXc sin 6 (2.4.42) 

+9-^ea{ebXb)ii-cose); 

b) the Lorentz transformations 

'(pn{x) = exp{-(6'o/2)7o7a}'07(a;')> 

Xq = xq cosh^o + Xa sinh^O) (2.4.43) 
x'a = XaCOshOo + xosmh.9o, x'jj = Xb, b ^ a; 

3) the group of scale transformations 

= e''^°Mx'), x'^ = xy°; (2.4.44) 

4) the group of special conformal transformations 

ipn{x) = a^'^{x){l - 7 • X7 • 0)ipi{x'), 
x'l^ = {x^^ - OfiX ■ x)a~^{x). 



(2.4.45) 



Here 9o,. . . ,9^ are real constants, 9 = {9a9a)^^^, (t{x) = l — 29-x + 9-9x-x. 

As an example, we will consider the procedure of generating the solution 
i^i{x). Let us apply formula (2.4.43) with a = 3 to ipi{x) 

tpii{x) = exp{-(6'o/2)7o73} exp{-a(xx)^/^''(a;o cosh 6*0 + x^ sinh6'o)7o}x- 

We rewrite this expression as follows 

i^ii{x) = exp{-(0o/2)7o73}{cos(A(xx)^/^''(xocosh0o 

+a;3sinh^o)) — Ho sin^A(xx)^/^*^(a;o cosh^o + a;3sinh^c 
X exp{-(0o/2)7o73}x- 



Taking into account the identities 



7ocosh0o + 73sinh0o, M = 0) 
73 cosh ^0 + 70 sinh ^o, = 3, 
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where V = exp{ — (^0/2)7073}) which are proved with the help of the Campbell- 
Hausdorff formula [41, 179] we have 

cosh 6*0 + X3 sinh ^0)) — ^(70 cosh 
+73 sinh 6*0) sin(A(x xO^^^^'la^o cosh 6*0 + X3 sinh 6*0)) ]x', 

where x' = exp{-(6'o/2)7o73}. 

Using formula (2.4.42) yields the following family of exact solutions: 

ipn{x) = {cos(A(xx)^^^''a • x) - ^ • asin(A(xx)V2fea . }x ^ 
= exp{-zA(xx)^^^''(7 • «)(« • x)}x, 

where Q/j, are arbitrary real parameters satisfying the condition a ■ a = 1. 

It is not difficult to verify that family (2.4.46) is invariant with respect to 
transformations (2.4.41), (2.4.44). 

The family of solutions (2.4.46) depends on the variables in symmet- 
rical way. Let us show that it is invariant under the Lorentz group 0(1,3). 
Applying, for example, formula (2.4.42) to (2.4.46) and grouping terms in a 
proper way we arrive at the following family of solutions of PDE (2.4.1): 

i;nix) = exp{-iA(x'xO'/''(7 • a)ia' ■ x)}x' , 

where 

Oq = ao, a'j, = Qb cos 9 - 0~^ebcda'cOd + 0~'^9b{0cac){l - cos 9), 
x' = exp{{l/2)eabc0aSbc}x- 

Since a' -a' = 1, the obtained family coincides with (2.4.46). Thus, we have 
constructed the P(l, 3)-ungenerable family of exact solutions of the nonlinear 
Dirac equation. The transition from ^"1(2^) to (2.4.46) seems to be of principal 
importance because we obtain the class of exact solutions having the same 
invariance group as the initial equation (2.4.1). In other words, the family of 
solutions (2.4.46) contains complete information about the Lie symmetry of 
the nonlinear Dirac equation (2.4.1). 

Generating in the same way solutions i^2{x)—i^%{x) we obtain the following 
P(l, 3)-ungenerable families of exact solutions of system of nonlinear PDEs 
(2.4.1): 

i^2{x) = e^v{iKxxf'^\l-b){h-x)}x, 
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ijjsix) = exp{(l/2)(7-a)(7-d)ln[^(a-z + d-z)]} 

X exp{i7 • clixx)^/^'" - («/2)(7 • a + 7 • d)]c ■ z}x, 
i/jiix) = exp{-(0/2)(7 • a + 7 • (i)(7 • 6)(a • 2; + (i ■ 2;)} 

X cxp{(iA/2)(xx)'/''(7 ■b)[2b-z + e{a-z + d- zf]}x, 
ip^ix) = exp{-(6'/2)(7-a + 7-d)(7-6)(a-2; + (i-z)} 

X exp{(iA/2)(l + a')"^(xx)'/'''(7 ■ c - aj ■ b) 

X [2(c ■ z — ab ■ z) — a9{a ■ z + d ■ z)'^]}x, 
i;Q{x) = exp\^{2ey^(^eb- z- aln[e{a- z + d- z)]ya- z + d- z)-^ 

x(7 • a + 7 • (i)7 • 6| exp{(l/2)(7 ■ a){j ■ d) \n[e{a ■ z + d- z)]^ 

X exp{ (7 • c(7 • a + 7 • d) + iX{xxf/'^^[i • c - /3(7 • a + 7 • d)]) 

X (c • z - pe-^ \n[e{a -z + d- z)]) }x, 

where ^^/^ = a;^ + 0^; a, /3, 0, arc arbitrary constants. 

Hereafter we denote by a^, 6^, c^, c?^, = 0, . . . , 3 arbitrary real constants 
satisfying the following conditions: 

a- a = -h-h = -c- c = -d- d=l, (2 4 47) 

a-b = a- c = a- d = h- c = b- d = c- d = Q. 

Evidently, the four- vectors with components a^, 6^, c^, form a basis 
in the Minkowski space R{\, 3) with the scalar product x ■ y = x^^y^. 

Provided the parameter k in (2.4.1) is equal to 3/2, this equation ad- 
mits the conformal group C(l, 3). Consequently, we can generate solutions by 
transformations (2.4.45). Let us give an example of the C(l, 3)-ungenerable 
family of exact solutions of the conformally-invariant Dirac-Giirsey equation 

V'(x) = a-2(x)(l-7.x7-0)exp{-a(xx)^^^*'(7-«) 
x{a ■ X — a ■ Ox ■ x)u~^ {x)}x- 

2. P( 1,3) -invariant solutions of the nonlinear Dirac equation (2.4.1). 

Now we turn to reduced equations (2.3.22) putting R = X{<f(py/^''(p. To 
integrate these we need some well-known facts from the general theory of 
systems of linear ODEs. 

Definition 2.4.3. By a normalized solution of the system of linear ODEs 



ip{co) = B{uj)(p{(jj) 



(2.4.48) 
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we mean the (4 x 4)-matrix ^[^^(B) satisfying the following conditions: 



where ojq = const, / is the unit (4 x 4)-matrix. 

The normalized solution of system (2.4.48) is given by the following infinite 
series [197]: 



LU to 



^Zo=I+ J B{T)dT+ J B{t) j B{Ti)dTidT + ... (2.4.49) 

If we succeed in constructing the normalized solution of system of ODEs 
(2.4.48) in explicit form, then its general solution is given by the formulae 

ip{uj) = n'^^{B)x, (p{m) = X, 

where x is an arbitrary constant four-component column. 

We will consider in detail a procedure of integration of system of ODEs 1 
from (2.3.22). On multiplying it by the matrix {i/2)js on the left we get 

^ = (1/8) (2/c - 1)(1 + 7073)V5 + (iA/2)73(^V5)^/'V, (2-4.50) 

while the conjugate spinor <^(a;) satisfies system of ODEs of the form 

= (1/8)(2A; - IMI - 7073) - {i\/2)<fjs{^^y/^K (2.4.51) 

Multiplying (2.4.50) by (p on the left, (2.4.51) by if on the right and summing 
we come to the linear ODE for ifxp 

ip(p + ip(p = {(pif)- = (1/4) (2fc - l)(pip, 

which general solution reads 

<^(/? = Cexp{(l/4)(2A; - l)u;}, C G M\ (2.4.52) 

Substitution of (2.4.52) into (2.4.50) gives rise to the system of linear ODEs 



b = {(1/8) (2fc-l)(l + 7073) + (^A/2)CV2fc 



exp{(2/c - l){8ky^oj}j3}yp. 



(2.4.53) 
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Let fig be a normalized solution of system (2.4.52). Then the general 
solution of (2.4.52) is given by the formula 

ipiu) = n^x- (2.4.54) 

Substituting (2.4.54) into (2.4.52) we have 

Xn^n'^X = Cexp{(l/4)(2A: - l)uj}, 

where = jo{^o)^7o- As ^q\u>=o = I and 0,q\u=o = I, from the above 
relation it follows that xx = C- Inserting C = XX into (2.4.54) we obtain the 
general solution of the initial system of nonlinear ODEs (2.4.50). 

Substitution of the result obtained into the corresponding P(l, 3)-invariant 
Ansatz gives rise to the exact solution of the nonlinear spinor equation (2.4.1) 

V'(x) = exp{(l/4)(7o73 - 2k) ln(xo + X3)}n^x, (2-4.55) 

where lo = ln{xQ + X3) — xq + x^. 

In a similar way we can integrate systems of ODEs 2, 4, 7, 9, 11, 13, 16, 
17, 20, 23-25 from (2.3.22) (a detailed analysis of these equations has been 
performed in [8]). Here only the cases, when infinite series (2.4.49) can be 
summed up, are considered. 

If we put in (2.4.53) k = 1/2, then a system of linear ODEs with constant 
coefficients is obtained. Its general solution has the form (2.4.54), where 

CO UJ T 

= 1 + j BdT + J B J BdndT + . . . 



= 7 + a;S + (2!)-VB2 + (3!)-VB3 + ... (2.4.56) 
= exp{Buj}. 

In (2.4.56) 5 = (iA/2)(xx)73. 

Substitution of (2.4.56) into (2.4.55) gives rise to the exact solution of 
system of nonlinear PDEs (2.4.1) with k = 1/2 

V'(x) = exp{(l/4)(7o73 - l)ln(xo + X3)} 

(2.4.57) 

X exp{(iA/2)(xx)73[ln(xo + X3) - xq + xs]}x- 



Similarly, computing the normalized solutions of systems of ODEs 4 (under 
a = 0,k = 1/2), 9 (under k = 3/2), 11 (under k = 5/2), 13 (under k = 1/2), 
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20, 22 from (2.3.22) we get their general solutions in the form (2.4.54) 

ip{uj) = exp{(iA/2)(xx)(73-7o + 27i)a;}x, 

ip{u;) = exp{-(a/2)(xx)^^^7o'^}x, 

= exp{-(a/2)(xx)^^^7o'^}x, 

ip{Lu) = exp{iA(l + a^y^{aj2 - 7i)(xx)<^}x> 

ip{uj) = exp{[(l/2a)(2A; - l)(7o - 73)71 

-iAa"^(7o - 73 + a7i)(xx)^^^'']^^}x, 

<p{uj) = exp{((l/2/?)(l+/32)-i[(2/c/32-l)7i 

-(3{2k + 1)72] (70 - 73) - ^A(1 + P^)-^ 

X [72 - /371 - (/3/a)(7o - 73)](xx)^^^'']'^}x- 

We have also succeeded in integrating systems of ODEs 30, 37, 41. They 
can be represented in the following unified form: 

i{l2 - (70 - 73)^) ^ = {i9{lo - 73) + A(^^)i/2^')(^, (2.4.58) 

where the case 9 = k, z = to corresponds to the system 30, the case 9 = 
(1/2)(1 — 2k), z = Lo to the system 37 and the case 9 = k, 2; = 6<; — Ito the 
system 41. 

Rewrite equation (2.4.58) in the equivalent form 

^ = {6'72(7o - 73) - iKw)^^^^ (72 - (70 - 73)^) 
Since (f(p = r = const, the above equation is linearized 

(p = {6'72(7o - 73) - iXr^^^'' (72 - (70 - 73)-^) }'P- (2.4.59) 

The general solution of the system of ODEs (2.4.59) can be represented in 
the form 

^ = [fi{z) + 72(2)72 + /3(2)(7o - 73) + /4(2)72(7o - 73))x, (2.4.60) 

where x is an arbitrary four-component constant column and functions /i, . . . , 
/4 satisfy the following system of ODEs: 

A=,ArV2'=/2, /2 = -arV2Vi, 
/3 = iAri/2fc/4 + 0/2 + arV2fcz/i, 
/4 = -^ArV2V3 + 0/l-^Arl/2'^./2. 
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The above system is integrated by the standard methods, its particular 
solution reads 

/i = cosh(Ari/2fe^)^ ^ -isinh(Ari/2'=z), (2.4.61) 
/3 = -((20 + l)i/4A)r-V2fcgogtj(^^i/2fe^) ^ (i/2)(l + z) sinh(Ar^/2fc2^, 

/4 = ((20 + 1)/4A)t-V2'= smh{\T^f^^z) + (1/2) (1 - z) cosh(ArV2fe^). 

As a direct computation shows, the function (2.4.60) satisfies an identity 

W = x(l/lP-|/2p + (/l/2* + /l72)72 + (/r/3 + /l/3*-/2/4 

-/2/4*)(70 - 73) + (/l74 - /1/4* + /273 - /2/3*)72(70 - 73))x- 

Substituting into its right-hand side formulae (2.4.61) we get 

T = ^ip = XX- (2.4.62) 

Consequently, we have established that the general solution of the system 
of nonlinear ODEs (2.4.58) is given by the formulae (2.4.60)-(2-4.62). 

Substitution of the expressions obtained above into the corresponding 
P(l, 3)-invariant Ansatze (2.2.8) yields the following exact solutions of the 
nonlinear Dirac equation (2.4.1): 

the case k = 1/2 

tp{x) = exp{(l/2)7i72 arctan(.T2/a;i) + (l/4)(7o73 - 1) ln{x'l + xj)} 
X exp{(iA/4)(73 - 70 + 2-fi){xx)[xo - X3 - ln(x? + xl)]}x; 

il;{x) = exp{(l/2)7i72 arctan(a;2/a;i) - (1/4) ln{xl + xl)} 
X exp{zA(l + a^)~^(xx)(a72 — 7i)[a arctan(x2/a;i) 
-(l/2)ln(x? + xi)]}x; 
the case A; = 3/2 

ip{x) = exp{-(l/2)7i(7o - 73)a:i(a;o - a;3)""^} 

X exp{- (1/4) (7073 + 3) ln(xo - X3)} exp{-(iA/2)(xx)'/^ 
X7o[(a::o - - xl){xo - xs)"^ + ln(xo - X3)]}x, 
the ease k = 5/2 

tpix) = exp{-(l/2)7i (70 - 73)^1 (xo - .X3)"^ - (1/2)72(70 - 73) 
xx2ixo - 2;3)"^}exp{- (1/4) (7073 + 5)ln(xo - 2:3)} 
X exp{-(iA/2)(xx)^^^7o[a; • x{xo - ^3)"^ + ln(xo - a;3)]}x; 
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the case of arbitrary k 

ip{x) = exp{-(l/2)7i(7o - 73)a;i(xo - xs)""^ - A;ln(a;o - X3)} 
X exp{[(l/2a)7i(7o - 73) (1 - 2k) - ■jAa~^(7o - 73 
+a7i)(xx)^^^1[ln(xo - X3) + a,Ti(,To - X3r^])}x; 

i/jix) = exp{(l/2/3)7i(7o - 73)(x2 - /3a;i)(xo - .xa)"^ 

-A;ln(xo - X3)} e^p{ {{l/2P)il + pY\{2p^k + 
-(3{2k + 1)72] (70 - 73) - iA(l + /32)-M72 - Pli 
-(/3/a)(7o - 73)](xx)'/'')[(^2 - /3xi)(xo - ^3)-^ 
-(/3/a) ln(xo - X3)]}x; 

il){x) = (a;o-X3)~'=(/i + /272 + 73(70 -73) + 7472(70 -73))x> 
where /j = fi[x2{xo — 3^3)"^] are determined by (2.4.61), 
(2.4.62) with 9 = k; 

i/jix) = (xo - X3)"''exp{-(l/2)7i(7o - 73)a;i(a;o - X3)~^} 

X (/i + /272 + 73(70 - 73) + 7472(70 - 73)) X, 
where fi = fi[x2{xo — 3:3)"^] are determined by (2.4.61), 
(2.4.62) with 6= {2k- l)/2; 
•^{x) = {xq - X'iY^ exp{(l/2)(7o - 73)[7ia;i(a;o - x^) - 72 

X ln(a;o - a;3)]}(7i + 7272 + 73(70 - 73) + 7472(70 - 73))x, 
where 7? = 7j[l^(^o ~ x^) + X2{xq — ^3)"^ — 1] are determined 
by (2.4.61), (2.4.62) with 9 = {2k- l)/2. 

3. Conformally-invariant solutions of the nonlinear Dirac-Giirsey 
equation. Substitution of the C(l, 3)-invariant Ansatzc for spinor field listed 
in (2.2.29) into the Dirac-Giirsey equation yields systems of ODEs (2.3.23) 
with i2 = A ((^99)^/3. 

In spite of the extremely complicated structure of equations (2.3.23) some 
of them can be integrated in quadratures within the framework of the above 
described approach. 

Lemma 2.4.3. The quantities 

I3 = i^ip, I4 = <^(^exp{4u;}, 

4 = (^990;"^/^, l9=(f(p, 
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are the first integrals of the systems of ODEs 3, 4, 8-10 from (2.3.23). 

We will prove the lemma for the system of ODEs 8, other systems are 
treated in the same way. 

Multiplying the mentioned system by the matrix — (z/2a;)72 on the left 
yields 

<^ = (3/4)w-V - (iA/2)w-^/6((^^)V3^2¥', (2.4.63) 
the conjugate spinor satisfying the equation 

^ = (3/4)a;- V + {Cp^f/^>f-f2- (2.4.64) 

Multiplying (2.4.63) by (p on the left, (2.4.64) by (p on the right and sum- 
ming we come to the ODE for (fxp 

(w)' = (3/2a;)(^(^, 

whence (pip = CuJ^I'^ or (pipu"^/'^ = C = const. The assertion is proved. > 

Applying the above lemma we can construct general solutions of nonlinear 
systems of ODEs 3, 4, 8-10 from (2.3.23) with the help of normalized solutions 
of their linearized versions. And what is more, normalized solutions of the 
linearized systems of ODEs 3, 8-10 can be obtained in explicit form. This fact 
enables us to integrate in quadratures the systems of nonlinear ODEs 3, 8-10 
from (2.3.23). 

ip{uj) = exp{iA(xx)^^^(72 + 73 - 7o)^}x, 

^{u) = u;3/Sxp{(3iA/2)(xx)'/'72C^'/'}x, 

ip{uj) = exp{-a(xx)^^^7i^^}x, 

ipiij) = a;-V4(a;-4)-V4(^i/2 + (^_4)i/2j-V2 

X exp|-i2-^/=^A(xx)^/S2 f z-'/\z - Ar'^'dz^, 

where x is an arbitrary constant four-component column. 

Substitution of the above expressions into the corresponding Ansatze for 
the spinor field tp(x) listed in (2.2.29) yields four classes of exact solutions of 
the conformally-invariant nonlinear Dirac-Giirsey equation (1.2.26) 

■0(x) = [1 + (xq - a;3)^]"^i?[arctan(a;o - X3)] exp{- (1/2)7172 

X arctan(xo — ^3)} exp{— (1/2)71(70 — 73) arctan(xo — X3)} 
X exp{-(l/2)72(7o - 73)[a;2(a;o - 3:3) - xi] 
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X [1 + {xq - X3)^]~^}exp{zA(xx)^^^(72 + 73 - 7o) 

X arctan(a;o - X3) + [x-i{xo - X3) + X2][l + {xq - a^s)^]""^) }x, 

V'(x) = (x? + x^)-i/4[l + (xo-x-3)2]-3/'ii?[arctan(a;o-X3)] 

xexp{-(l/2)7i72arctan(xi/x2)}exp{(3iA/2)(xx)^^^72 

x(x? + xi)V3[l + (^„_^3)2]-l/3}^, 

= [1 + (xo - a;3)^]~^i?[arctan(a;o - ^3)] exp{- (1/2)7172 

X arctan(a;o - X3)} exp{- (1/2)71 (70 - 73)[a;i(xo - ^3) + X2] 
x[l + {xo - xsf]-^} exp{-iX{xx)^^^li[x2{xo - X3) - xi] 

x[l + {xo - xsf]-^}x, 
^{x) = {xj + xI)-^{cos{t2/2) cos(r3/2) + 7073 sin(r2/2) sin(r3/2) 
+7 • x[yo sin(T2/2) cos(t3/2) - 73 cos(r2/2) sm(r3/2)]} 
X exp{-(l/2)7i72 aictan{xi/x2)}uj~^^'^{uj - 4)~^^^ 
X [a;V2 + _ 4)i/2]-i/2 exp|-i2-^/3A(xx)'/'72 f z-^/' 

x{z-4)-^/^dz^X, 
where the following notations are used 

R{t) = cos^(t/2) + 7073 sin^(T/2) + (1/2)7 ■ x{'yo - 73) sinr, 
T2 = arctan[(x • x — l)(2a;o)~'^] + 7r/2, 
Ts = arctan[(x • x + l)(2x3)~"^] — 7r/2, 
u = [4x1 + {x-x - lf]{xl + x|)~^. 



4. Exact solutions of equation (2.4.2). To construct exact solutions of 
system of nonlinear PDEs (2.4.2) we use P(l, 3)-invariant Ansatze for the 
spinor field (2.2.8) and Ansatze (2.3.16). Omitting intermediate computations 
we give the P(l, 3)-ungcncrable families of exact solutions of the nonlinear 
spinor equation (2.4.2) (see, also, [135, 137]): 

V'i(x) = exp{-i0(7 • a)(a • x)}x, 

V'2(a;) = exp{i6'(7 • 6)(fe • x)}x, 

il^six) = exp{(l/2)(7-a)(7-d)ln(a-z + d-z)} 

X exp{i7 • c[6 — (i/2)(7 • a + 7 • d)]c ■ z}x, 
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V'4(a;) = exp{-(l/2)(7-a + 7-d)(7-6)(a-z + d-2;)} 
X exp{(i(9/2)(7 • b)[2b -z + ia-z + d- zf]}x, 
V'5(x) = exp{-(l/2)(7-a + 7-d)(7-6)(a-z + d-2;)} 

X exp{(i0/2)(l + a^y^{j -c-a-f-b) 
X [2(c ■ z — ab ■ z) — a{a ■ z + d ■ z)'^]}x, 
iPq{x) = ex-p{{l /2)[b ■ z — ln{a ■ z + d ■ z)]{a ■ z + d ■ z)~^ 

X (7 • a + 7 • d)j ■ b} exp{(l/2)(7 • a)(7 • d) ln(a ■ z + d - z)} 
X exp| ^7 • c(7 • a + 7 • + i9[y ■ c — /9(7 • a + 7 • d)]^ 

X (c • z — /3 ln[a • z + d • 2])|x) 

iprix) = exp{[-(l/2)(-;i;i7 • 6 + iZ;27 • c) + ■u;374](7 • a + 7 • c?)} 
X exp{if?7 • b{b ■ z + 'Wi)}x, 

Mx) = [ib-z + wif + ic-z + W2f]~^^^ 

X exp{(-(l/2)[tt;i7 • b + W2'^ ■ c) + W374](7 • a + 7 • d)} 
X exp{— (l/2)(7 • 5)(7 • c) arctan[(6 • 2; + wi)/{c ■ z + W2)]} 
X exp{i7 • c/[(6 • z + + (c • z + W2f]}x- 

Here we use the following notations: 

"'^ ^ lmtc;V2 + (A/2)(xx)ln(j, = 1; 

= Xfj, + 6^; 6 = m + ^{xx)^'i '^a = Wa{d ■ z + d ■ z) are arbitrary smooth 
real-valued functions; a, /?, are real constants. 

As earlier, we denote by a^, 6^, c^, arbitrary real parameters satisfying 
(2.4.47). 



2.5. NonlineEir spinor equations and special functions 

Here we will establish a rather unexpected fact: there exists a correspondence 
between exact solutions of the nonlinear Dirac equation 

{z7^9^-F(ViV)}V'(^)=0, (2.5.1) 

where F G {M}, M^), and special functions satisfying a second-order ODE 
of the form 

U + ai{uj)U + a2{oj)U = (2.5.2) 
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The above facts enable us to construct exact solutions of equation (2.5.1) 
in terms of the Weierstrass, Gauss and Chebyshev-Hermite functions. 

To obtain exact solutions of PDE (2.5.1) we use the following Ansatze: 



'tp{x) = exp{(l/2)xi(xo + X3) ^70 + 73)71} 

X exp{(l/2)7o73 ln(a;o + X3)}(p {x^ -xf- xj), 



2 ^2 (2.5.3) 



iIj{x) = exp{(l/2) (xo +a;3) ^70 + 73) (71-^1 + 72a;2)} (254) 
X exp{(l/2)7o73 ln(a;o + X3)}(p {x ■ x). 

Substituting (2.5.3), (2.5.4) into the initial equation (2.5.1) we get systems 
of ODEs for the four-component functions = f (a;) 

4ojip = -|n(l +7073) + iF{if(f)(u{'jo + 73) + 7o - Is)]^, (2.5.5) 

where the cases n = 2 and n = 3 correspond to Ansatze (2.5.3) and (2.5.4) 
accordingly. 

The equation for the conjugate spinor (p has the form 

4uip = -<^|n(l - 7073) - iF{ipip) (uj{jo + 73) + 70 - 73) }• (2.5.6) 

Multiplying equation (2.5.5) by ip, equation (2.5.6) by ip and summing 
yield the ODE for a scalar function ipip 

4Lo{ipip)' = —2n(pLp, 

which general solution reads 

(^^ = Ca;-"/^ C = const. (2.5.7) 
Thus, equation (2.5.5) is reduced to the linear ODE 

4jjo^ = -{n(l + 7073) + zF(Ca;-"/2)(a;(7o + 73) + 7o - 73) ]v (2.5.8) 

with the nonlinear additional condition (2.5.7). 

If we choose 7-matrices in the representation (1.1.8), then equation (2.5.8) 
in component-wise notation takes the form 

2/ = -iF(Cw-"/2)<^2^ 2oj^^ = -iF(CLj-"/2)^3 _ ^^1^ 
2^3 = -iF(Ca;-"/2)^i, 2uj<p^ = -iF(Ca;-"/2)/ _ nip^ . 
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On making the change of the independent variable 

t = Ca;-"/^ Lo = (t/C)-2/«, (2.5.9) 

we get 

„C'-2/n^(n+2)/n^0 ^ iF{t)ip'^, utif] = iF{t)ip^ + Hip^ , 

^C-2/rn{n+2)/n^3 ^ iF{t)(p\ ntifif = iF{t)(p^ + nip"^ . (2-5-10) 

System of ODEs (2.5.10) by means of the change of the independent vari- 
able 

t 



^ = J F{T)T-'''^dT (2.5.11) 



is reduced to the form 

nC-2/"(^o = ^^-V^ nt("-2)/n^i ^ ^^3 _^ nF-^{t)ip^, 

(2 5 12) 

Differentiating the first equation with respect to ^ we get a second-order 
ODE of the form 

% + C2/"n-2t2(i-")/"i? = 0, (2.5.13) 

where the function t = t{^) is determined by (2.5.11). 

Consequently, system (2.5.12) is equivalent to the following second-order 
system of ODEs: 

^0 + C2/-n-2ft(0)'^'""^^"/ = 0, ip' = -int{i)C--''^^% 

(2.5.14) 

ifl^ + (i(e)) '^'""^^"^3 = 0, ip^ = -in i(OC-2/«^o_ 

Let u(^), v{^) be a fundamental system of solutions of equation (2.5.13). 
Then, the general solution of system (2.5.14) is represented in the form 



^0 = X°n(e)+X'«(6, 

= _int(e)C-2/"(/n(0 + x't;(0) 



(2.5.15) 
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where x^i X^j X^i arbitrary complex constants. 

Formulae (2.5.15) give the general solution of system of nonlinear ODEs 
(2.5.5) if equality (2.5.7) holds. Substitution of (2.5.15) into (2.5.7) gives rise 
to the following relation for C, x^'- 

X (X°x'* - X'X°* + X'x'* - X'x'*)«^(^^, v)=t = Cu-^l\ 

Here w{u, v) = uv — iiv is the Wronskian of the fundamental system of 
solutions of equation (2.5.13) which is constant for any u, v satisfying (2.5.13). 
The above relation is rewritten in the form 

C = {inix\'* - xV* + X'x'* - x\'*)wiu,v)r/\ (2.5.16) 

It is well-known that each ODE of the form (2.5.2) is transformed to equa- 
tion (2.5.13) by an appropriate change of variables (one has to take into ac- 
count that the function t = t{^) depends on arbitrary function F). Con- 
sequently, choosing the function F{(p(p) in an appropriate way we can obtain 
exact solutions of the nonlinear Dirac equation in terms of any special function 
described by equation (2.5.2). 

We will consider several particular cases of equation (2.5.13). First of 
all, we recall that solutions of equation (2.5.13) (and, consequently, solutions 
of the nonlinear Dirac equation (2.5.1) of the form (2.5.3), (2.5.4)) under 
F = A((^</?)^/^'^ are expressed in terms of the Bessel functions (see Section 
2.4). 

1. Choosing 

^-2^2/n^2(l-n)/n = 2Ar + 1 - N EN, (2.5.17) 

in (2.5.13) yields the Weber equation 

R+{2N + l-(^)R = 0. 
The fundamental system of solutions of the above equation reads [197] 

n(0 = e^p{-{l/2)e}HN{0, 

, (2.5.18) 
viO = u{^)I{u{T)j dr, a = const. 



where 
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is the Chebyshev-Hermite polynomial. 

It is not difficult to verify that functions (2.5.18) satisfy the identity 

w{u,v) = 1. 

Thus, substitution of formulae (2.5.15), (2.5.18) into (2.5.3), (2.5.4) with 
account of (2.5.16) under w{u,v) = 1 gives rise to a class of the exact so- 
lutions of the nonlinear Dirac equation in terms of the Chebyshev-Hermite 
polynomials and what is more 

= 2Ar + 1 - n-2c(^-2")/'^a;"-i. (2.5.19) 

To obtain an explicit form of F = F(t) we differentiate equality (2.5.17) 
with respect to t 



2(1 - n)n-^C2/"t(2-3n)/n ^ _2^^^ 
whence it follows that 



F{t) = {n- l)n-=^C2/"t(^-3")/"(2Ar - „-2c2/n^2(i-n)/ny 



-1/2 



Let us note that under n = 3, i^x'^X^* - X^X°* + X^X^* - X^X^*) < the 
solution obtained is localized in the Minkowski space with exception of the 
hyperplane 0:3 = — Xq, where it has a non-integrable singularity. 

2. If we choose 

^-2(j2/n^2{l-n)/n ^ _(3/4)We(^)^ (2.5.20) 

where We(^) is the Weierstrass function having the invariants ui, L02, in 
(2.5.13), then the Lame equation is obtained 

R- {3/4)We{OR = 0. (2.5.21) 

The fundamental system of solutions of ODE (2.5.21) is as follows [197] 

u{0 = {We(e/2)}-V2, 

(2.5.22) 

v{0 = We(e/2){We(^/2)}-V2 

and what is more w{u,v) = 1/2. Hence, using formulae (2.5.3), (2.5.4), 
(2.5.15), (2.5.16) (under w(u,v) = 1/2) we obtain the exact solutions of the 
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initial PDE (2.5.1) in terms of the Weierstrass function, the equalities 

(4/3)n-2c(^-2")/"a;"-i 

C = J (-4r3 + c^iT - uj2y^^^dT, 

-oo 

F{t) = (4/3)(n- l)n-2c2/"f(2-^")/"{-4((4/3)n-2c2/" 

holding. 

3. Choosing in (2.5.13) 

^-2^2/n^2(l-n)/n ^ (l/4)^-2{2(a + + 1)2} _ ^6 

we get the hypergeometric equation 

R + ((l/4)r^[l - (a + bf] -ab)R = 0. 

The fundamental system of solutions of this equation is as follows [197] 

u{0 = e(i+'^+^)/2^(a, 6, a + 6+1,0, , ..^ 

^^^^ = ^(i-a-f>)/2^(_5^ {^■^■^'^) 

where F = F{a, b,c, ^) is the hypergeometric Gauss function and besides 
w{u, v) = {a + 6)r(l + a + 6)r(l - a - b) 



X 



{r(i + a)r(i + 6)r(i-a)r(i-6)} \ 



(2.5.24) 



Here T = T{a) is the Euler 7-function. 

Substitution of formulae (2.5.15), (2.5.16), (2.5.23), (2.5.24) into the An- 
satze (2.5.3), (2.5.4) yields the exact solutions of the nonlinear Dirac equation 
(2.5.1), the relations 

e = (1/2) (1 - (a + 6)2) (n-2c(^-2")/"a;"-i + ab) 
F{t) = (l/2)n-3(n- l)C2/"(l - (a + 6)^) ^^V^-^")/** 

holding. 
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Let us note that solutions of equation (2.5.1) of the form (2.5.3), (2.5.4) 
can be treated as solutions of the linear Dirac equation 

- U{x)}2l;{x) = (2.5.25) 

with potentials U{x) = F[C{xl-xl-xl)-^] and U{x) = F[C{x-x)-^/% That 
is why there exists an analogy between equations (2.5.1) and (2.5.25). The 
principal difference is that in the case of a linear equation the potential char- 
acterizes interaction of the spinor field with some external field (for example, 
with the scalar field u{x) = U{x)), while in the nonlinear case the "potential" 
is determined by self-interaction of the spinor field iIj{x). 



2.6. Construction of fields with spins s = 0, 1, 3/2 
via the Dirac field 

In [152] we have suggested a purely algebraic method of construction of Ans- 
atze for scalar, vector and tensor fields by the use of Ansatze for the spinor 
field ip{x). The method is based on the following well-known fact: provided 
the spinor field il^{x) transforms according to formulae (1.1.24)-(1.1.26), then 
the quantities 

u{x) = tpilj, (2.6.1) 
A^{x) = ij-f^i;, (2.6.2) 
Ff,,{x) = #7m7.V', (2.6.3) 

transform with respect to the Poincare group as the scalar, vector and second- 
rank tensor correspondingly. Consequently, substitution of the P(l, 3)-invari- 
ant Ansatze for ^^{x) obtained in Section 2.2 into formulae (2.6.1)-(2.6.3) with 
subsequent replacement (^99 B{u), (f^^^p B^{ijj)^ iip'^^'^yip Bf^^{uj) 
yields the Ansatze for the scalar, vector and tensor fields invariant under the 
one- and three-dimensional subalgebras of the algebra ^P(l,3). 

It is worth noting that the above described procedure of construction of 
invariant Ansatze is much simpler than integration of system of PDEs (1.5.22), 
(1.5.20). 

Furthermore, if we substitute Ansatze for ■0(x) invariant under one- and 
three-dimensional subalgebras of the Lie algebra of the extended Poincare 
group AP{1,3) into formulae (2.6.1)-(2.6.3), then P(l, 3)-invariant Ansatze 
for fields u{x), A^(x), F^i^^x) are obtained. 
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To construct conformally-invariant Ansatze for the scalar, vector and ten- 
sor fields we introduce into formulae (2.6.1)-(2.6.3) the normalizing factors of 
the form (V'V')" 

u{x) = (2.6.4) 
A^{x) = V^TmV'IV^V')"'/', (2.6.5) 
F^,{x) = iV^7M7.V'(V^V')"'/' (2.6.6) 

(it is not difficult to ascertain that the fields u{x), A^(x) transform according to 
formulae (1.4.5), (1.4.13) provided the spinor field tp{x) transforms according 
to (1.1.28)). 

We apply the procedure described to obtain Poincare-invariant Ansatze for 
the vector field A^{x) which reduce the corresponding i-*(l, 3)-invariant system 
of PDEs to ODEs. Before substituting Ansatze for i{j{x) into formula (2.6.2) we 
generate them by transformations from the Poincare group (formulae (2.4.41)- 
(2.4.43)). Substitution of P(l, 3)-ungenerable Ansatze for the spinor field il>{x) 
into (2.6.2) yields P{1, 3)-ungenerable Ansatze for the vector field An{x) that 
can be represented in the following unified form: 

An{x) = |(a^a,, - d^d,,) cosh 6*0 + {d^Qi, - di^a^) sinh6'o 
+2(a^ + d^) [{Oi cos 6'3 + 62 sin 6^)^ + {62 cos 6^ 
-01 sin 03)c^ + {9l + 0i)e-^° (a^ + d^)] + (6^c^ (2.6.7) 
-Kcn) sin 6*3 - [cuCt, + bnb„) cos 63 - 2e~^° 

x(0i6^ + 02C;,)(a^ + d^)}B''{Lo), 

where a^, b^, c^, are arbitrary real constants satisfying equalities (2.4.47) 
and are arbitrary smooth functions. Explicit forms of the functions 9^, oj 
depend on the choice of a three-dimensional subalgebra of the Poincare algebra 
(2.2.7) and are given below 

1) ^/i = 0) ui = d - z; 

2) (^^j = 0, uj = a ■ z\ 

3) 6f^ = 0, Lu = k ■ z] 

4) 90 = - Hk -z), 9i = 02 = 9s = 0, io = {a- zf - {d ■ zf- 

5) 6^0 = -ln(fe . z), 01 = 6*2 = 613 = 0, w = 6 • z; 

6) 9q = -a~^{c- z), 01 = 92 = 03 = 0, uj = b-z, a / 0; 

7) 00 = —a'^^i^c ■ z), 01 = 02 = 03 = 0, LO = aln{k ■ z) — c ■ z, a ^ 0; 
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°) 


^0 — 9i 


_ /a„ _ n 
— t/2 — U, 


c'3 


yj 


a. 


fl„ n 

— 02 — 0, 


(73 


10) 


fl„ — fl. 
t)Q — t)l 


n 

— t'2 — U, 


(73 


^^ \ 

/ 


t/Q — t/l 


fl„ n 

— f2 — u, 


(73 


1 

iz j 



fo — t72 


— (^3 - U, 




13) 


^0 = 02 


= ^3 = 0, 


01 




a^O; 






14) 


00 = 02 


= ^3 = 0, 


01 


15) 


00 = 02 


= 03 = 0, 


01 


16) 


00 = 02 


= ^3 = 0, 


01 


17) 


00 = oT 


"''^ arctan(6 


z/c 



\2 , /„ „\2. 



—a~^{a-z), uj = d-z, a ^ 0; 

a^^{d-z), uj = a-z, a ^ 0; 

{d • z — a • z) /2, Lu = k ■ z; 

b ■ z/2k ■ z, LU = k ■ z; 

(ab ■ z — c - z){2ak ■ z)~^, oj = k ■ z, 

{c-z)/2, u = k-z; (2.6.8) 
-{k-z)/2, (jj = 2b- z + {k- zf] 
-{k-z)/2, CO = 2{c- z- ab- z) - a{k ■ zf; 



03 = — arctan(6 • z/c ■ z), lu = (b ■ z)"^ + (c ■ z)^, a 7^ 0; 
00 = - ln(A; ■ z), 0i = 02 = 0, 03 = a ln(A; • z), 

uu = {a ■ z)^ — {d ■ z)^; 

00 = — ln(A; • z), 0i = 02 = 0, 03 = — arctan(6 ■ z/c - z), 
ou = {b-zf + {c-zf- 

00 = ^3 = 0, 9i = b ■ z/2k ■ z, 02 = c • z/2k ■ z, lu = k ■ z; 
00 = 03 = 0, 01 = (1/2)[(A: ■z + P)b-z-ac-z][k- z{k-z + p) 
02 = (l/2)(fe ■zc-z-b-z)[k-z{k- z + p)- a]'^, 

LU = k ■ z; 

90 = 03 = 0, 01 = {l/2k ■ z){b ■ z - c - z{k ■ z + P)'^), 
92 = {l/2)c- z{k- z + P)~^, Lu = k-z; 
00 = 03 = 0, 9i = b-z/2k-z, 02 = (l/2)c-z(A;-z + l)-\ 
LU = k ■ z; 

9o = -]n.{k- z), 9i = b- z/2k- z, 

02 = 03 = 0, LU = (a- zf - {b- zf - {d- zf; 
00 = - ln(A; ■ z), 9i = [b ■ z - a ln{k ■ z)]/2k ■ z, 

02 = 03 = 0, u = c- z - pln{k ■ z); 

00 = 0, 9i = b- z/2k- z, 92 = c- z/2k- z, 

03 = —z ■ z/4:k ■ z, LU = k ■ z; 

00 = - ln{k- z), 9i = b-z/2k-z, 92 = c- z/2k- z, 
03 = aln(k ■ z), LU = z • z. 
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where k^ = a^ + b^, z^ = + r^, = const, /i = 0, . . . , 3. 

Let us consider an example of construction of an Ansatz for the vector field 
A^{x) by taking as ip{x) the Ansatz 

^(x) = exp{(l/2)7o73 ln(xo + X3)}ip (xq - x|) 

invariant under the three-dimensional algebra {Jos, Pi, -P2) € ^P(l,3). 

It is not difficult to check that a P(l, 3)-ungenerable Ansatz for the spinor 
field is obtained by making the following change: 

70 ^ 7 • a, 71 ^ 7 • 6, 72 ^ 7 • c, 7 -d, 

xq ^ a ■ z, xi ^ b ■ z, X2 — ^ c • z, xs ^ d ■ z 

in the above Ansatz. 
As a result, we have 

■^(a;) = exp{(l/2)7 ■ 07 • dln(/c • 

= {cosh[(l/2) ln(A; • z)] + 7 • 07 • dsinh[(l/2) ln(fc • z)]}^, 
'ilj{x) = exp{—( 1/2)7 • 07 • ciln(/c • z)} 

= {cosh[(l/2) ln(A; ■ z)] - j ■ aj ■ dsinh[(l/2) ln(A; • z)]}, 

where (p is an arbitrary complex-valued four-component function of (a • z)'^ — 
{d ■ zY- Substitution of the formulae obtained into (2.6.2) yields 

A^ix) = (^{cosh6' — 7 • 07 • (isinh^}7^{cosh^ + 7 • a7 • (isinh6'}99 
= ^p^ix'-P ~ (sinh^)(^[7 ■ ■ d, 7^] (cosh ^ + 7 • 07 • dsinh9)(p 
= <^'~ffj,(p + 2a^(^(7 • dcosh^? + 7 • asinh^)(/?sinh^? — 2d^ 
X(^(7 • a cosh ^? + 7 • dsinh6)ipsi'nh9 = {{a^Uu — d^dy) 
X cosh 20 -I- {a^dy - d^au) sinh26' - 6^6^ - c^Cv}(p^'' ip, 

where 9 = (l/2)ln(A; • z). Designating the real-valued functions ^^^^ by 
Bfj_, = 0, . . . , 3 we arrive at the Ansatz 4 from (2.6.7). 

To obtain from (2.6.7) Ansatze for the vector field invariant under the 
three-dimensional subalgebras of the Poincare algebra (2.2.7) we put 

T^t = 0, = 5^0, b^ = -5^i, Cf^ = -5^2, d^ = -8^3. 

Let us emphasize that the above procedure of construction of Ansatze for 
the vector, scalar and tensor fields is based on transformational properties of 
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the spinor field with respect to the Poincare group only and the explicit form of 
the function ijj{x) is not used. There arises a natural question: what equations 
are satisfied by functions u{x), Ai^{x), defined by formulae (2.6.1)- 

(2.6.3) provided ip = il^{x) is a solution of the nonlinear Dirac equation? In 
other words, is it possible to construct exact sohitions of equations describing 
fields with spins s = 0,l,3/2,... with the help of exact solutions of a nonlinear 
PDE for the field with the spin s = 1/2? 

It occurs that for some classes of fields the answer to this question is 
positive [155]. 

We look for solutions of the complex nonlinear d'Alembert equation 



Here ij) = ip{x) is a solution of nonlinear spinor equation (2.4.1) and 0{x) £ 
C'^(R'^ is a phase of the field u{x). With the use of exact solutions of the 
nonlinear Dirac equation listed in Section 2.4 we have obtained a number of 
exact solutions of the nonlinear d'Alembert equation which are adduced in the 
Table 2.6.1. 

Thus, spinors ip = iplx) satisfying nonlinear PDE (2.4.1) give rise to com- 
plex scalar fields u = u{x) which are described by the nonlinear d'Alembert 
equation (2.6.9). It is interesting to note that the inverse procedure is also 
possible. Namely, starting from a special subclass of exact solutions of the 
nonlinear d'Alembert equation we can obtain exact solutions of the nonlinear 
Dirac equation (see Section 2.1). 

As straightforward computation shows, the vector field constructed with 
the help of formula (2.6.2), where tp{x) is a solution of the nonlinear spinor 
equation (2.4.1), satisfies the following system of PDEs: 



(2.6.9) 



where Ai, ki are constants, in the form 



u 



(x) = v;ve*^(^). 



(2.6.10) 



(d^di' + M^{x))a^{x) = j,{x), 
df,Ai,{x) = 0, 



(2.6.11) 



functions M{x), jfj,{x) depending on the choice of il){x). 
For example, if we take V' = il^i{x), then 

M{x) = A(xx)^^^^ = const, 

j^(x) = Ax(cos Axo - i7o sin Aa;o)7j^(cos Xxq + i-fo sin Axo)x- 
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Consequently, the nonlinear spinor field gives rise to a field Aj^^x) which 
can be interpreted as the vector field with a variable mass M{x). 

Table 2.6.1. Exact solutions of the nonlinear 
d'Alembert equation 





u{x) 


ki 


1-10 


C exp{ia • x} 


ki G 


11 


C{xi + expjrao} 


2 


12 


C[{xi + wi)"^ + (x2 + W2y]~^^'^ exp{i'«;o} 


2 


13 


C{xi + x^)"^/^ exp{iwo} 


2 


14 


C{xq — x\ — ^3) ^ 


1 


15 


C{x ■ 


2/3 


16 


C{xl - xi)-V2 


2 


17 


C{x\ + x^)"-^/^ exp{iiuo} 


2 


18 


C[(xi + wif + {X2 + w;2)^]~^/^ exp{iu;o} 


2 


19 


Cwq"^ exp{i(xi + wi)} 





21 


(-yl^Xg X]^ 


1/2 


22 


(-<(^2 2 ^2W2 
Ol^Xg X]^ X2) 


1/2 


24 


C(xf + x| + x|)-2 


1/2 


26 


C(x2 - X? - xi)-i 


1 


27 


C{X ■ x)-3/2 


2/3 


28 


C{[X2 + /3(X0 + X3)]2 + [Xi + (1/2)(X0 + X3)2]2}-^ 


1/k, k<0 


29 


C{[X2 + P{X0 + X3)]' + [Xi + (1/2)(X0 + X3)2]2}-1 


1 



Here N denotes the number of the corresponding solution of the nonlinear 
Dirac equation, u;o, wi, u;2 are arbitrary smooth functions of X0+X3; C, a^, /? 
are constants. 

Let us adduce an example of a tensor field with the spin s = 1 constructed 
with the use of an exact solution of nonlinear PDE (2.4.1). Substituting the 
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four-component function ip{x) = exp{— iA7oXo} into the formulae 

Ea = iV'7o7aV', Ha = {i /2)eabci'lblc'4^ 
we get the exact solution of the Maxwell equations with the current 

io = 0, ja = -2iX{x'jaX) sin 2Xxo - 2X{xiaX) cos 2Xxo. 

In conclusion of this section we give the formula for construction of Poinca- 
re-invariant Ansatze for the field with the spin s = 3/2 

A^ix) = ii^j^^p)^, ^^ = 0,...,3. (2.6.12) 

Substitution of the P(l, 3)-invariant Ansatze (2.2.8) into (2.6.12) gives rise 
to Ansatze for the field A^(x) with the spin s = 3/2 reducing the corresponding 
Poincare-invariant equation to systems of ODEs. 

2.7. Exact solutions of the Dirac-d'Alembert equation 

Few works containing exact solutions of systems of nonlinear PDEs of the form 
(1.4.8) [20, 21, 287] use essentially the Ansatz for the spinor field 

ij;(x) = {7 • xf{x ■ x) + ig{x ■ x)}x (2-7.1) 

suggested by Heisenberg [180]. In (2.7.1) {f,g} C C1(M\m1) are arbitrary 
real- valued functions. 

The scalar field u = u{x) is looked for in the form 

u{x) = ip{x -x), ipe C2(M\ C^). (2.7.2) 

Substitution of (2.7.1), (2.7.2) into (1.4.8) under 

F = R2{uu*,i)il})ilj, H = Ri{uu* , 'ip^)u, RieC{R^,R^) (2.7.3) 

gives rise to a system of three ordinary differential equations for functions 
/, g, ip. Consequently, a reduction of PDE (1.4.8) both by the number of 
independent variables and by the number of dependent variables takes place. 
We recall that Ansatze constructed in Section 2.2 reduce Poincare-invariant 
spinor equations by the number of independent variables only. 
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In [148] we have suggested a generalization of the Heisenberg Ansatz which 
made it possible to obtain broad classes of the exact solutions of the multi- 
dimensional Dirac and Dirac-d'Alembert equations. 

Following [151] we look for a solution of system of PDEs (1.4.8), (2.7.3) of 
the form 

V'(x) = {/(a;)7^5^a; + ig{^')}x, u{x) = ip{Lo), (2.7.4) 

where {f,g} C C^(E\M^), ip G C2(M\m1), lo = lo{x) is an arbitrary smooth 
real-valued function. 
Since 

ilfidf.il^ix) = {-g-ff,d^uj + ifd^d^u: + if{dfj,u){d'^u)}x, 

d^df'uix) = (^(a^t^)(a^L^) + ipd^df'uj, 

substitution of formulae (2.7.4) into (1.4.8) yields the system of PDEs for 
/, 9, V, ^■ 

fid^co) (d^u) + fd^di'u = R2g, (2.7.5) 
9 = -R2f, 

where Ri = Ri{ipv* , g^ + f{^|,Lo){^^'^v)), i = 1,2. 

If we resolve two last equations with respect to {d^u)){d^u)) and d^d^uj, 
then the following necessary compatibility conditions arise 

d^df^uj = Fi{u;), {d^Lo) id'' to) = F2{u;). 

In other words, the scalar function uj = lo{x) has to satisfy the d'Alembert- 
Hamilton system (2.1.25) and besides the functions Fi, F2 do not vanish 
simultaneously. Since functions /(w), g{(jj) are arbitrary, we can choose them 
in such a way that u = u!{x) satisfies system of PDEs (2.1.30), equations 
(2.7.5) taking the form 

eif + F{u)ip = Rii^pip*, 9^ + ep)^, 

ef + F{u)f = R2{'P'P*, 9^ + ef)g, (2.7.6) 

g = -R2{ipip*,9^ + ef)f, 



where F{io) = eNuj'^, iV = 0, . . . , 3, e = ±1. 
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Thus, the problem of constructing particular solutions of the multi-dimen- 
sional system of five PDEs (1.4.8) is reduced to integration of a system of 
three ODEs. If we succeed in integrating system (2.7.6), then substitution of 
the obtained results into Ansatz (2.7.4), where lo = lo{x) is the solution of 
the d'Alembert-Hamilton system (2.1.30), gives rise to exact solutions of the 
initial system of PDEs (1.4.8), (2.7.3). 

Let us note that Ansatz (2.7.4) can be interpreted as the formula for con- 
struction of the nonlinear spinor field ^{x) satisfying the Dirac-d'Alembert 
system with the help of the nonlinear scalar field u{x) satisfying the nonlinear 
d'Alembert-Hamilton system. 

It is clear that the P(l, 3)-invariant Ansatze obtained in Section 2.2 can 
also be applied to reduce the Poincare-invariant equation (1.4.8) but the re- 
sulting systems of ODEs prove to be much more complicated than system 
(2.7.6). 

We will construct exact solutions of system of PDEs (1.4.8), (2.7.3) having 
the following nonlinearities: 

- . 2.7.7) 

where |np = uu*; Ai, A2, /jLi, H2, ki, k2 are constants. 

Substitution of Ansatz (2.7.4) into system of PDEs (1.4.8), (2.7.7) yields 
the following equations for unknown functions /, g, cp: 

A/ + F{u;)f = {Ailv^l^^ + \2{g^ + Xf)'''}g, (2.7.8) 
5 = -{Ai|^|^i+A2(/ + A/Y^}/. 

Here /ia = l^2ixx)''', X2 = Hxxf'; F{uj) = NXio-\ AT = 0, 1, 2, 3, A = 
e = ±l. 

We have succeeded in constructing the general solution of system (2.7.8) 
provided N = 0. Under N ^ some particular solutions are obtained. 

1) = 0, A = 1 

Multiplying the second equation of system (2.7.8) by /, the third by g and 
summing we have f f + gg = ^ + 5^ = C*! = const. Due to this fact 
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equations for 5, / are easily integrated 

fiu) = Ci sinj Ai j \^{z)\''^dz + \2Cl^^uj + C2 L 
g{u) = Ci cosi Ai j \^{z)\''^dz + AsCf ^o; + C2 L 



(2.7.9) 



where C2 = const. 

Substituting (2.7.9) into the first equation of system (2.7.8) we come to 
the following ODE for ip{uj): 

On representing the complex-valued function in the form 

>p{uj) = p{ojy^^'^\ (2.7.10) 

where p{u))^ ^('^) ^-I's real- valued functions, we rewrite this ODE as follows 

p - pO^ = -{liip^^ + ii2Cf^f p, 29p + ep = 0. (2.7.11) 

The second equation of the above system implies that 9 = C^p^^^"^, C3 = 
const. Substitution of this result into the first equation of system (2.7.11) 
yields the ODE for p = p{uj) 

p = Cl- _ 2p,p2Cl''^ p^^+^ - plct^p = a+(p), 

whose general solution is given by the implicit formula 

Pi'^) I ^ -1/2 

y [2 ^ a^{z)dz + CA dz = u. (2.7.12) 

Thus, the general solution of system of ODEs (2.7.8) under A'' = 0, A = 1 
has the form 

/(u;) = Ci sinj Ai ^ p^^ iz)dz + MCl^^u + C2 L 
g{u) = Cicoslxi j p^^{z)dz + \2Cl^^u + cX, 



ip{u) = p{u) expi^iCa J p ^/^{z)dz^, 
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where Ci, C2, C3 are constants, p{oj) is defined by (2.7.12). 

2) N = 2,3, X = l. 

We look for particular solutions of system (2.7.8) in the form of power 
functions 

/(w) = Cw"! , g{u) = Du'^^ , ip{u) = Eu°'^ . 

Substituting these expressions into (2.7.8) and equating exponents of u 
yield 

ai = a2, «! — 1 = a2{l + 2/j2), 0:3^1 = 2a2^2, 

whence cti = Q!2 = —l/2k-2, 03 = 1/ki. 
Consequently, 

f{u) = Cu-^l^^\ g{u) = Du-^l^^\ ip{u) = Eu-'^l^\ (2.7.13) 

parameters C, D, E satisfying the system of nonlinear algebraic equations 

ki\Nki -ki-l)= {iii\E\^' + il2{C^ + D^'^f, 

{2k2)-^D = {Ail^l'^i + A2(C2 + D^f'jC, (2.7.14) 

(2A;2)-^(2iVA:2 - 1)C = {\i\E\''^ + X2{C^ + D^f'}D. 

From the second and the third equations we get the equality 

d2c-2 = 1 _ 2ArA;2. (2.7.15) 

The first equation of system (2.7.14) and equality (2.7.15) yield the follow- 
ing restrictions on the choice of parameters ki, k2. k\ > {N — V)~^ , k2 > 
{2N)-\ 

Therefore, relations (2.7.14) can be rewritten in the form 
D = e{2Nk2 - l)^/^C, 

{^Jil\E\^^ + ~^2{2Nk2C^f^f = {l + ki- Nki)k^^, (2.7.16) 
{Ail^l^'i + ~X2i2Nk2C^f'} = e{2Nk2 - lf^{2k2)-^, 

where £ = ±1, ki> [N -I). A-2 > (2iV)-i. 

Under ki = 2{N - l)-\ k2 = N''^ system (2.7.8) possesses the following 
class of particular solutions: 

fiu) = 0a;(l + 02^2)-(7V+i)/2^ 

giu) = (l + ^V)-(^+i)/2, 

ip{u) = ^(i + ^V)(^-^)/2, 
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parameters 9, E being determined by the system of nonlinear algebraic equa- 
tions 

02(iV2_l)={^^|i?|2/{Ar-l) + ~^|2 

^ ~ (2.7.17) 

(iV + l)^ = {Ai|i?|2/(^-^)+A2}. 

3) A^ = 0, A = -l. 

Multiplying the second equation of system (2.7.8) by /, the third by g and 
summing we have P — = —Cl = const. Due to this fact equations for g, f 
are easily integrated 

f ^ 1 

f{u) = Cisinhl-Xi j \^{z)\'''dz- ~X2Cl^^ CO + C2\, 

g{uj) = Cicoshl-Xi J \(p{z)\'''dz-~X2Cl^'Lo + C2\, 
where C2 = const. 

Substitution of the above formulae into the first equation of system (2.7.8) 
gives rise to the ODE for (p{uj) 

Representing ip{u;) in the form (2.7.10) we come to the following system of 
ODEs for p{u), e{u): 

p-pe^ = {/xi/i + li2Cf'^fp, ep + 26 p = 0. 

The general solution of the above system is given implicitly 

UJ P{^) . . -1/2 

e = C3jp-^/'^{z)dz, J l2ja-{z)dz + cA dz = u, (2.7.18) 

where a_(z) = /xfz^^^i+i + 2nifi2Cl''^ z''^+'^ + filCf'^z + C|, C3, C4 are cons- 
tants. 

Consequently, the general solution of system of ODEs (2.7.8) under A'' = 0, 
A = 1 has the form 

f{u) = Ci sinh j -XiJ p^^ {z)dz - X2Cl^^u + C2 L 
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UJ 



g{uj) = Ci cosh|-Ai J p^\z)dz - \2Cf''uj + C2^, 

function p{ijo) being determined by (2.7.18). 

4) iV = 1,2,3, A = -1. 

Solutions of equations (2.7.8) are looked for in the form (2.7.13), whence 
we get the following system of nonlinear algebraic equations for C, D, E: 

kf{kiN -ki-l) = -{/iil^l^'^ + fL2{D^ - C^f'f. 

(2A;2)"Hl - '^Nk2) = {Ail^l'^i + ^2(1)^ - C'^p}DC-^, (2.7.19) 

(2fc2)"^ = {\i\E\^^ + A2(D^ - C'^)^^}CD-\ 

Analysis of the above equations yields the restriction on the choice of C, D: 
D'^C~'^ = 1 — 2Nk2- Due to this fact equations (2.7.19) are rewritten in the 
form 

L> = £C(1 - 2iVA;2)^/^ 

(1 + ki - Nki)k^^ = {fii\E\ki+fi2{-2Nk2C^)''^}'^, (2.7.20) 
£(1 - 2Nk2y^\2k2)-^ = {Xi\E\''' + \2{-2Nk2C^f^}, 

where e = ±1, ki < {N - k2 < {2N)-\ 

Substitution of the results obtained into Ansatz (2.7.4) gives the following 
classes of exact solutions of the nonlinear Dirac-d'Alembert equations (1.4.8), 
(2.7.7) : 

the case of arbitrary fci G , /c2 G 

. . xo s 
V'i(^) = licosiXijp'''iz)dz + X2ixx)'''xo + C2] 

+7osin[Ai j p^^{z)dz + \2{xxf^xo + C2 \ \x, 

{ -1/2 1 

ux{x) = p{xo)ex.pliC3 J (^pizfj dz\, 
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where C2, C3 are arbitrary real constants, function p = p{u;) is determined by 
formula (2.7.12) under Ci = 1: 

+{j^d^u;) sinhf-Ai J p^^{z)dz - \2{xxt'^ + ^2] |x, 



U2 



( ^ 1/2 1 



where C2, C3 are arbitrary real constants, function p = p{u) is determined by 
formula (2.7.18) under Ci = 1, oj = a;(x) is given by one of the formulae listed 
in (2.1.88); 

the case ki > 1/2, k2 > 1/6 

M^) = a;-V4fc2|^^(6fc2-l)^/'+7^5M'^}x, 

where E, x are defined by (2.7.16) under C = 1, N = 3, u = a;(x) is given 
by (2.1.87); 

the case fci > 1, A;2 > 1/4 

where E, x are defined by (2.7.16) under C = 1, N = 2, uj = uj{x) is given 
by (2.1.86); 

the case fci < 1/2, A;2 < 1/6 

V'5(x) = a;-V4fe{ei(i_ 6^2)^/2 +7m5m^}x, 
«5(x) = Euj-'^/'^^\ 

where E, x are defined by (2.7.20) under C = 1, N = 3, ui = uj{x) is given 
by (2.1.91); 

the case fci < 1, A;2 < 1/4 

Mx) = u:-^'^^'{ei{l-^k2f'^ + lMx, 
uq{x) = Euj-^l^^\ 
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where E, x are defined by (2.7.20) under C = 1, N = 2, uj = u{x) is given 
by (2.1.90); 

the case fci € M\ ^2 < 1/2 

V'7(x) = a;-V4fe{ei(i_ 2^2)^/2 + 7m5/.cu}x, 
U7{x) = Euj-^/^''\ 

where E, x are defined by (2.7.20) under C = 1, A'^ = 1, lo = io{x) is given 
by (2.1.89); 

the case ki = 2, /c2 = 1/2 

Mx) = {i + eW)-^/^{i + euji,di,u}x, 
us{x) = £;(i + 0V)-V2, 

where 6, E, x are defined by (2.7.17) under N = 2, oj = u{x) is given by 

(2.1.86) ; 

the case ki = 1, A;2 = 1/3 

V'9(x) = (1 + 0V)-2{i + ^cc;7^9^u;}x, 
ug{x) = E(l + ^V)-\ 

where 9, E, x are defined by (2.7.17) under N = 3, u = uj{x) is given by 

(2.1.87) . 

According to Theorem 1.4.1 system of PDEs (1.4.8), (2.7.7) under fci = 
1, k2 = 1/3 admits the conformal group C(l,3). Therefore we can apply 

to solutions {'ipi{x), ui{x)}, {■02 (a;), U2{x)}, {i'six), ^3(2;)}, {ijj7{x), ^7(2;)}, 
{ipg{x), uq(x)} with ki = 1, k2 = 1/3 the procedure of generating solutions by 
means of the four-parameter group of special conformal transformations 

ipii{x) = cr"^(x)(l - 7 • 6*7 • x)ipi{x'), 

ujj{x) = a~^{x)ui{x'), (2.7.21) 

x'n = (a^M - ^1^^ • x)a~^{x), 

where cr{x) = 1 — 29 ■ x + 9 ■ 6x ■ x, 9fj_ arc constants. 

The above formulae are obtained from (1.4.13) with the help of Theorem 
2.4.1. 
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The nonlinear functions Ailul'^^ + X2{'ipip)^'^ , fii\u\^^ + fJ,2{ip'ip)^^ can be 
interpreted as "masses" of the spinor (M{tp)) and scalar (M{u)) particles cre- 
ated because of interaction of these particles. As straightforward computation 
shows, the following relations hold 



where the cases N = 2, N = 3 correspond to the solutions {V'4, U4}, {V'3, u^}; 



where the cases A^ = l, N = 2, N = 3 correspond to the solutions {■07, uj}, 
{V'e, uq}, U5}; 



where the cases N = 2, N = 3 correspond to the solutions {ips, us}, {i^d, ug}. 

Consequently, in spite of the fact that "masses" of the spinor and scalar 
particles described by equations (1.4.8), (2.7.7) are variable their ratio is the 
constant determined by the exponents ki , k2 and by some discrete parameter 
N. Thus, the above relations can be interpreted as the formulae for the mass 
spectrum of the spinor and scalar fields. It is worth noting that the discrete 
parameter A'^ arises because of the fact that the nonlinear differential operator 
±Lo^n has the discrete spectrum N = 0, 1, 2, 3 on the set of solutions of the 
equation {d^u){d^uj) = ±1 (sec Section 2.1). 

The solutions {V'3 (2:), u^{x)} — {%ljg{x), ug{x)} vanish at the infinity under 
positive k\, k2 and besides they have a non-integrable singularity [151]. 

Using the fact that system (1.4.8), (2.7.7) under Ai = /H2 = splits into the 
nonlinear Dirac and d'Alembert equations we can get from {ipi^x), ui{x)} — 
{ipglx), ^9(2;)} their exact solutions by putting Ai = 0,/i2 = 0. In particular, 
the solutions {ip2{x), U2{x)}, {ip5{x), 145 (x)}, {ipe{x), ue{x)} give rise to new 
solutions of the nonlinear Dirac equation which differ from those constructed 
in Section 2.4. 

In conclusion we will say a few words about exact solutions of the conforma- 
lly-invariant system of PDEs 



where Ai, A2, A3 are constants, obtained in [20, 21] with the help of Heisenberg 
Ansatz (2.7.1), (2.7.2). Since Ansatz (2.7.1) is a particular case of Ansatz 






d^d^u = \^u^ — AiV'V') 
il^d^^ = {\iu + \2{i^^Yl^]^ 



(2.7.22) 
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(2.7.4) (under uj{x) = x-x), the above mentioned solutions can be constructed 
within the framework of our approach. In particular, functions {tp-^{x), u-i{x)}, 
{il>g{x), uq{x)} with ki = 1, k2 = 1/3 satisfy system of PDEs (2.7.22) provided 
the constants E, ^ satisfy the algebraic relations 

AiE + A22i/3(xx)^/3 = 3e/2, -2Ai(xx) + = 3 

and 

XiE + A2(xx)'/' = 4^, Ai(xx) - >^3E^ = 86^ 
correspondingly. 



2.8. Exact solutions of the nonlineEir electrodynamics equations 

Let us carry out reduction of Poincare- invariant equations (1.4.7) for the spinor 
and vector fields using Ansatze constructed in Section 2.6. Substitution of 
P(l, 3)-ungenerable Ansatze for the spinor field (we recall that these are ob- 
tained by making the change 

70 ^ 7 • a, 71 ^ 7 • 6, 72 ^ 7 • c, 73 ^ 7 • c^, 

(2.8.1) 

xq —>■ a ■ z, xi —>■ b ■ z, X2 —>■ c- z, x^ ^ d- z 

in P(l, 3)-invariant Ansatze (2.2.8)) and P(l, 3)-ungenerable Ansatze for the 
vector field (2.6.7), (2.6.8) into system of PDEs (1.4.7), (1.4.18) yields after 
rather cumbersome computations 27 systems of ODEs for functions ^{(jj), 
B^{uj). Systems of ODEs for (p{uj) are obtained from (2.3.5) if we replace 
7^, x^ by the expressions given in (2.8.1) and put 

i? = {7 • B{h + /274) + /3 + Uia}^, 

where/i , . . . , are arbitrary smooth functions of 

(pip, <p^4.(p, <P7 ■ Bip, (^747 • Bip, 9P^7o727 • Bip, B ■ B. (2.8.2) 

Reduced systems of ODEs for the vector field are written in the following 
unified form: 

k^^W + + m^^B'^ = 9iB^ + g2(p-/^(p + gsp'ji-f^.p 

(2.8.3) 

+g4:iP 10121 nP, = 0, . . . , 3, 
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where gi,---,g4 are arbitrary smooth functions of the variables (2.8.2) and 
kii-y, lnj, 'T^/^7 are functions of lo hsted below 



1) 


^/i7 ' 


2) 


k/x'y - 


3) 


k/x'y - 


4) 


kfj,-y ■ 




l/i-y = 






5) 


kj^j - 


6) 


^/i7 " 


7) 


H' ! 




7 


8) 


^/i7 " 


9) 


k ■- 


101 


h 


11) 


k^'y ■ 


12) 


k^'y ■ 


13) 


k^'y ■ 


14) 


k^'y ■ 


15) 


kji-f ■ 


16) 


kfji'y - 


17) 


kfx'y - 






18) 


kfx'y - 



5/^7 d^d^p — fTifj.'y — 0, 

kfj,k'y^ IfX'y — Ul^'y — 

^Qfji-i^ - a^a^{u + if - {a^d^ + d^a^){Lu'^ - 1) - d^d^^LU - 1)^, 
4bM7 + (^M^^T - - 2[a^(a; + 1) + d^,{LO - 1)]A;^, 

= 0; 

k^i-y = 5'/i7 ^/i^7) ^/i7 ~ bjj^kj, TTifi-y = 0; 

9';U7 bfxb'y, l^j = 0, Ti^^ = (Ojuffl-y dfxdj) /a ; 
-5^7 ~ (afc^e"'^/" - c^)(aA;^e~'^/" - c^), Z^^^ = (2/a)(a^d^ 
i) + (afc^e"'^/" - C(u)^e~'^/", m^^, = -(a^a^ - d^j,d^)/a^; 
-4uj{gnj + c,^c^), Z^7 = -4(5^^ + c^c^), m^^ = -{h^h^)/u; 
5/i7 d^d^, = 0, Tn^ry = (b^by + CfiC^^/o: ; 

k^kry^ l^y — *2(^c^by b^Cy)j ^^7 — Oj 
k^k^, l^y = (k^k^^/io, Tn^y = 0; 
kfj,ky, Ij^j = —(k^ky^/io, iTifj^-y = {kixky^/iu lo ); 
k^ky^ l^'y — 0, ^/i7 — k^k^j 
^^Sfj.^ ^b/xby, Tfi^y = = 0; 

-4(1 + a^)c/^^ - 4(c^ - a6^)(cy - ab^), m^^^ = Z^^ = 0; 
= -{l/uj)[{a,j,aj - df^dy)a~''^ + b,j,by]; 

4b/i7^ - {o-fj. - dfj){a^ - dy)], = 4:[gij,j + (a^d-^ - Uydf,) 
+a{b,j,Cj - Cf^by)] - 2(a^ - df^)kj, m^-^ = 0; 



19) 


kf^y — 




)) ^IXy ^g/J.'Y ^C^Cry 




Tn^'y — 


-{b^b^ 






20) 


k^y — 


k^k^, 


Ifi-y = 


-{2k^k^)/u, m^^ = 0; 


21) 


kfiy = 


-k^k^i, 


I'fiy = 


-k^k^{2uj + p)[u{u; + P) 




m^'y — 


— k^k^{ 






22) 


k^y = 


k^k^, 


~ 


-k^k^i2io + p)[io{u; + P)] 



a 
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25) 



23) 
24) 



"1^7 = -ki^k^[uj{uJ + /3)]~ ; 

A;^7 = -k^k^, = -k,j,kj{2uj + 1)[uj{lo + /3)]"\ = 0; 

k^^ = iujg^j - {k^uj + a^- d^){k^uj + - d^), lf_i^ = Qg^^ 
+4(a^(i^ - a^idfj) - 3{kf^uj + - d^)k^, m^j = -k^k^; 




26) 



= {Cfj_b-y - 6^c^)/w; 



27) k/j,^ = Aiog^^ - {a/j, - dn + kij,uj){a^ - d^ + kjuo), Ifj,^ = A[2gf^^ 
+a{bf^Cj - CfJ)^) - k^k^LO - {a^a^ - d^d^)], m^^ = -2k^k^. 

Integration of the above systems of ODEs even under specific F, is 
an extremely hard problem. So it is not surprising that up to now there is 
practically no papers devoted to construction of exact solutions of the Maxwell- 
Dirac equations (1.4.1). 

The fact that ODEs obtained arc intcgrablc with some specific -F, is a 
consequence of their nontrivial symmetry. Using Theorem 2.3.1 we can prove 
that these systems admit invariance algebras which are isomorphic to algebras 



In the present section we will construct multi-parameter families of exact 
solutions of classical electrodynamics equations (1.4.1) and of the system of 
nonlinear PDEs 



where e, A are constants. 

1. Exact solutions of the classical electrodynamics equations. We 

have made an observation that integrable cases of the systems of ODEs ob- 
tained by means of reduction of (2.4.1) with the help of P(l, 3)-ungenerable 
Ansatze for the spinor and vector fields give rise to the exact solutions of 
system of nonlinear PDEs (1.4.1) of the form 



where ip{Cd) is a four-component complex-valued function, ^(a;) is a scalar 
real-valued function; uji = h ■ x, L02 = c - x, u^, = a ■ x + d ■ x. 



(2.3.13). 



(n^5^ - e-|^A^^)i^{x) = 0, 



(2.8.4) 



■0(x) = (7 • a + 7 • d)Lp{uJi, L02-, W3), 
A^,{x) = (a^ + dy,)u{LOx, u)2, ^3), 



(2.8.5) 
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Formulae (2.8.5) imply the following method of constructing particular 
solutions of equation (1.4.1): not to fix a priori the functions (p, u in (2.8.5) 
but to consider them as the new dependent variables. Such an approach 
proved to be very efficient because it enabled us to obtain exact solutions of 
the classical electrodynamics equations containing arbitrary functions [155]. 
Substituting Ansatz (2.8.5) into (1.4.1) and taking into account the identities 

(7 • a + 7 • df' = a- a + d- d = 0, 

(^(7 • a + 7 • (i)7^(7 ■a + j-d)ip = 2(a^ + d^)(^(7 ■a + j-d)(p 

we come to the system of two-dimensional PDEs for ip{uj), u{uj) 

J ■ bifioji + 7 ■ c<fcu2 - i'^V^ = 0, (2.8.6) 
Uu,iu>i + Uu,2u>2 = 2e<^(7 • o + 7 • d)(p, (2.8.7) 

where (p^^ = d(p/du;i, Uu^^^. = d'^u/dcof, z = 1,2. 

Let us emphasize that in the above equations there is no differentiation 
with respect to the variable lv^. Consequently, functions (p, u contain U/3 as a 
parameter. 

The general solution of PDE (2.8.7) is given by the d'Alembert formula 
for the two-dimensional Poisson equation [61] 

7 -^ + ^(-2--) (2.8.8) 
-lej J ip{^,r)){-fa + -/-d)(p{^,ri)d^dri, 

UJl — i{u2 — t) 

where w is an arbitrary analytical with respect to the variable z = uj\ + iu)2 
function. 

Consequently, the problem of construction of exact solutions of system of 
nonlinear PDEs (1.4.1) is reduced via Ansatz (2.8.5) to integration of the two- 
dimensional linear Dirac equation (2.8.6). Using the Fourier transform we can 
obtain its general solution in the form of the Fourier integral [35, 61] but we 
restrict ourselves to the cases when it is possible to construct exact solutions 
in explicit form. 

Choosing the eigenfunction of the Hermitian operator ~id^^ as a particular 
solution of equation (2.8.6) yields 



(^(w) = exp{iAa;i -|- 17 • c(A7 • h — m)uj2}^o (^^s); (2.8.9) 
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where ifo G C-^CR^jC^). Imposing on solution (2.8.9) the condition of 27r- 
periodicity with respect to ui we get 

A = A„ = 27rn, n G Z. (2.8.10) 

Substituting formulae (2.8.9), (2.8.10) into (2.8.8) and computing the in- 
tegral we arrive at the explicit expression for u{lo) 

u{Cj) = (l/2)(m2 + A2)-i{riCOsh[2(m2 + A2)V2a;2] 

+T2 sinh[2(m2 + Xl)y^uj2]} + w{z, u^) + w{z*, wg). 

Here z = cvi + iuJ2, n = e(^o(7 • a + 7 • d)(po, T2 = ie{m? + A^)~^/^ (pQ 
X (7 • a + 7 • d) (An7 • b - m)ipo. 

Substitution of formulae (2.8.9), (2.8.11) into Ansatz (2.8.5) gives a multi- 
parameter family of the exact solutions of the classical electrodynamics equa- 
tions (1-4.1) containing three arbitrary functions: 

ipix) = {"f • k) exp{iA„6 ■ x + ■ c(An7 • b — m)c ■ x}ipo{k ■ x) 

= V'^")(x), 

Af,{x) = k^^^w{z, k-x) + w{z*,k-x) (2.8.12) 
+(l/2)(m2 + XlyHn cosh[2(m2 + Xl)^/^c ■ x] 
+T2 sinh[2(m2 + XD'/^c ■ x]}} = 4")(x), 

where A;^ = + d^. 

Similarly, if we choose a particular solution of equation (2.8.6) in the form 

if{uj) = (0;^ + wl)"'''''^ exp{— (l/2)(7 • 6)(7 • c) arctan(a;i/a;2)} 
X exp{-zm(7 • c){ul + ujj)^^^}ipo (^3), 

where ipo G C^(]R^, C^), then formulae (2.8.5), (2.8.8) give rise to the following 
family of exact solutions: 

'4>{x) = |2;|~"'"/^(7 • A;) exp{— (l/2)(7 • 6)(7 • c) arctan[(6 • x) 
X (c • a;)~^]} exp{— zm7 • c |2;|}</'o {k ■ x), 

Ai^{x) = kn!^w{z, k-x)+w{z*, k-x) (2.8.13) 
+ J [ti sinh(2mj/) + T2 cosh{2my)]y~^ dy > . 
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In the above formulae w is an arbitrary analytic with respect to z = 
b ■ X + ic- X function, |zp = zz* and 



We will consider the solution (2.8.12) in more detail putting w = 0, ipo = 
exp{— a^(/i; ■ .x)^}x, where x is an arbitrary constant four-component column, 
a = const. A direct check shows that the identities 



where n G Z, = d/dx^, /Lt = 0, . . . , 3, hold. The operator —d^d^^ is one of 
the Casimir operators of the Poincare algebra (see the Appendix 1). Its eigen- 
values are interpreted as masses of particles described by the corresponding 
motion equations. If such an interpretation is extended to a nonlinear case, 
then relations (2.8.14) can be treated as follows: interaction of the spinor and 
vector fields according to nonlinear equations (1.4.1) gives rise to the massive 
vector field A^jf' {x) with the mass M„ = 2{m? + 47r^n^)^/^, n £ Z {in other 
words, the nonlinear interaction of the fields ip{x), A^{x) generates the mass 
spectrum). Let us emphasize that the effect described is nonlinear because in 
the case of the linear Maxwell equations the Casimir operator 5^5'* has the 

zero eigenvalue (this is seen from (2.8.12), where A^j^^ = under e = 0). 

Since solutions (2.8.12), (2.8.13) depend analytically on m, solutions of 
the massless classical electrodynamics equations are obtained from (2.8.12), 
(2.8.13) by putting m = 0. 

This case deserves a special consideration because the invariance group of 
equations (1.4.1) under m = is the 15-parameter conformal group (Theorem 
1.4.2). The general solution of the two-dimensional Dirac equation under 
m = has been constructed in [155] 



where (pi, (p2 are arbitrary four-component functions whose components are 
analytical functions z = b ■ x + ic - x and z* = b ■ x — ic ■ x, respectively. 
Substitution of (2.8.15) into (2.8.8) yields the following expression for tt(d;): 



Ti = -2e(po{'j ■ k)ipo, T2 = 2ze(^o(7 • ^)(7 • c)(^o- 



= 4(m2 + 47r2n2) , d^A^"^ = 0, 



(2.8.14) 



ip{u) = (7 • i7 • c)fi{z,u^) -I- (7 • 6 - i7 • c)(p2{z*,uz) 



(2.8.15) 



U{u) = W{Z,U!:>,) +W{Z* ,U^) 



+elz* I gi{z,uz)dz + z / g2{z* ,uji)dz* 
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where gi = (^1(7 • k){l - ■ try ■ c)(p2, 52 = <f2il ■ + ■ try ■ c)(pi. 

Substituting the above formulae into the Ansatz (2.8.5) we come to the 
multi-parameter family of the exact solutions which contains five arbitrary 
complex-valued functions 

V'(x) = (7 • /c){(7 • 6 + ^7 • c)ifi{z, fc • x) + (7 • 6 — i7 • c) 

Xip2{z*, k ■ x)}, 

Ai^{x) = ki^l^w{z, k ■ x) + w{z* , k ■ x) (2.8.16) 

To obtain C{1, 3)-ungenerable family of solutions of system of PDEs (1.4.1) 
with m = we employ the solution generation procedure. The formulae for 
generating solutions of the classical electrodynamics equations (1.4.1) by the 
four-parameter special conformal transformation group have been obtained in 
[133] 

ipn{x) = a''^{x){l - J ■ x-f ■ e)ipi{x'), 
Aii^ix) = a-\x){g^Mx) + ^{xuOf,-x^e^) (2.8.17) 
+29 ■ xx^e^, - X ■ xO^Oy - 9 ■ 9x^Xi,)}A''j{x'), (2.8.18) 

where = {x^ — 9^x ■ x)a~^{x), cr{x) = 1 — 29-x +9 - 9 x - x, 9^ are arbitrary 
real constants. 

Substitution of expressions (2.8.16) into (2.8.17) gives rise to the C(l,3) - 
ungenerable family of exact solutions of system (1.4.1) with m = 0. We omit 

the corresponding formulae because of their awkwardness. 

2. Exact solutions of system of nonlinear PDEs (2.8.4). To obtain 
exact solutions of equations (2.8.4) we apply the Ansatz 

Hx) = {1 ■ a - -f- d)cxp{if{k ■ x)}x, 

(2.8.19) 

Ai^{x) = (a^ - d^)gi{k ■ x) + ki^g2{k ■ x). 

Here {7,51,52} C C-'^(R''^, R-*^), x is an arbitrary four-component constant 
column. 

The Ansatz (2.8.19) reduces equations (2.8.4) to the system of three ODEs 
for /(w), gi{u), g2{u) 

f = -eg2, gi = -2Xgigl glg2 = {e/2\)x{l ■ a - ^ ■ d)x. (2.8.20) 



190 



Chapter 2. EXACT SOLUTIONS 



On eliminating the function 52 from the second equation we get the second- 
order ODE for gi 

gi = -{T^/\)gf, (2.8.21) 

where r = 2~-^/^ex(7 • a — 7 • d)x- 

The above equation is integrated in elementary functions, its general solu- 
tion having the form [197] 
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{uj) = eC^^'^ ((Cio; + C2) - r^/x) ^'^ . (2.8.22) 



In addition, ODE (2.8.21) with A > possesses the one-parameter family 
of singular solutions 

pi(a;) = £(2|r||ArV2a; + C2)V2. (2.8.23) 

In (2.8.22), (2.8.23) Ci, C2 are real constants, e = ±1. 
Substituting formulae (2.8.22), (2.8.23) into the second equation of system 
(2.8.20) yields 

(72(c^) = CirA-i((Ciu; + C2)2 - tVa)"', 
g2{uj) = -T\X\-\2\T\\\\-^'^u: + C2)-\ 

Integrating the first equation of system (2.8.20) we get the explicit form 
of the function f{uj) 

f{u) = e(-A)^/2 arctan(r-^(-A)^/2(Ciu; + C2)), 
f{u) = -e|A|-V2 ln(2T|A|-V2a; + C2). 

Substitution of the above formulae into the Ansatz (2.8.19) gives rise to 
the multi-parameter families of the exact solutions of system (2.8.4) 

the case A G M\ A 7^ 

i}{x) = (7-a-7-d)exp|-ie(-A)^/^arctan(T"^(-A)"^/^ 
x[Ci{k-x) + C2])}x. 

+CiTX-^k^{{Cik ■ X + C2f - T^A-i}"^ 
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the case A < 

^(x) = (7-a-7-d)exp{-ze|Ar^/2ln(2r|Ar^/2A;-x + C2)}x, 

Ai_,{x) = s{ai_,-d^){2\T\\X\-^/^k-x + C2y^^ -r\X\-^ki, 

x{2\T\\X\-y^k-x + C2}~\ 

where r = 2~^/'^ex{'J ■ a — j ■ d)x, Ci, C2 are real constants. 

Let us note that the solutions obtained are singular with respect to the 

coupling constant A. That is why they cannot be obtained in the framework 
of the perturbation theory by expanding with respect to a small parameter A. 

5. Exact solutions of the Maxwell-Born-Infeld equations. By the 
Maxwell-Born-Infeld equations we mean the Maxwell equations 

dtD = rot H, div^ = 0, 

dtB = -YotE, divB = \ ■ ■ ) 

supplemented by the constitutive equations suggested by Born and Infeld (see, 
e.g. [142]) 

D = tE + TiB, H = tB- TiE. (2.8.25) 
Here E, H are field intensities, B, D are inductions, 
r = {l + B''-E'-{BEfy^l\ 

n = {be)t. 

Till now, up to our knowledge, there are no papers containing exact so- 
lutions of system (2.8.24), (2.8.25) in explicit form. We will construct multi- 
parameter families of exact solutions of system of nonlinear PDEs (2.8.24), 
(2.8.25) using the following simple assertion. 

Lemma 2.8.1. The general solution of system of PDEs (2.8.24) given by 
the formulae 

B = rot u, D = rot 

^ ^ ^ (2.8.26) 

H = dtw, E = —dtu, 

where u = (rti, 1*2, U3), w = {wi,W2, W3) are arbitrary smooth vector-functions. 

To prove the lemma we make use of the well-known fact that the general 
solutions of equations 

divr = 0, rot p = 
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are given by the formulae 

r = rot R, p = gradi?o , 

where Ra, Rq are arbitrary twice differentiable functions. > 

According to Lemma 2.8.1, the Maxwell-Born-Infeld equations are repre- 
sented in the form (2.8.26), where u, w are smooth vector-functions satisfying 
the first-order system of nonhnear PDEs 

rotu; = —T{dtu+ \{dtu){mtu)\Yotu\, 

(2.8.27) 

dtw = r{rotn— [(9tn)(rot n)]5tn}, 

with r = {1 + (rot7i)2 - {dtu)'^ - [(5(77) (rot 7i)]2}-V2. 

Thus, the over-determined system of fourteen equations (2.8.24), (2.8.25) 
for twelve functions E^, Ha, D^, is reduced to the system of six nonlinear 
PDEs for six functions Wa- 

To construct exact solutions of (2.8.27) we apply the Ansatz [170] 

u = a(p{t, bx, cx) = aip{ujQ,ui,uj2)- (2.8.28) 

Here </? G C^(M'^,M^); a, 6, c are arbitrary constant vectors satisfying the 
conditions 

^2 r2 -2 1 

a =6 = c =1, 
ah = hc = ca = 0. 

Since rot-u = —cif^j-i^ + hip^^, the equality ((?tii) (rot u) = holds. Conse- 
quently, system (2.8.27) takes the form 

rot w = —rdipuio 1 

(2.8.29) 

dtW = t{-C(Poj:, + b(pu,2), 

where 

The compatibility condition dt{TOtw) = rot (dtw) when applied to (2.8.29) 
yields 

dt{-Td(p^o) = rot [t(-cV?(^i + b(pui2)] 

or 
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Here summation over the repeated indices in the pseudo-Euchdean space 
R{1, 2) is used. 

Consequently, provided satisfies the nonlinear scalar PDE 



with 1 - (fuj^ifuj^^ / 0, formulae (2.8.26), (2.8.28), (2.8.29) give a particular 
solution of system of nonlinear PDEs (2.2.22), (2.8.25). 

Wide classes of exact solutions of nonlinear equation (2.8.30) were con- 
structed in [137]. Inserting these into formulae (2.2.24) and (2.2.26) we get 
the following multi-parameter families of exact solutions of the Maxwell-Born- 
Infeld equations: 



E = -iCit/io)ail + C2io^)-^/^ 

H = {Ci/u;)[-b{cx) + c{bx)]{l + C2C0^-Cl)-^/^-, 

B = (Ci/u;)[-6(cx) + c(6x)](l + C2W^)-V2, 

D = -{Cit/uj)a{l + C2UJ^ -Cl)-^/'^, 

E = T(l/4)a{Cf ^(i - hx)'^ coth[Ci(i + bx) + C2]}^/^ 

x{2Ci(t - bx) + sinh2[Ci(i + bx) + C2]} 

X cosh~^[Ci(t + bx) + C2], 
H = ^2-^/'^c{2Ci{t-bx)-smh2[Ci{t + bx) + C2]] 

xCj"^/^(t - 6x)-i/2{sinh2[Ci(i + 6x) + C2]}-^/^ 
B = ^(l/4)c{Cf^(i-6x)-^coth[Ci(t + 6f) + C2]}^/^ 

X {2Ci {t - bx) - sinh 2[Ci {t + bx) + C2]} 

X cosh"^[Ci(t + bx) + C2], 
D = ^2-^/'^a{2Ci{t-bx) + s{n\v2[Ci{t + bx) + C2]] 

xCj"^/^(t - bx)-^/'^{siuk2[Ci{t + bx) + C2]}-^/^ 

E = ^^{l/2)a{2C^^ + C2C3exp{C3{t-bx)}} 







(2.8.30) 



E 
H 
B 
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x{C2 exp{C3(t - bx)} + 2C^^{t + hx)] ^''^ , 
H = ^(l/2)c{2C3-i - C2C3cxp{C3(t-6x)}} 

X [C2 exp{C3(i - bx)} + 2C^\t + 
B = T(l/2)c{2C3-^-C2C3exp{(73(t-6f)}} 

x[C2 CXp{C3(t - bx)} + 2^3-^* + 6x)}"^^^ 

3 = ^(l/2)a{2C3-^ + C2C3exp{C3(t-5f)}} 
x{-C2 exp{C3(t -bx)} + 2C^\t + 

where hi = hi{t + bx) € C^(M^,R"^) are arbitrary functions; Ci, C2, C3 are 
arbitrary real constants; a;^ = — — = — (bx)^ — (cx)'^. 

Other classes of exact solutions of system of PDEs (2.8.24), (2.8.25) are 
obtained by putting 

rotu = 6, utt = (2.8.31) 

in (2.8.27). 

Resulting from (2.8.31) equations (2.8.27) take the form 



(2.8.32) 



rotitJ = —{1 — (gradip)^} -^/^gradt/?, 
u = grad{tip + v), 

where {(p{x),v{x)} C C^(M^,R''^) are arbitrary functions. 
Since div (rotuJ) = 0, from (2.8.32) it follows that 

div{[l - (grad<y5)^]^^/^grad</?} = 0, 

whence 

[1 - (gradv7)^]"^/^{[l - (grad</?)2]A^ + ^Pxax.^xa'Px,} = 0. 

The above equation with (grad(^)^ 7^ 1 is equivalent to the elliptic analogue 
of PDE (2.8.30) 

(1 - (grad</?)^)A(^ + 'PxaXb'Pxa'Pxt = 0. (2.8.33) 
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In [137] the following two classes of exact solutions of nonlinear PDE 
(2.8.33) were constructed 



where Ca, a = 1,2,3, coq are arbitrary real constants. 

Inserting the above formulae into (2.8.26), (2.8.32) we get two multi- 
parameter families of exact solutions of the Maxwell-Born-Infeld equations 



B = 0, H = 0, 

D = Ci{a{ax + C2) + bibx + C3MSx + C2f + ibx + C3)^]-\ 

E = Ci{a{ax + C2) + h{hx + C3)][{ax + C2f 

+{hx + C3f\-^'\ax + C2f + ihx + C^f + Cl]-^'''- 

B = 6, H = 6, 

D = -(l/Ci)x(x2)-3/2, 

E = -x(x2)-V2|l + c2(f2)2|-l/2^ 



where Ci, C2, C3 are arbitrary real constants, Ci / 0. 



fix) 



Ci ln{ ((a f + Ca)^ + (6x + Cg)^) 

+ {iax + C2)^ + ibx + C3f + Cfy^^} 
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CHAPTER 3 



TWO-DIMENSIONAL 



SPINOR MODELS 



In this chapter nonhnear spinor PDEs with two independent variables xq, 
x\ invariant under infinite-parameter groups are considered. Such a broad 
symmetry makes it possible to obtain changes of variables which linearize equa- 
tions considered and to construct their general solutions. Partial linearization 
of the nonlinear Thirring system of PDEs is carried out. 



3.1. Two-dimensional spinor equations invariant 
under infinite-peirameter groups 

Invariance of PDEs under study with respect to some infinite-parameter Lie 
groups makes it possible to construct their exact solutions containing arbitrary 
functions. Of special interest are two-dimensional equations possessing such a 
property since many of them can be integrated in closed form. Methods used 
to construct the general solutions of the two-dimensional d'Alembert [123], 
Liouville [145], Born-Infeld [145], Monge- Ampere [145, 146], gas dynamics 
[129], massless Thirring [249, 277] equations are, in fact, based on the unique 
symmetry of the equations enumerated. 

It is worth noting that most of the equations which are intcgrable by the 
inverse scattering method also possess broad symmetry. They are invariant 
under infinite-parameter Lie-Backlund groups [7, 190, 233]. 

We will show that the list of integrable two-dimensional PDEs can be 
supplemented by the following equations: 




(3.1.1) 
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ia2\ 




f 




(° 


j' 


71 = j 




1 








K-(Tl 


/ 



■ {il,d, - e^,A^)^ = 0, 
. dr^d^A^ - di'd^A, = -e^T^V'; 

i(7o + 74)9o + i7i5i - ACV'V + V'74V') ^^^'') V' = 0. (3.1.3) 

In (3.1.1)-(3.1.3) ip = ij){xQ^xi) is a four-component complex-valued func- 
tion-column; Aq{xq,x\), Ai(xq,xi) are real- valued functions; z^ = 0, 1; 
A, e are constants. 

Dirac matrices are chosen in the form 
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Let us note that PDE (3.1.1) is a two-dimensional analogue of the Dirac- 
Heisenberg equation [180, 184], system (3.1.2) is a two-dimensional system of 
massless classical electrodynamics equations, PDE (3.1.3) is a two-dimensional 
Galilei-invariant equation for a massless particle with the spin s = 1/2 (see 
also the Section 4.1). 

Symmetry properties of equations (3.1.1)-(3.1.3) are described by the fol- 
lowing assertions. 

Theorem 3.1.1[146, 293]. System of PDEs (3.1.1) is invariant under the 
infinite-parameter transformation group 

Goo = {O^^Or,)(ZG, 

where is the group of linear transformations of the space (ip^ , ip^* , ip'^ , ip'^*) 
preserving the quadratic form + IV'^P) parameters being arbitrary 

smooth functions of ^ = xq + xi, \tp^\, IV'^I/ O-q is the group of linear 
transformations in the space {ip^ ,ip^* ,ip^ ,ip^*) preserving the quadratic form 
I'^-'^P -|- I'i/'^P, its parameters being arbitrary smooth functions of rj = xq — 
xi, \ip^\, \ip^\; the group G is given by the formulae 

. Xo + Xi Xo — Xi 



J fo-\z)dz+ J f,-Hz)dzj, 

. .Xq + .Xi Xq-Xx . 

A = \y J fo-\z)dz- J f,-\z)dzj, (3.1.4) 

= fo{xo + xOV'", i^" = fi{xo - xi)tp\ 
= foixo + xi)^\ V'' = fi{xo - xi)^p\ 
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In (3.1.4) fo, fi are arbitrary smooth real-valued functions. 
Proof. After writing component- wise we represent (3.1.1) in the form 

i(5o-5i)V° = 2A(|V'^|2 + |V.3|2)V.o, 
i(5o + W' = 2A(|/P + |V'lV, 

iido-\-di)il^^ = 2A(|V'°|' + |V''|')V'^- 

In the cone variables ^ = xq + xi, t] = xq — xi the above system reads 

idrjip^ = A(|V'T + IV^-''P)^°, 
id^ijj^ = A(|V'°P + |^2|2)^i^ 

id^^^ = AdV'^P + l^^lV. 
the group G being given by the formulae 



(3.1.5) 



e = J fo\^)dz, v' = J fi\z)dz, 

V''° = /o(OV'°, ^" = fi{v)^\ 



(3.1.6) 



Applying to both parts of the first equation of system (3.1.5) the operation 
of complex conjugation we have 



whence 



or 



Similarly, 



5^l^/;i|=o, dr,\i>'^\ = o, d/:\i>^\ = o. 



From the equalities obtained it follows that system of PDEs (3.1.5) is invariant 
under the group ® O^. 
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Let us prove that system (3.1.5) admits transformation group (3.1.6). To 
this end we make in (3.1.5) the change of variables according to formulae 
(3.1.6) thus obtaining the following equations: 



whence the validity of the theorem follows. > 

Theorem 3.1.2. System of PDEs (3.1.2) is invariant under the infinite- 
parameter transformation group of the form 



Goo = {O^^Or,)<ZP{l,l)<ZU{l), 



where P{1, 1) is the extended Poincare group, U(l) is the group of gauge trans- 
formations 



with f = f{xo,xi) e C3(M^m1). 

Theorem 3.1.3. System of PDEs (3.1.3) is invariant under the infinite- 
parameter transformation group having the following generators: 

under k 7^ 1/2 



Po = do, Pi = di, 
Di = xodo + xidi + k, 
D2 = 2xodo + xidi + k + (1/2) (1 - 7074), 
G = wi{xo)di - (1/2)^1 (xo)(7o + 74)7i> 
<3 = (70 + 74) n2'W2{xo) + 73W;3 (^0)); 




Tp" exp{-ie/}, 
+ df'f 




under k = 1/2 



A = wo{xo)do + wo{xo)xidi + {l/2)wo{xo) 
-(l/2)w}o(xo)a;i(7o +74)71) 
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G = wi{xo)di - (l/2)?i)i(xo) (70 + 74)71, 
Q = (70 + 74) (l2W2{xo) + 73li;3 (^0)), 
D = 2xodo + xidi + 1 - (1/2)7074. 



Here Wq, . . . ,W3 are arbitrary smooth real-valued functions. 

Theorem 3.1.2 is proved in the same way as Theorem 3.1.1. To prove 
Theorem 3.1.3 it is necessary to apply the Lie method. 

Let us note that symmetry properties of equations (3.1.1)-(3.1.3) are not 
exhausted by the invariance under the local S3mimetry groups described above. 
As shown in [146] system of PDEs (3.1.1) is invariant under the group of 
nonlocal (integral) transformations 



where {60,..., 83} C 

3.2. Nonlinecir two-dimensional Dirac-Heisenberg equations 

In this section we will construct the general solution of system (3.1.1) with 
the help of the nonlocal linearization method [145, 146]. In other words, a 
nonlocal change of variables reducing (3.1.1) to a system of linear PDEs will 
be suggested. 

The form of the change of variables is implied by the structure of the 
group of integral transformations given at the end of the previous section. We 
introduce new dependent variables ^p^{^,r]), . . . ,<^^(^,r/) in the following way: 
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= cp''expl^-ixl(\ip'f + \cp^f)dr^^, (3.2.1) 
Substituting (3.2.1) into (3.1.5) we get a system of linear equations for 

5 (z,o = 0, aoji = 0, 

(3 2 2) 

a^(^2 ^ 0, d^^'-^ = 0. 

Integration of the above equations yields the following expressions for 
ip^^, /x = 0,...,3: 

^o = C/0(0, ^' = U\rt), 

where G C-'^(R^,C^) are arbitrary functions. 

Substitution of formulae (3.2.3) into (3.2.1) with subsequent change of 
independent variables ^ ^ xq + xi, tj ^ xq — xi gives the general solution of 
the nonlinear Dirac-Heisenberg equation (3.1.1) 

xo - Xi 



tlj'^{x) = U'^{xo + xi)expl-iX / (it/^ + lt/^p^tir I, 

xo + XI 

i/j^{x) = U^{xo-xi)expl-iX / (it/^p + lt/^p^drL 

xo-xi 

'ilj^{x) = U'^{xo + xi)expl-iX / (it/^ + lt/^p^drl, 

Xo + Xi 

tlj^{x) = U^{xo-xi)expl-iX J (it/^p + li/^p^drl. 



(3.2.4) 



The result obtained enables us to construct in explicit form solution of the 
classical Cauchy problem for system of PDEs (3.1.1) 



V'"(0,xi) = r(xi), XI 
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where /" G Ci(R\Ci), a = 0,...,3. 

Imposing on the solution (3.2.4) the initial conditions of the Cauchy prob- 
lem (3.2.5) we get functional relations for determination of U^, = 0, . . . , 3 

f(z) = J7°(2)exp|-iA J (\U^\'^ + \U^\'^)dT^, 

f\z) = U\-z)e^pl^-ixJ(\U''\^ + \U'\^)dT'^, 

f\z) = U\z)e^pi^-i\~J (\U'\'' + \U'\^)dT^, 

fiz) = UH-z)e^pi^-ixJ{\Ur + \Ur)dr^, 



whence it follows 



U\z) = /0(^)exp|a|(|/i(-r)|2 + |/3(-r)|2)dr|, 
U\-z) = /l(z)exp|^A|(|/°(r)|2 + |/2(r)p)dr|, 
U\z) = /2(^)exp|^A|(|/l(-r)p + |/3(-r)|2)dT|, 

U'{-z) = /3(z)exp|iAj(|/0(T)p + |/2(r)p)dT|. 

Substitution of the above equalities into (3.2.4) gives the solution of the 
Cauchy problem (3.2.5) 

Xi - Xq 



Xi + Xq 

Xi + .To . 

^\x) = f\xi-xo)exJ-iX J (|/Y + |/T)t^rl, 



Xi - Xq 
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Xi-Xq 

i^^x) = /2(xi + xo)exp|iA j (|/i|2 + |/3|2)drl, 

Xi+ .To 

. Xl+XQ . 

i^\x) = /3(xi-xo)exp|-iA j (|/0|2 + |/2|2jrf^i 

Xl-XQ 

Thus, the Cauchy problem (3.2.5) with /" G C^(M\ C^), a = 0, . . . , 3 has 
the unique solution. 

In the case involved wc have succeeded in integrating a nonlinear system 
of PDEs due to the fact that it is equivalent to the linear system (3.2.2). In 
some cases the nonlocal linearization method makes it possible to construct 
wide classes of exact solutions of essentially nonlinear PDEs. This is achieved 
by imposing such additional constraints on the equation under study that the 
system obtained is linearizable. A peculiar example is the generalized Thirring 
model 

iuy = mv + AibPn, 
iVx = mu + \2\u\ 

where u = u{x,y), v = v{x,y) are complex- valued functions, m, Ai, A2 are 
real constants. 

Provided Ai = A2 = A, system of PDEs (3.2.6) coincides with the classical 
Thirring model that is integrable by means of the inverse scattering method 
[249, 277]. As established by David [66] the generalized Thirring model (3.2.6) 
is also integrable by the mentioned method and, therefore, has soliton solu- 
tions. 

Here we restrict ourselves to the case 

Ai = A, A2 = —A 

and consider the following system: 

iuy = mv + AbPn 
iVx = mu — a\u\ V. 

We will show that there exists a map of the set of solutions of the linear 
Klein-Gordon equation 

Wxy + m'^w = (3.2.8) 
into the set of solutions of system of PDEs (3.2.7). 
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To this end we apply the following Ansatz [299]: 
u = Fi expUG + (z7r/4)}, 

(3.2.9) 

V = F2 exp{zG - (i7r/4)} 

where Fi, F2, G are some real- valued functions. 

Substitution of (3.2.9) into (3.2.7) yields an over-determined system of four 
nonlinear PDEs for Fi, F2, G 

Fly = -mF2, F2x = mFi, 

Gx = Ai^f , Gy = — Ai^2 • 

Since 

{Gx)y = 2\FiFiy = -2\mFiF2 = -2XF2F2X = {Gy)^, 

the above system is compatible and its general solution can be represented in 
the form 



Fi = w{x,y), F2 = -m '^Wy{x,y), 

X y 
G = X j w^{T,y)dT - Xm~^ j Wy{A,T)dT, 



A B 

where A, B are some real constants and w{x, y) is an arbitrary solution of 
(3.2.8). 

Thus, each solution of the linear Klein-Gordon equation (3.2.8) gives rise 
to the exact solution of the nonlinear system (3.2.7) of the form 

. x y . 

u = iuexp< (i7r/4) -|- iA / w'^{T,y)dT — iXm~'^ / Wy{A,T)dT>, 
^ A B ^ 

V = — Wyex.pl {—ITT / 4) + iX J w^{T,y)dT — iXm~^ J Wy{A,T)dT>. 



Due to invariance of system (3.2.7) under the one-parameter group of gauge 
transformations 

u' = uexp{i9}, v' = vexp{i6}, 6 gM} 
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the solution obtained can be rewritten in the following equivalent form: 



The above formulae can be interpreted as a linearizing nonlocal transfor- 
mation, since functions (3.2.10) satisfy system of PDEs (3.2.7) iff the function 
w{x, y) satisfies the linear Klein-Gordon equation (3.2.8). However in this way 
only a part of solutions of system under study is obtained. Therefore, we can 
speak about partial linearization of the generalized Thirring model (another 
example of partial linearization is considered in Section 2.8). 

3.3. Two-dimensional classical electrodynamics equations 

The change of variables (3.2.1) proves to be efficient when constructing the 
general solution of the system of nonlinear PDEs (3.1.2). 

Writing the first equation (3.1.2) component- wise and passing to the cone 
variables ^, 77 we come to the following system of PDEs for the functions 



u 



V 




(3.2.10) 



V'°(C,^),...,V''(C,^): 




(e/2)(Io + ^)V'°, 

{e/2)iAo - A,)^p\ 

(e/2)(Io + ^l)^^ 
{e/2){Ao - A,)^\ 



(3.3.1) 



where 



A^ = A^{(i/m + 'i), (i/m-v 



On making the change of variables 
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V-' = ip\C,r])e^p!^-iie/2) J{Ao + Ai)d7j^, (3.3.2) 
= <p=^(C,r?)exp|-(^e/2)y(^-IlK|, 

we rewrite (3.3.1) in the following way: 

a^y,o = 0, d^ip^ = 0, 
drfip^ = 0, d^^^ = 0. 

The general solution of the above system is given by formulae (3.2.3). 
Consequently, the general solution of equations (3.3.1) is of the form 





= C/O(0exp| 


[-(W2)j 


(Io + Ii)d?? 




= J7^(r/)exp'| 


[-(W2)^ 


/' (lo - ii)de 




= C/'(Ocxp| 


[-(W2)^ 


/" (lo + ^)c?r? 




= i7^(?7)exp| 


|-(ie/2)^ 


/' (lo - M)di 



(3.3.3) 



where G C-'^(R^, C^), /x = 0, . . . , 3 are arbitrary functions. 

Substituting expressions (3.3.3) into the remaining equations of system 
(3.1.2) we get an over-determined system of PDEs for Aq, Ai 



diidiAo + doAi) = e(|?70|2 + \U^\'' + li/^p + |C/3|2^^ 
doid,Ao + doA,) = e(|i70|2 - + \U^\^ - \U^\^). 

Introducing the new dependent variable 

w = diAo + doAi 
we rewrite equations (3.3.4) as follows 



(3.3.4) 
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whence 

^ V 
w = ej {\U\z)\^ + \U\z)\^)dz + e J {\U\z)\^ + \U\z)\^)dz. 

Consequently, to determine A(){xq,xi), Ai{xq,xi) it is necessary to inte- 
grate PDE 

Xo + Xi 

^0x1+^.0 = e J {\U'^{z)\' + \U'{z)\')dz 

Xq - Xi 

+e J (\U\z)\' + \U'{z)\')dz, 
whose general solution is of the form 

•Xo + Xi Z 

Ao = e J J{\U\0\' + \U'm')dCdz + dof, 



xq — Xl Z 



A, = e U\U\r])\^ + \U'{r])\^)dvdz-dif 



(3.3.5) 



with an arbitrary function / = f{xo,xi) G C^(M^,]R^). 

Substitution of (3.3.5) into (3.3.3) gives rise to the final expressions for the 
functions il^*^ (x) , . . . , il^^{x) 

V'°(x) 
i/j'^ix) 



, Xq + Xl Z 

X f (xi -xo) J J + \U\0\')dCdz 



Xq - Xl Z2 Zi 



i;\x)\ _ jU\xo-xi)\ 
tp^{x) 



\U\r])\' + \U'{r])\')dvdzidz2j |, 
{[j3|:::;J}-p{-/ + (-V2) (3.3.6) 

, Xo - Xl z 

xUxi+xo) J J{\U\ri)\^ + \U%v)\^)dridz 

/ /(|c/°(6l' + |c^'(0l')rf^d^irf^2 . 



Xo + Xl Zl Zl 
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Choosing arbitrary functions U^, /x = 0, . . . , 3 in proper way we can obtain 
special classes of solutions possessing some additional properties. 
If, for example, we choose in formulae (3.3.3), (3.3.6) 

/ , \ 1/2 

U^{z)=C'^l-exp{-z^}\ , /x = 0,2, ^3 3 

U\z) = U^z) = 0, / = 0, 

where C°, are complex constants, then the corresponding wave function 
ipix) is localized in the neighborhood of the point xq = xi. Consequently, 
solution (3.3.6), (3.3.7) is a solitary wave propagating with the velocity v = 1. 
Substitution of expressions (3.3.7) into (3.3.5) yields the following formulae 

for Ao{x), Ai{x): 

Xq + Xi 

Ao{x) = e(|C°|2 + |C2|2) J exp{-r2}c/r, 

Ai{x) = 0, 

whence it follows that the electro-magnetic field 

Ff,u = d^A'' - d,A^ 

is localized in the neighborhood of the point x\ = xq and vanishes rapidly as 
+00. 

Thus, we can interpret (3.3.6), (3.3.7) as a wave function of a particle mov- 
ing in the electro- magnetic field -F^;/, which is localized in the neighborhood 
of the line xi = xq. 

In conclusion, we note that the method described above has been used in 
[293] to construct the general solution of the following two-dimensional system 
of nonlinear PDEs: 

(i^^^d^ - e^^A^' - A7^(V;7''V))V' = 0, 

- df'd^A, = -e^j^^^P, f^,i^ = 0, 1, 
which can be represented in the form 
A^{x) = I^(x), 

, Xq — Xi 

i;°{x)\ _ rV°(a;)^ 



V'2(x) 



^p^ix)]^ _ Hj^{x) 
il;^{x) J ~ 1 ip'^ix) 



{|,g}exp|-U / {\U\n)\^ + \UHri)f)dv^, 

, XQ + Xl . 

exp -zA J {\U\0\' + \U\0\')d^\, 
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functions Aq{x), Ai{x), . . . , '0^(x) being given by formulae (3.3.5), 

(3.3.6) correspondingly. 



3.4. General solutions of Galilei-invariant spinor equations 

Let us rewrite system (3.1.3) in the equivalent form by introducing new func- 
tions F{x), f{x) 

ipxi = iA/j,i7iV'- 71(70 + 74)^, (3.4.1) 

Consider now the second equation of system (3.4.1) as a system of ODEs 
with respect to x\. Since this system is linear, it is possible to apply the 
standard method of variation of an arbitrary constant [197]. The general 
solution of the homogeneous part of the system in question is given by the 
formula 

'4){x) = exp{iA7i/(x)}(/3(xo), 

where (^(xq) is an arbitrary four-component function. Consequently, the gen- 
eral solution of the second equation from system (3.4.1) has the form 

, Xl 

V'(x) = exp{a7i/(x)}( (/p(xo) -1-71 / exp{-zA7i/(xo,^)} 

V (3.4.2) 

y-i-^Q + ^4)F{xq, z)dz\ 

Multiplying both parts of the first equation from (3.4.1) by the matrix 
7o + 74 we have 

(70 + 74)^ = -(70 + 74)V'xo, 

whence 

(70 + 74)^ = - exp{-iA7i/}(7o + 74)(0 + iXjifxo<p)- 
Consequently, formula (3.4.2) takes the form 

/ Xl 

ip{x) = exp{iA7i/(x)} (p{xo) + 71(70 + 74) / exp{2iA7i 

V (3.4.3) 

xf{xo, z)}(^ip{xo) + iX-fifxo{xo, z)ip{xo)jdz j . 
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Substitution of the above expression into the third equation of system 
(3.4.1) yields the nonhnear ODE for a function f{x) 

/^i = {Ai cosh 2A/ + A2 sinh 2\ffl'^^, (3.4.4) 

where 

M = (fijo + 74:)^, A2 = i(p{'yo + 74)71 
The general solution of (3.4.4) is given by the quadrature 

j (^icosh2Az + ^2sinh2A2)-^/2'=(iz = xi + C(xo), (3.4.5) 

C(xo) being an arbitrary smooth real- valued function. 

Thus, the general solution of nonlinear system of PDEs (3.1.3) has the form 
(3.4.3), function / = f{xQ^xi) being determined by implicit formula (3.4.5). 

Using formulae (3.4.3), (3.4.5) it is not difficult to obtain the general solu- 
tion of the linear equation 

(«(7o + 74)^^0 + ilidi - Xjtpix) = 0, 

which is of the form 

1) under A 7^ 

tpix) = exp{iA7iXi}((/?(xo) -I- (i/2A)(7o + 74) exp{2iA7iXi}(^(a;o)), 

2) under A = 

^(x) = cp{xo) + xi7i(7o -I- 74)9^(2:0) • 
Reduction of the nonlinear Dirac equation (2.4.1) by means of the Ansatz 

^(x) = ^(?,c.), ^^^^^ 

^ = X0+X3, UJ = X2 

invariant under the two-parameter group with generators do — d^, d\ yields 
the two-dimensional system of PDEs 

(z(7o + 73)5^ + ^72^2 - Ki'^y) ^ = 0, r = 1/2A;, (3.4.7) 

which can also be integrated by means of the above described trick [152, 304]. 
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Rewriting system of PDEs (3.4.7) in the equivalent form (3.4.1) we have 

ip^ = F, (3.4.8) 

fu> = «/a;72V + 72(70 + 73)-P, (3.4.9) 
= Xi^i^y. (3.4.10) 

Integration of system (3.4.9) by the method of variation of an arbitrary 
constant with respect to u yields the following expression for ip: 



to 



ip{C, u) = exp{i72/} 1^9(0 + 72(70 + 73) J exp{i72/(^, z)} 
xF{^,z)dz^, 

where Q{^) is an arbitrary four-component function-column. 
As due to (3.4.8) the equation 

(70 + 73)^^ = (70 + 73)^ 
holds, we can exclude from the above equality the function F 

I ^ 
(p{i,u!) = exp{i72/} I 0-1-72(70 + 73) / exp{2i72/(C,z)} 

^ (3.4.11) 

x(e + i/^(C,^)72e)dzj. 

The only thing left is to substitute (3.4.11) into (3.4.10). As a result, we 
get an integro-differential equation for / = /(^,a;) 

A + B J cosh2f dz + C J smh2fdz] , (3.4.12) 



where 



A = Qe, 

B = 672(70 + 73)0 - ©72(70 + 73)0, 

c = i(e(7o + 73)e - ^(70 + 73)0) . 
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The general solution of equation (3.4.12) has been constructed in [304]. 
Since its explicit form depends on relations between B and C, we have to 
consider four inequivalent cases. 

Case 1. B = ±C, 5/0 

a) r / — 1 

/ = ±(1/2) ln(e ± 2XB-\r + 1)-^{A + BgY+^y 



e ± 2XB-\r + l)-\A + BtY^^ 



dr = (jo; 



b) r = 1 



/ = ±(1/2) ln(£ ± 2XB-^ \n{A + Bg)) , 



J e ± 2XB-^ ln{A + Bt) 



-1 



dr = Lo. 



Case 2. B"^ > C'^ ^ B = a(0 cosh 2/3(e), B = a(0 sinh 2/3(^) 
a) r / — 1 



cosh2(/ + /?) = \l+ (^e + 2Xa-^{r + l)-^{A + ag) 



r+l 



1/2 



1 + (e + 2Xa-^{r + 1)'^{A + arf+^y 



1/2 



dr = a;; 



b) r = -l 



cosh 2(/ + /?) = [l + (e + 2Aa-^ ln(^ + ap) 



1/2 



1 + (e + 2Aq;~^ ln(^ + ar)) ' 



-1/2 



dr = u. 



Case 3. B'^ < ^ B = a(0 sinh 2/3(0, ^ = a(0 cosh 2/3(0 
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a) 



sinh2(/ + (3)= [-1 + (e + 2Xa-^{r + 1)~\A + ag) 



r+l 



1/2 



J -1 + (e + 2Xa-\r + 1)-\A + ary+^y 



1/2 



dr = Lo. 



b) r = -1 



sinh2(/ + /?) 



-1 + (e + 2Xa~^ ln{A + 



1/2 



j -! + (£ + 2Xa-^ ln{A + ar)) ' 



-1/2 



dr = uj. 



Case 4. B = C = 



/ = XA'^uj. 



In the above formulae parameter e takes the values —1, 0, 1. 

Thus, we have constructed the general solution of system (3.4.7). Substi- 
tution of the obtained expression for the four-component function if = ip{^, co) 
into Ansatz (3.4.6) with r = 1/2A; yields a class of exact solutions of the 
nonlinear Dirac equation (2.4.1). And what is more, this class contains four 
arbitrary complex functions of ^ = xq + x-^ (components of the function G(^)). 
Such arbitrariness enables us to solve a wide class of Cauchy problems for the 
system of nonlinear PDEs (2.4.1). 



CHAPTER 4 



NONLINEAR 
GALILEI-INVARIANT 
SPINOR EQUATIONS 

In the present chapter we investigate hnear and nonhnear systems of PDEs 
for the spinor field admitting the Galilei group G(l,3). Wide classes of non- 
linear first-order spinor PDEs invariant under the group G(l,3) and its ex- 
tensions, groups Gi(l,3) and ^2(1, 3), are described. All Ansatze for the 
spinor field jp{t, x) invariant under the G(l, 3) non-conjugate three-parameter 
subgroups of the Galilei group are obtained. With the use of these Ansatze 
the multi-parameter families of exact solutions of a nonlinear Galilei- invariant 
spinor equation are constructed. In addition, we briefly consider the second- 
order spinor PDEs invariant under the group G(l, 3). 

4.1. Nonlinear equations for the spinor field invctriant 
under the group G(l,3) and its extensions 

In spite of the fact that the Galilei relativity principle is known for more than 
300 years, the concept of the Galilei group has arisen only recently (1950- 
1970). It is even more surprising, if we take into account that Sophus Lie has 
discovered this group as early as in 1889. It was Lie who established that 
the one-dimensional linear heat-transfer equation (which up to the constant 
factor coincided with the Schrodinger equation) was invariant with respect to 
the translation group, Galilei transformation, scale and projective transforma- 
tions. Simultaneously, he discovered a projective representation of the Galilei 
group G(l, 1). 

Bargmann and Wigner [18, 191] have rediscovered projective representa- 
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tions of the Galilei group and showed the fundamental role played by these in 
the quantum theory. Since Bargmann's and Wigner's works the Galilei group 
is intensively used by specialists dealing with mathematical physics problems. 

A Galilei-invariant equation for a particle with the spin s = 1/2 was sug- 
gested in [172, 212]. Systematic study of the first-order equations invariant 
under the group ^(1,3) was begun by Levy-Leblond [212, 213] and Hagen, 
Hurley [178, 186]. The algebraic-theoretical derivation and detailed investiga- 
tion of the new classes of linear Galilei-invariant equations for particles with 
arbitrary spins were carried out in [114]— [116], [118, 119, 130]. Some nonlinear 
Galilei-invariant systems of PDEs were considered in [130, 259, 296]. 

A Galilei- invariant equation for a particle with the spin s = 1/2 can be 
represented in the form [296] 

{-i{lo + I4)dt + ijada + m(7o - 74)}fp{t, x) = 0, (4.1.1) 

where dt = djdt, da = d/dx^, a = 1,2, 3, m = const, ip = ijj{t, x) is a 
four-component complex- valued function (spinor), x G R^, t G M^. 

In the process of derivation of equation (4.1.1) the Dirac's heuristic trick 
was used. Namely, one looked for a first-order system of PDEs with con- 
stant matrix coefficients for a spinor ^(t, x) whose components satisfied the 
Schrodinger equation 

{Umdt-dadaW{t,x) = Q, a = 0,...,3, (4.1.2) 

whence it immediately followed that up to equivalence the equation required 
had the form (4.1.1) (to obtain (4.1.2) one has to act with the operator — i(7o + 
lA)dt + i'^a^a + fnilo — 1a)) on system (4.1.1). Let us note that the more 
traditional notation of the equation for a Galilean particle with the spin s = 
1/2 

{i(l -I- 7o)(9t + i-fada + m{l - 70)} ip{t, x) = 

is obtained if we multiply (4.1.1) by the matrix 74 and change the dependent 
variable ^ ^ V'' = 2"^/2(l + -f4)ip. 

1. Local symmetry of system of PDEs (4.1.1). The Lie symmetry of 
PDE (4.1.1) for m 7^ is well-known. In particular, in [119, 130, 259] it was 
established that (4.1.1) is invariant under the 13-parameter generalized Galilei 
group ^2(1, 3) (it is also called the Schrodinger group and denoted Sch{l,3)). 
We will prove the assertions describing the maximal (in Lie sense) invariance 
group admitted by equation (4.1.1) for both cases m / and m = 0. 



4.1. Nonlinear equations for the spinor Geld 



217 



Theorem 4.1.1. The maximal local invariance group of equation (4- 1.1) 
with m ^ is the lA- parameter group G« = G2(l,3) where G2{1,2,) 

is the 13-parameter generalized Galilei group having the generators 

Po = dt, Pa = da, M = 2im, 

Jab = Xadb - Xbda - {l/2)-f alb, 

Ga = tda + 2imXa + {l/2){jo+j4ha, (4.1.3) 
D = 2tdt + Xada + 2 -{l/2)jol4, 

A = tD-t'^dt + imXaXa + il/2){'yo+'y4^)'yaXa 
and 7(1) is the following one-parameter group 

x'^ = x^„ ijj'it', x') = e^ipit, x). 

In the above formulae a, b = 1,2,3, a ^ b, 6 = const is a group parameter. 
The proof is carried out by means of the Lie method. According to [236] 
the operator 

Q = ^o{x,tp*,ip)dt + £,a{x,ip*,'ip)da 

(4.1.4) 

+?7"(x,V'*,V')^V.« +r?*"(x,V*,V')9v*" 
generates an invariance group of PDE (4.1.1) iff the following relations hold 



= 

[L] 



Q{iilo + 74*)^-? - Kr.^ + m(7o* - itW} 



(4.1.5) 
0, 



[L] 



where Q is the first prolongation of the operator Q. By the symbol [L] we 
designate the set of solutions of equation (4.1.1). 

Relations (4.1.5) yield the following determining equations for the coeffici- 
ents of the operator Q: 

T] = -{a + 5^7^ + c^,.7''7'' + (^/^'^Ti + e)V^ + ^V^* + 

r^* = - (a* + b^j''* + c;^7''*7"* + ^^7^*74* + e*)V* + + 



^Since equation (4.1.1) is linear, it admits an infinite-parameter group ip' = tp + 0^{t, x), 
where is a group parameter and ^ is an arbitrary solution of the system of PDEs (4.1.1). 

Such a symmetry gives no essential information about the structure of the solutions of the 
equation under consideration and therefore is neglected. 
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dt^a = 2da = -icoa, dh^a = -da^h = 4Ca5, 

dae = dtdcCb, (a, 6, c) = cycle (1,2,3), ba = 0, (4.1.6) 
m e = 0, m{dt^o + 4o?o) = 0, dt (a - do - il/2)daCa) = 0, 

dba - {l/2)dadaib - 2imdt^h = 0, 44 = 0, 

dtn = dan = o, (70 + 74)^^ = -6(70 - 74), 

Jan = -n^*, m(7o - 74)^^ = mG(7o + 74), 

where rj is the four-component function {rj^ , rj^ , tj"^ , tj^}'^ , is an arbitrary 
sohition of the system of PDEs (4.1.1), Q, B are complex (4 x 4)-matrices, 
indices a, b, c take the values 1, 2, 3 and what is more a ^ b. 

Since m ^ 0, from (4.1.6) it follows that e = 0, / = — 2c?o and besides 
do = do{t). Due to this fact the equations for functions Ci) ^2; ^"^^ 
rewritten in the form 

da^o = 0, dt^o = -^do{t), db^a = -da^b, a^^b, 
5i6 = ^26 = 46 = -2do(t), 446 = 0, a^b, 

whence it follows that d^da^a = (no summation over a) and what is more 
the equalities 

446 = -dadcib = -dcdaib = 446 = 446 = -dbda^c, 

where (a, 6, c) = cycle(l, 2, 3), hold. Consequently, dadb^c = —dadb^c = 
which implies that the functions .^^ are linear in the variables xi, X2, X3. Due 
to this fact it is not difficult to integrate the system of PDEs (4.1.6). Its 
general solution under m 7^ has the form 

Co = Ait^ + 2A2t + A3, 

6 = BabXb + {Alt + A2)Xa + Cat + Da, 

a = imAiXaXa + 2imCaXa + 2Ait + 2A2 + A4, 

Cab = (l/4)Ba6, da = (l/2)(^lXa + Ca), 

Coa = -{l/4){AiXa + Ca), do = -(l/2)(^lt + A2), 

bo = ba = e = 0, n = 0, 6 = 0, 

where Ai, . . . , A4, Bab, Ca, Da are arbitrary real constants, Bab = —Bba-, 
a,b = 1,2,3. 
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Substitution of the above results into (4.1.4) shows that the most general 
infinitesimal operator Q admitted by the equation under study is a linear 
combination of operators (4.1.3), I = ■ip"d^a+^jj°^*d^at. and Q' = ^'"(t, x)d^a + 
^'*"(t, x)d^*a. Consequently, operators (4.1.3) together with the operators 
/, Q' form the basis of the maximal invariance algebra admitted by the system 
of PDEs (4.1.1). The theorem is proved. > 

Note 4.1.1. Operators Pq, Pa, M, Jab, Ga form a basis of the Lie algebra 
of the Galilei group which is called the Galilei algebra AG{\, 3). 

Note 4.1.2. Operators Pq) Pa-, M, Jab, Ga, form a basis of the Lie algebra 
of the extended Galilei group Gi(l,3) which is called the extended Galilei 
algebra ^Gi(l,3). 

Theorem 4.1.2. The maximal local invariance group admitted by (4-1-1) with 
m = is the infinite-parameter Lie group having the generators^ 

ipo{t)dt + Mt)xada + (3/2)(^o(i) 

+ (l/2)(/3o(i)(7o + 74haXa, 
Mt)da + (l/2)(70 + l4haMt), 

^4(i)^t + (l/2)(/i4(t)(l-7074), 

(7o + 74)<^5(i), (4.1.7) 

{t)[xcdb+{l/4)^blc) 

+(l/2)(7o +74)7a<^5+a(i)76a;6, 

{C3(72 + 7371 IV + {CI {72 + 73*71* 

where (po{t), ipi{t), . . . ,cp8{t) are arbitrary smooth functions, ips = dips/dt, 
s = 0, . . . ,8, the symbol {ip}°^ denotes the a-th component of ip, Ci, C2, C3 
are arbitrary complex constants and 

(1, (a,6,c) = cyclc(l,2,3), 
^abc = I -1, {a, b, c) = cycle(2, 1, 3), 
I 0, in the remaining cases. 

Proof. The determining equations for coefficients of the infinitesimal opera- 
tor of the invariance group of equation (4.1.1) are of the form (4.1.6) under 

''See the footnote on the page 217. 



Goo — 

Doo = 

T — 

Jco ~ 



Ml 

M2 
M3 



220 chapter 4. NONLINEAR GALILEI-INVARIANT SPINOR EQUATIONS 



m = 0. The general solution of system of PDEs (4.1.6) with m = is given 
by the following formulae: 

Co = 'Po{t) - 2(/94(t), = £abcXbf5+c{t) + ip{t)Xa + (Pa{t), 

a = {3/2)ipo{t) + Ci, bo = e = 995(0 - {l/2)xa^5+a{t), 

ba = 0, Cab = {^/4:)eabc'P5+c{t), 

da = -2coa = -{l/2)(^(po{t)Xa + ipa{t) + eahc^^+c{t)Xh) , 
^ = C27274 + C'3(72 + 7371), 

where {Ci,C2,C3} C C^; ipQ{t) ^ . . . ^ are arbitrary smooth functions. 

Substituting the above result into (4.1.4) we come to the conclusion that 
the most general infinitesimal operator admitted by equation (4.1.1) under 
m = is a linear combination of operators (4.1.7) and Q' = '^°'{t,x)d^a + 
**"(t, x)d^»a. Consequently, the operators listed in (4.1.7) together with the 
operator Q' form the basis of the maximal (in Lie sense) invariance algebra of 
(4.1.1). The theorem is proved. > 

Note 4.1.3. The algebra (4.1.7) contains as a subalgebra the infinite-dimen- 
sional centerless Virasoro algebra with the following basis operators: 

= A^{n = edt + ne-^xada + {'in/2)e-^ 

+(l/2)n(n - 1)^-2(70 + 74)7aa:a, 
which satisfy the commutation relations 

[qn, qm] = (m- n)qn+m-i, n,m G Z. 

The Virasoro algebra is a Kac-Moody-type algebra which plays an impor- 
tant role in the theory of two-dimensional dynamical systems (see, for example, 
[67, 276, 286]). 

Note 4.1.4. On the set of solutions of system of PDEs (4.1.1) with m = 
two inequivalent representations of the Lie algebra of the generalized Galilei 
group are realized 



1) Po = dt, Pa = da, 

Ga = ta„ + (l/2)(7o+74)7a, 

Jab = Xadb - Xbda - (1/2)7^ 7b, a b, 

D = 2tdt + Xada + 2- (1/2)7074, 
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A = tD- t'dt + (1/2) (70 + l^)laXa\ 

2) Po = 5t, Pa = da, 

Ga=t5a + (l/2)(7o+74)7a, 
Jab = Xadb - Xbda - {l/2)-falb, a b, 
D = tdt+ Xada + 3/2, 
A = 2tD- + (70 + lA)laXa- 

Further, we adduce transformation groups generated by the operators 
(4.1.3). To obtain a one-parameter transformation group generated by op- 
erator Q (4.1.4) it is necessary to solve the following Cauchy problem (the Lie 



erator Q (4.1.4) it is necessary 
equations) : 

dt' 



^=r,-it',x',r,n ^=ri*-{t',x',r,n (4.1.8) 

t'{0)=t, x'^{0)=xa, V'"(0) = V", ^'*°(0)=^*°. 

Substituting into (4.1.8) functions r/", r/*" corresponding to the opera- 
tors (4.1.3) and integrating the equations obtained we arrive at the following 
transformation groups: 



J 



G 



D 



t' = t + 90, 

Xq = Xa -\- 9a, 

i;'it', x') = V(t, S); 
ft' = t, 

x'a = {^ab COS 9 + EabcdcO'^ Sin 9 

+W"'(l-cose))xb, 

, il)'{t', x') = exp{-(l/4)e„(,c6'a767c}V'(*> x) 
^t' = t, 

Xa ~ Xa + 9at, 

^'{f, x') = e-x.^[-2im{9aXa + (t/2)0„0„) 
-(l/2)(7o+74)7a^a}V'(i, x)- 

t' = te^'^" , 

^'{t', x') = exp{-2eo + (l/2)eo7o74}V(i, 



(4.1.9) 



(4.1.10) 



(4.1.11) 



(4.1.12) 



X] 
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A 



t' = t{i-eot)-\ 
< = xa{i - eot)-\ 

^'(t\ x') = (1 - 6lot)^exp|-im6'o(l - Ooty^XaX, 



(4.1.13) 



M 




(4.1.14) 



where P = OoPq + OaPa, J = {^/'^)£abcOaJbc, G = 9aGa, 00, da are group 
parameters, 6 = {OaOaY^"^ ■ 

One can check by a direct computation that equation (4.1.1) is invariant 
under groups (4.1.9)-(4.1.14). 

Note 4.1.5. Transformation groups corresponding to the operators (4.1.7) are 
given in [160]. 

2. Non-Lie symmetry of system of PDEs (4.1.1). As earUer (see Section 
1.1) we designate hy Mi the class of the first-order differential operators with 
complex matrix coefficients 



acting on the space of four-component complex- valued functions ij) = il){t, x). 
Below we adduce the assertions describing the symmetry of equation (4.1.1) 
in the class Mi- 

Theorem 4.1.3. System of PDEs (4- 1.1) with m ^ has 34 linearly-indepen- 
dent symmetry operators belonging to the class M. i . The list of these operators 
is exhausted by the generators of the generalized Galilei group (4-1 -3) and by 
the following 21 operators: 



Sa = lOlida + (70 + li)ladt - im{-iQ - 74)7a, 

Ta = (l/2)e„5e((l/2)(7o - li){lhdc - Icdb) + Ihlcdt) , 

RO = tWo + XaWa+{3/4.){jo+j4), 

Ra = 2tTa + 2XaWo + eabc{xbSc + (l/2)7b7c) + (3/2)7a, 

Nq = XaSa + 7074, 



Xo = Ao{t, x)dt + Ai{t, x)db + B{t, x) 



Ml 
Wo 



I, M2 = il, 

(l/2)(7o + 74)9* - (im/2)(7o - 74), 
(l/2)eabc((l/2)(7o + 74)(7b^c - 'Jcdb) + imjbjc) 



a 
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Na = tSa + 2eabcXbWc + {'Jo+l4ha, 

Ka = 2XaRo - {XbXb)Wa + £ahc {tx^Sc + (l/2)t767c + (70 + 74)a;67c) 
+t''Ta + iS/2)tja, 

where / is the unit (4 x 4)-matrix. 

Theorem 4.1.4. Basis of the infinite- dimensional vector space of symmetry 
operators of system (4-1-1) with m = belonging to the class Mi can be chosen 
as follows 

Ii — I2 — ilj ^00 ) Cqo) ^001 -^00 ) J001 

Woo = {lO + lA){^ldt + iplda), 

Soo = V'l ((70 + 74)7a^t + 70749a) + (l/2)(70 + 74)7a¥'I, 
Poo = ifl - (70 - 74)9„) + (1/4) (27„ + eabclblc)^l, 

Qoo = ^oilO + l4)Xada, 

Roo = </fa°{ea6c( (70 + 74)a;67c + 70742:69c) + (l/2)7a} 

-(1/2) (70 + 74)7a¥'a°76^6> 
Noo = ((70 + lihaXadt + 7074a^a9a 

+ (1/2) (1 + 7074)) + (1/2)011 ^ 74)7,Xa, 
Koo = (-(70 + lA){xbXb)da + 2X0(70 + ^4)xbdb 

+2Xa(7o + 74) + SabcXblc) , 
Loo = Sabc^l^ (70 + 74) (xbdc + (l/4)767c) . 

Here ■ ■ ■ ■, Joo are operators listed in (4.1.7), tp^ , = 0, . . . , 3, = 
6, . . . , 13 are arbitrary smooth functions of t, an overdot means differentiation 
with respect to t. 

Proof. We give the main idea of the proof omitting very cumbersome in- 
termediate calculations. According to the definition of a symmetry operator, 
to describe all linearly independent symmetry operators of equation (4.1.1) 
belonging to the class M.i it is necessary to construct a general solution of the 
operator equation 

[L, X] = {Rodt + Rada + R)L, 

where L = -i(7o + 74)c^t + ila^a + m{jo - 74); Rq, Ra, R are variable (4 x 4)- 
matrices. 
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Computing the commutator and equating coefficients of linearly-indepen- 
dent operators d^, dtda, dad^, dt, da yield a system of matrix PDEs for Aq, Ai^, 
B, Rq, Ra, R. Eliminating matrix functions Rq, Ra, R we arrive at the 
over-determined system of PDEs for 80 functions A'^" , Bi^" (by Ai^" we 
designate the entries of the matrix A) fj,,v = 0, . . . ,3 which general solution 
gives rise to a complete set of symmetry operators of equation (4.1.1). > 

The complete set of symmetry operators of equation (4.1.1) belonging to 
the class A^i does not form a Lie algebra. But it contains some subsets which 
have very interesting algebraic properties. In particular, the basis generators 
of the Galilei group Pq, Pa, Jabi Ga, M are even basis elements and the 
operators Wq, Wa are odd basis elements of a superalgebra. This superalgebra 
can be considered as a superextension of the Galilei algebra AG{1,3) [305]. 

A detailed account of symmetry properties of system of linear PDEs (4.1.1) 
in the class of differential operators of the order higher than 1 and in the class 
of integro-differential operators can be found in [119]. 

3. Nonlinear spinor equations invariant under the group G(l,3). 

In this subsection we will obtain a complete description of Galilei-invariant 
systems of PDEs 

{-i(7o + 74)5t + i^ada + m(7o - 74)}V' = F{iP*, ^P), (4.1.15) 

where F{^'* , ip) is a complex- valued four-component function. In addition, 
all the functions -F(V'*,V') such that equation (4.1.15) admits wider symme- 
try groups (in particular, the generalized Galilei group ^2(1,8)) will be con- 
structed. 

Theorem 4.1.5. The system of nonlinear PDEs (4-1-15) is invariant under 
the Galilei group iff 

nr, ^) = (/i + (70 + 74)72)^, (4.1.16) 

where /i, /2 are arbitrary smooth functions of wi = tpi/j, W2 = ip^tp + ■074V'- 

Proof. It is convenient to represent a four-component function F(ip*, tp) in 
the form F = H{tjj* , 1^)1^, where H is a variable (4 x 4)-matrix. 

At first, we select from the class of equations (4.1.15) those which are 
invariant under the rotation group 0(3) C G{1, 3). Acting by the first prolon- 
gation of the generator of the group 0(3) 

Q = OlabXadb - (l/4){aa67a76V'}"9v" " 0-/ '^){<^abl*alb'4^*T 9^*'^ , 
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where Uab = —aba are real constants, on (4.1.15) we arrive at the following 
relation for H = H{ip* , ip): 



= 0. 

[L] 



(4.1.17) 



Here [L] is the set of solutions of PDE (4.1.15). 
Designating 

we rewrite equation (4.1.17) as follows 

QabH + {l/2)[-fajb, H] = 0. (4.1.18) 
Expanding the matrix H in the complete system of the Dirac matrices 



and substituting it into (4.1.18) we get 



(4.1.19) 



Qab{al + 6^7'* + c^,.7''7'' + d^^Al" + 674) 

= b^{9lMilb - aixhla) + df^lA{giJ.alb - 9ixbla) 
-(^^ {gaulblu + gbulalv - gaixlblv - gbulalfi)- 

Equating the coefficients of linearly independent matrices we arrive at the 
following system of PDEs: 

Qafe« = QabS = Qabbo = Qabdo = 0, 
Qahbk = bcigca^kb — 9cb^ka), 

Qabdk = dc{gca5kb - 9cb^ka), (4.1.20) 
QahCok = COciOca^kb " 9cb^ka)i 

QabC-kc ~ C^mnigan^bm ~^ gbm^an ~ gam^bn ~ gbn^arn)- 

In (4.1.20) = SmkSnc - SnkSmc, b, c, k,m,n = 1, 2, 3. 
Integration of system (4.1.20) is carried out in the same way as integration 
of (1.2.6)-(1.2.9). That is why we omit intermediate computations and give 
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the final result 

a = Ei{y), bo = E-2{y), do = E^iy), e = E4{y), 
h = iphkipBi{y) + V'^747feV'-B2(y) + V'^7o727ifc'0^3(y), 
cok = ^'^7fe^C'i(y) +V'W47feV'C'2(y) + V''^7o727fe'0C3(y), (4.1.21) 

dk = V'^7fcV'^i(y) + V'^747fcV'-D2(y) + V''^7o727fcV'^3(y), 

Cab = ■0^7a76^C'4(y) + V'^747a76^C'4(y) + '0'^7O727a76V'C'6(y), 

where Bi, B2,. . . ,E4 are arbitrary smooth complex- valued functions; y is a 
complete set of functionally-independent invariants of the group 0(3) which 
can be chosen in the form y = {ipip, ip'^tp, "0^74 V-'i i^li'^j V'"^72V')- 

Substitution of (4.1.19), (4.1.21) into (4.1.15) gives rise to the following 
class of 0(3)-invariant spinor equations: 



Formulae (4.1.22) are substantially simplified if we use identity (1.2.18) 
rewritten in the form 

(V'l7aV'2)7aV'2 = ('i/'lV'2)70'i/'2 - ('0lV'2)V'2 - ('0l74'i/'2)74'i/'2 ■ 

Here ipi, are arbitrary four-component functions. 

Due to the above identity equation (4.1.22) takes a more compact form 



where hi = hi{yi, y2, ys, y4, ys), i = 1, ... ,4 are arbitrary smooth complex- 
valued functions. 

Next, acting with the first prolongation of the generator of group (4.1.11) 
on (4.1.23) and using the Lie invariance criterion we get the following equations 
for H = hi + /t27o + ^37074 + ^474: 



{-i(7o + 74)dt + ijada + m(7o - 74) }V' 




(4.1.22) 



+V''''747aV'C'2 + +-0^707270 V'Ca) + 7a76(V'^7a76V'C4 




{-^(70 + 74)5* + ilada + m(7o - 74)}V' 
= {hi + /t270 + ^37074 + ^474)V'> 



(4.1.23) 



QaH + il/2)[H, (7o+74)7a] =0, a = 1,2,3, 



(4.1.24) 
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where Q„ = -(l/2){(7o + -f^Mrd^o. - (l/2){(7o* + 74*)7:^*}"9^-- 

Computing commutators in the left-hand sides of system (4.1.24) and 
equating to zero the coefficients of hnearly independent 7-matrices we come 
to the system of PDEs for hi, h2, hs, 

Qahi = 0, Qah2 = 0, h2 = /i4, hs = 0. (4.1.25) 

Integration of the above equations yields 

hi = fl{wi, W2), h2 = h4 = f2{wi, W2), /i3 = 0, 

where wi = '4>'^, W2 = ip^tp + V'74V'- 

Generally speaking, the group G(l, 3) is not the maximal invariance group 
of equation (4.1.15) with F of the form (4.1.16). Below we give without proof 
the assertions describing functions F = F{ijj*, ■0) such that the system of 
PDEs (4.1.15) admits wider groups. 

Theorem 4.1.6. EquaMon (4.1.15) is invariant under the group Gi(l,3) = 
G(l, 3)(ED(1), where D{1) is the one-parameter group of scale transforma- 
tions, only in the following cases: 

1) /i = (V'V + V^74V')'/^''="'7l((VSV')'~''=(V'V + ^lAll^f"), 

/2 = (V'V + V^74V')'/^''=~'72((V5V')'-''(V'V + VS74V')''), (4.1.26) 
D{1) being of the form 
t te , x^e , 

^'(t', ^) = exp{^o(-fc + (1/2)7074) }^(t, S), (4.1.27) 
under A; 7^ 1/2; 

2) /l = ■4^ll)h{'^H + V'74^), /2 = (V''0)^/2(^V + ^74V'), 

D{1) being of the form (4.1.27) under k = 1/2; 

3) m = 0, /i = (^t^ + ^74V')'/'Vi((^V')(V'V + VS74^)"'), 

/2 = {^H + h4^y^^''f2{{^l^i^)i^H + h4^)-^), (4.1.28) 

D{1) being of the form 

t' = te^°, x'^ = Xae^°, ^'{t', x') = e-'''^°ip{t, x). (4.1.29) 

Theorem 4.1.7. Equation (4.1.15) is invariant under the generalized Galilei 
group G2(l,3) only in the following cases: 
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1) fii /2 of the form (4- 1-26) under k = 3/2, the groups of scale and 
projective transformations are given by formulae (4-1-27) (with k = 3/2) and 
(4.1.13); 

2) m = 0, fi, fi are of the form (4-1-28) under k = 3/2, the group of 
scale transformations is of the form (4.1.29) with k = 3/2 and the group of 
the projective transformations has the form 

t' = t{l-9ot)-\ X'^ = Xail-eoty, 

^'{t', f') = (1 - 0ot)'exp{^o(l - eot)-\jo + l4haXamt, x). 



4.2. Exact solutions of Galilei-invariant 
spinor equations 

The present section is devoted to reduction and construction of the multi- 
parameter families of exact solutions of the nonlinear Galilei-invariant systems 
of PDEs 

{-^(70 + l4)dt + ijada + mijQ - 74) - /i - 72(70 + 74)}'0 = 0> (4-2.1) 

where fi = fiiipip, V'^V' + V'V')- 

1. Ansatze for the spinor field. Since a linear representation of the Galilei 
algebra is realized on the set of solutions of the system of PDEs (4.2.1), we 
can look for Ansatze reducing (4.2.1) to systems of DDEs in the form 

'tp{t, x) = A{t, x)<f{Lo), (4.2.2) 

where (p = (p{uj) is a complex-valued four-component function. A variable 
(4 X 4)-matrix yl(t, x) and a real- valued function a; = a;(t, x) are determined 
by equations (1.5.22), (1.5.20), where operators Qi, Q2, Q3 are the basis 
elements of some three-dimensional subalgebra of the Galilei algebra AG{1, 3). 

A classification of the G(l,3) non-conjugate subalgebras of the algebra 
AG(1, 3) has been carried out in [267] (we use a more convenient classification 
given in [100]). Each three-dimensional subalgebra (Qi, Q2, Q3) satisfying 
condition (1.5.10) gives rise to an Ansatz of the form (4.2.2) which reduces 
the G(l, 3)-invariant system of PDEs (4.2.1) to a system of ODEs for (p{u;) 
(Theorem 1.5.1). 
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It should be noted that the subalgebraic structure of the algebra AG{1, 3) 
in the case m ^ differs essentially from the one in the case m = 0. That is 
why the cases m 7^ and m = lead to principally different sets of Ansatze 
for the spinor field. 

Since the system of nonlinear PDEs (4.2.1) with m = admits the infinite- 
parameter Lie group with generators Goo, Joo from (4.1.7) [292], which con- 
tains the group G(l, 3) as a subgroup, it makes no sense reducing it by means 
of subgroups of the Galilei groups. That is why we restrict ourselves to the 
case m 7^ (Galilei-invariant Ansatze for the case m = are constructed in 
[160]). 

At first, we will write down the complete list of inequivalent Ansatze for the 
spinor field invariant under the G(l,3) non-conjugate three-dimensional sub- 
algebras of the algebra AG{1, 3) and then consider an example of integration 
of the over-determined system of equations (1.5.22), (1.5.20). 

1) (Po, Pi, P2), 
tp{t, x) = (p{x2,); 

2) {Ji2+aPo,Pi,P2), 

i;{t, x) = exp{(t/2a)7i72}¥?(x3); 

3) {Po + iam, Pu P2), 

1^(1, x) = exp{—iamt}cp {xs); 

4) (J12, Po, P3), 

ij{t, x) = exp{-(l/2)7i72 arctan(a;i/x2)}<^ (xj + x|); 

5) (Ji2+aPo + /3G3, Pi, P2), 

ipit, x) = exp{(2im/3)/3a"^t(/3t^ - Saxs) - iPt/a)r]3 + (t/2a)7i72} 
Xip{f3t^ - 2ax2,); 

6) (Ji2 + aG3, Pi, P2), 

^(t, x) = exp{(l/2Q;t)a:3(7i72 — 2a773 — 2imax3)}(p {t); 

7) (Ji2 + aG3, Gi, G2), 

^(t, x) = exp{-{im/t){xl + xf) - {l/t){r]ixi + ■q2X2)} 
X cxp{(l/2Q;t).T3(27;amx3 -|- ar}2, — 7i72)}</' {t); 

8) (Ji2+aP3, Pi, P2), 

^(t, x) = exp{-(l/2Q;)a;37i72}(yc(i); 

9) (Ji2+aP3, Gi, G2), (4.2.3) 
V'(t, x) = exp{-(im/t){xl + xj) - (l/t){T]iXi + 7/2^2)} 
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X exp{-(l/2a)x37i72}</' {t); 

10) (Pi,P2, Ps), 
i^{t, x) = (p{t); 

11) (Gi,P2, Ps), 

■il){t, x) = ex.-p{—{im/t)xl — {l/t)xir]i}ip (t); 

12) {Gi+aPi,G2, Ps), 

'ip{t, x) = exp{— im[t~^X2 + {t — a)~^Xi] — t~^X2r]2 
+{a ~ t)~^xir]i}ip (t); 

13) (Gi + aPi, G2 + /3P2, Ga), 

^(t, x) = exp{iin[{a - ty^xj + {/3 - t)~^x| - t'^xj] 
+{a - ty^xirji + {(3- ty^X2r)2 - t~^X3r)3}cp (t); 

14) (Gi + aPo, P2,P3), 

il;{t, x) = exp{{2im/3)a~^t{t^ - Saxi) - {t/a)r)i}(p (t); 

15) (J12 + iam, Pq, P3), 

'ip{t, x) = exp{[iQ;m — (1/2)7172] axctan(xi/x2)}v' {xi + x\)\ 

16) (J12 + iam, Pq + i/5m, P3), 

^(t, x) = exp{i/3mt + [iam — (1/2)7172] arctan(xi/x2)}v? (xi + x|); 

17) (Gi + aP2, G2 + aPi + [3P2 + rPg, G3 - - (5G2 - a5Pi), 
'il){t, x) = exp{ — (im/t)xi — (l/t)xi?7i} exp| — (im/t)(Q!Xi +tx2)^ 

X [t(t - /3) - a^]-! + (1/Ti)(ar?i + tr/2)x3} exp{imii;2 (/(t)[i(i - /?) 

- [/(t)]-'^«((<5i-^ -r-i)(ar?i +tr?2) -r/3) }¥'(*). 

In the above formulae a, /3, p, 5 are arbitrary real parameters; 77a = 
(l/2)(7o +74)70, a = 1,2,3; <^ (a;) is an arbitrary four-component function; 

w = r(axi + tx2) + (t{t — /?) — 0:^^x3, T = ap + j35, 

f(t) = T{a{pt - a5) + 5t^^ - t{t{t - (3) - a^). 

As an example, we construct the Ansatz N 11 from (4.2.3). Substitution 
of Qi = tdxi + 2imxi + (l/2)(7o + 74)71, Q2 = 9x2, = the system 

of PDEs (1.5.22), (1.5.20) gives the following equations for A{t, x), u{t, x): 

dx^A = dx^A = 0, 

/ \ (4-2.4) 

tdx,A+[2imxi + (1/2) (70 + 74)71)^ = 0, 
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8x2^^ = 0, dx^io = 0, tdx^io = 0. (4.2.5) 

The first integral of system (4.2.5) has the form oj = t. Next, from (4.2.4) 
it follows that A = A{t, xi) and in addition 

— = -il/t)(2imxi + (1/2) (70 +74)71) ^• 

Integrating the above equation we get the expression for A. 

2. Reduction of nonlinear equation (4.2.1). We will carry out reduction 
of PDE (4.2.1) to systems of ODEs provided m ^ 0. Substitution of Ansatze 
(4.2.2) into (4.2.1) gives rise to equations of the form 

A{t,x)L(u,^*,^,^^ =0. (4.2.6) 

Since detA{t, x) / 0, the above equation is rewritten as follows 

L^w, if*, = 0. 

Below we give explicit forms of systems of PDEs for ip = ip{uj) corre- 
sponding to the Galilei-invariant Ansatze for the spinor field V'(i, x) listed in 
(4.2.3) 

1) ^739^ + "1(70 - Ia)^ = F, 

2) ij3(f) + ((i/2Q!)(7o + 74)73 + mi-jo - 74)) <^ = F, 

3) i^3ip + (am{'yo + 74) + m(7o - 74)) ip = F, 

4) 2iu^/^j2(p + ((z/2)a;~^/V2 + ^(70 - 74)) V = F, 

5) -2iaj3ip + (m(7o - 74) + q;~^/3u;(7o + 74) 
+(i/2a)(7o +14)13)^ = F, 

6) -^(7o + 14)'P + (rn{'jo - 74) + (i/2a'^)[7o74 
-0(70 + 74)])</5 = F, 

7) -i(7o + 74)<^ + ((i/2aw)7o74 - («/'^)(7o + 74) + "t,(7o - l4))v> 
= F, 
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8) -iilo + li)^ + {rn{'^o - 74) - {i/2a)^o^^ip = F, 

9) -^(7o + 14)'P + (rn{'jo - 74) - ^^^^(70 + 74) - i{2a)~'^joj4^ip 
= F, 

10) -z(7o + 74)(^ + m(7o - 74)<P = (4-2.7) 

11) -z(7o + 74)vi + ("i(7o - 74) - (i/2w)(7o + 74)) = 

12) -i(7n + 74)9^ + ("^(70 - 74) - i{2io - a)[2u;{uo - a)]^^ 
x(7o + 74))</5 = F, 

13) — i(7o + 74)</? + ("1(70 — 74) — «[3a;^ — 2{a + /3)a; + a/?] 
x[2a;(a; - a) (a; - /3)]-^(7o + 74)}<^ = ^, 

14) —2ia^iip + (^m(7o - 74) + ma~^a;(7o + 74)) = F, 

15) 2iu;-^/^72<^ + (^ia;~^/^[iQ;m7i + (1/2)72] + m(7o - 74)) = 

16) 2iu^^'^j2^ + ^ia;~"^''^[zQ:m7i + (1/2)72] + m(7o — 74) 
+m/3(7o + 74))(/' = F, 

17) -z(7o + 74)1^ + (i[2Lof{u)]~^[iv^ + a{a + pt)u - 2ra^(5] 

x(7o + 74) - {'i/^){lo + 74) + mi^Q - 74))</7 = F. 

Here a dot over ip means differentiation with respect to cj, 

F = {/i {ip^, (/'V + '^749') + (70 + 74)/2 i'f^, V^V + <?74</3)}v9, 
T = ap + /(uj) = r[a(pa; — a5) + Scv'^] — [ll!{uj — (3) — a^\uj. 

3. Exact solutions of nonlinear equation (4.2.1). We will construct 
the multi-parameter families of exact solutions of nonlinear Galilei-invariant 
system of PDEs of the form (4.2.1) with the power nonlinearity 

{-i(7o + 74)9t + i-iada + m(7o - 74) - Ki'H + hA^^f^^^]^ = 0, (4.2.8) 

where A, k are constants, by means of the Ansatze for the spinor field 'ijj{t, x) 
invariant under the G(l, 3) non-conjugate three-dimensional subalgebras of 
the Galilei algebra AG(1,3). 

According to the results obtained in the previous subsection substitution 
of Ansatze (4.2.3) into (4.2.8) gives rise to systems of ODEs (4.2.7) with F = 
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ODEs 6-13 prove to be integrable due to the following assertion. 
Lemma 4.2.1. The quantities 



are the first integrals of the systems of PDEs 6,7,. . . ,13, respectively. 
Proof is carried oTit by a direct check. > 

According to the above lemma, the systems of nonlinear ODEs 6-13 are 
linearized. And what is more, the linear systems obtained are integrable in 
quadratures. This fact enables us to construct the general solutions of the 
reduced ODEs 6-13 from (4.2.7). These solutions are represented in the fol- 
lowing unified form: 



where A/" = 6, . . . , 13, x is an arbitrary constant four-component column, 



/eH = (l/2m)[A^-V2fc_(i/2a.;)]56, 

gQ{uj) = oj-^/'^ cyiY>{-{i/lQ){a^mojy^ +iWi{k,u)]\ 

friuj) = (l/2m)[Aa;-Vfe-(i/2«u;)]57, 

g7{uj) = uj~^exp{—{i/16){a'^muj)~^+iW2{k,uj)}; 

fsico) = {l/2m)[X + {i/2a)]gs, 

gs{Lo) = exp{z(l -F4Q;^A^)(16a^m)~^a;}; 

/9(a;) = (l/2m)[Aa;-V'= + (i/2a)]59, 

59(0;) = (l/oj) exp{iuj{16a'^m)~^ + iW2{k,cj)}; 

/io(w) = (A/2"^)exp{(i/4m)A^a;}, 

gio{oj) = exp{(i/4m)Pw}; (4.2.10) 

fuiiv) = {X/2m)uj'/^''gu, 

gn{uj) = io^^"^ ew{iWi{k,uj)}; 

fu{oj) = (A/2m)(a;2-aa;)-i/2*=5i2, 



h = <f{lo + h = <^(7o + 74)(/"^^, 

^10 = (^(70 + 74)<^, hi = vi'fo + 74)<puj, 
I12 = (filo + 74)V' ("^^ - atv), 



hs = <^(7o + 74)V'<^('^ - a) (a; - P) 



ipN{i^) = (l/2){/Ar(a;)(7o + 74) + 9n{(^){1 + 7o74)}x, 



(4.2.9) 
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/i3(a;) = (A/2m)[a;(a;-a)(a;-/3)]-V2fe5i3, 
513H = [uiu - a){Lo - (5)]-^/^ 

{ r 
X exp<^ (iAV4m) / \z{z - a){z - i3)Y^l^dz 

In (4.2.10) A = A(x^x + X74X)'/'', 
Wnik^uj) = (AV4m) 



k{k - n) ^uj^'^ under k ^ n, 

In a;, under k = n. 



Substitution of the above results into the corresponding Ansatze for the 
spinor field ip{t, x) yields the following classes of exact solutions of nonlinear 
equation (4.2.8): 

tjj{t, x) = exp{x3(2at)~^(7i72 - 2q!T?3 - 2iamx^)}ipQ (t), 

ip{t, x) = exp{-zmt"^XaXa - t"^?7aa;a}exp{(2ai)~^X37i72}</?7 (i), 

i){t, x) = exp{-(2a)"^X37i72}(/?8 (i), 

V'(i, x) = eyiY>{-imt~^ {xl + x\) - t~^{xir]i + X2r]2)} 

X exp{-(2Q;)"^a;37i72}¥'9 (t), 
^j{t,x) = ifioit), (4.2.11) 
V'(t, x) = exp{—imt~^Xi — t~^xirii}(pn (t), 
ijj{t, x) = eyip{—imt~^ X2 — X2r)2} e^p{im{a — t)^^ xf 

+{a - t)~^xirii}ipi2 {t), 
tjj{t, x) = exp{-im[t"^x| + {t - a^^xj + {t - Py'^x^] 

-t~^X3r)3 + {a- ty^xiiji + (/? - t)~^X2ri2}'Pi3 (*)■ 

To obtain G(l, 3)-ungenerablc families of exact solutions of system of non- 
linear PDEs (4.2.8) it is necessary to apply the procedure of generating solu- 
tions by transformations from the symmetry group of system of PDEs (4.2.8). 

Using Theorem 2.4.1 it is not difficult to obtain the formulae of generating 
solutions by transformation groups (4.1.9)-(4.1.14) 

ipiiit, x) = ipiit', x'), 

t' = t + eo, 

Xa ~ Xa "I" da 'j 
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J 



G 



D 



A 



M 



' ipn{t, x) = exp{{l/4)£abcOa'yblc}iki{t' , x'), 

t' = t, 

x'a = (Sab COS 6 + EabcOcO'^ SmO 

+0A^-2(l-cos^))x6; 
' i^n{t, x) = exp{2?;m(0„x„ + (t/2)e„^„) 

+ (l/2)(7o+74)7a^a}V'/(*', S'), 

t' = t, 

X^ — Xq + 9at', 

ijii{t, x) = exp{2^o - (1/2)^07074}^/ x'), 

■(/'//(i, x) = (1 - 6'ot)"2exp|im0o(l - dQt)~'^XaXa 
, +(l/2t) ln(l - ^oi)(i7o74 + (70 + 74)7aa;a) }^i{t' , x'), 

t' = t{i-eot)-\ 

. x'^ = Xail - Ooty^; 
t' = t, 

Xa ~ Xai 



where Oq, 9a are arbitrary parameters, 9 = {9a9aY^'^- 

Applying the solution generation formulae to (4.2.11) and making some 
rather cumbersome computations yield the G(l, 3)-ungenerable families of ex- 
act solutions of nonlinear equation (4.2.8). Below we present one of them 

■il^it, x) = (1/2) cxp{im{26aXa + t9a9a)}cxp^-{l/2T)abZb(2imabZb 
+(70 + 74)7feab) } {(70 + 74) (/ii(r) + gii{T)ja9a) 



+5ii(T)(l + 7o74)}x, 



where Za = Xa + t9a + Ta, T = t + To; {9a, Tju} C M} are arbitrary parameters; 
a is an arbitrary constant unit vector; the functions /ii(T), 511 (T) are given 
in (4.2.10). 

It is worth noting that all solutions (4.2.11) have a singularity at the point 
m = 0. Consequently, it is impossible to obtain solutions of massless equation 
(4.1.1) putting in (4.2.11) m = 0. 
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4.3. Galilei-inveiriant second-order spinor equations 

As noted in Section 4.1 the substitution 

i;{t, x) = {-z(7o + 74)5* + i-fada + m(7o - 74)}*(i, x) (4.3.1) 
reduces equation (4.1.1) to a system of splitting Schrodinger equations 

{Aimdt - 5a5a)*"(t, x) = 0, (4.3.2) 

where are components of the spinor ^. 

Thus, the problem of integration of system of linear PDEs (4.1.1) is reduced 
to the integration of the scalar Schrodinger equation. That is why system of 
the second-order PDEs (4.3.2) can also be used to describe a Galilean particle 
with spin ,s = 1/2. However equations (4.3.2) describe particles with different 
spins because they are invariant under the Galilei group having the generators 

Po = dt, Pa = da, 

Jab = -Xadb + Xbda + Sab, a ^ b, (4.3.3) 
Ga = tda + 2imxa + ria, 

where Sab, Va are arbitrary constant matrices of the corresponding dimensions 
which satisfy the commutation relations 

[Sab, Scd] = -SadSbc - hcSad + ^acSbd + hdSac, 

(4.3.4) 

[%, Sbc\ = SacTjb - SabVc, [Va, Vb] = 0. 

To obtain from (4.3.2) a system of PDEs describing a particle with spin 
s = 1/2 one should impose an additional constraint on the set of solutions of 
(4.3.2). For example, if equations (4.3.2) are considered together with (4.1.1) 

{Aimdt - dada)i>{t, z) = 0, 

(4.3.5) 

{-^{'lQ + lA)dt + ilada + m{'^Q - 74)}V'(i, x) = 0, 

then the maximal (in Lie sense) invariance group of the system obtained is the 
generalized Galilei group having the generators (4.1.3). This assertion follows 
from the fact that the set of solutions of system (4.3.5) coincides with the set 
of solutions of equation (4.1.1). 

Imposing on solutions of system (4.3.2) the weaker nonlinear constraint 

5* (V^(70 + 74)V') = daii^lai^) (4.3.6) 
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we get another example of a Galilei-invariant system of PDEs for a particle 
with spin s = 1/2. Let us note that additional constraint (4.3.6) is an algebraic 
consequence of equation (4.1.1). Therefore, the set of solutions of system 
(4.3.2), (4.3.6) contains all solutions of equation (4.1.1). 

By a direct check wc can become convinced of the fact that the system of 
PDEs (4.3.2) is not invariant under the generalized Galilei group with gener- 
ators (4.1.3). The same assertion holds for nonlinear equations of the form 

{4imdt - dada)^ + F{^*,^) = 0, (4.3.7) 

where F is a complex-valued four-component function. 

Theorem 4.3.1. The system of PDEs (4-3.7) is invariant under the Galilei 
group with the generators Pq, Pa, Jab, Ga, M from (4.1.3) iff 

F = {fi + (70 + 74)/2}V', (4.3.8) 

where fi, /2 are arbitrary smooth functions of wi = ipip, W2 = tp^tp + "tp^iip- 
Furthermore, the class of PDEs (4-3.7) contains no equations admitting the 
group ^2(1, 3) with generators (4-1-3). 

Proof. Invariance of system (4.3.7) with respect to the group of translations 
(4.1.9) is evident. Consequently, to prove the theorem we have to study the 
restrictions imposed on the four-component function F{'ip* , ip) by the require- 
ment that (4.3.7) admits the Lie groups with the generators Jab, Ga- Acting 
by the first prolongation of the operators Jab, Ga on (4.3.7) and applying the 
Lie invariance criterion wc get an over-determined system of linear PDEs for 
F{iIj*, tp). If we rewrite the function F in the equivalent form H{ip*, 'ip)'ip, 
where H{tp* , V) is a 4 x 4-matrix, then the system of PDEs in question takes 
the form 

{(70 + 74ha^prd^. + {(7o* + 71)7^^'*}"^^'^)^ (^•^•9) 
= [H, (70 + 74)7a]- 

Here {li'}" is the a-th component of ^, [ , ] is the commutator. 

Equations (4.3.9) coincide with (4.1.18), (4.1.24), whose general solution 
after being substituted into the equality F{ip*, ip) = H{ip*, ip)ip gives rise to 
formula (4.3.8). 

On applying the Lie method we come to the conclusion that the necessary 
and sufficient conditions for system (4.3.7), (4.3.8) to be invariant under the 
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group of projective transformations (4.1.13) are as follows 

{widyj^ + W2dui,2 - 2/3) fi = 0, i = 1, 2, 
(to + 74) (ijada + m(7o - 74)) 1^ = 0. 

Since the last equation is not a consequence of system (4.3.7), (4.3.8), 
equation (4.3.7) is not invariant with respect to the generalized Galilei group 
having generators (4.3.1). The theorem is proved. > 

According to the above theorem, to obtain a G2(l; 3)-invariant nonlinear 
generalization of system (4.3.2) we have to study the wider class of PDEs 

{Aimdt - dada)i^ - F{r,i^, r,v) = 0, (4.3.10) 

1 1 

where the notation tp = {dtip, daip} is used. 
1 

Here we adduce only one example of the equation of the form (4.3.10) 
invariant under the group ^2(1, 3) with generators (4.1.3) 

{4imdt - dada)^ + {l/3){lP^)-^{(i{jo + lA)dt - ilada)i'^} 

X |-^(7o + li)dt + ilada + mi'jo - 74) jV" 
+(V^V')'/'(/i+/2(7o + 74))V' = 0, 

where fi = /j[(V'^^ + 74V')^(^V')~^]) ^ = 1,2 are arbitrary smooth functions. 

There exist second-order PDEs invariant under the Galilei group which 
are principally different from (4.3.2). For example, in [114, 119] the following 
G{1, 3)-invariant system of PDEs 

{ilndn - m)il^{t, x) = (l/2m)(l - 70 - ilA)dada^{t, x) 

was obtained. It is invariant under the Galilei group with the generators 

Pq = dt, Pa = da, 

Jab = -XaOb + Xbda + {l/2)^alb, a b, 

Ga = tda - imxa + (1/2) (1 + ^4)70- 



CHAPTER 5 



SEPARATION 
OF VARIABLES 

In this Chapter we present the basis of the symmetry approach to the sepa- 
ration of variables in systems of linear PDEs. A generalization of the Stackel 
method of separation of variables [75, 268] for the case of systems of differen- 
tial equations is suggested. Separation of variables in some Galilei-invariant 
PDEs is performed. 



5.1. SepEiration of veiriables and symmetry of systems 
of pairtial differential equations 

The Dirac equation (1.1.1) is called separable in Cartesian coordinates if it 
has exact solutions of the form 

V'la;) = Vb(xo)Fi(a;i)y2(x2)V^(x3)x, (5.1.1) 

where are nonsingular (4 x 4)-matrices, x is a constant four-component 
column. 

It is well-known that there exists a deep relation between variable sepa- 
ration and symmetry properties of PDEs [149, 201, 226]. This relation can 
be characterized in the following way: a solution with separated variables is a 
common eigenfunction of some set of commuting symmetry operators of the 
equation considered. To demonstrate the main steps of applying the method 
of separation of variables within the framework of the symmetry approach we 
will consider an example. A particular solution of (1.1.1) is looked for as a 
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solution of the following over-determined system of PDEs: 



{ilfidf, - m)V'(x) = 0, {do - Xi)i^{x) = 0, 
(5i - A2)V'(x) = 0, (^2 - A3)^(.x) = 0. 



(5.1.2) 



Integration of the last three equations of system (5.1.2) yields 



V'(a;) = expjAiXo + A2a;i + X3X2}^p (xs). 



Substitution of the above expression into the first equation from (5.1.2) 
gives rise to the system of ODEs for the four-component function ip {uj) 



Hence we conclude that the general solution of (5.1.2) is of the form (5.1.1) 

■ip{x) = exp{Aixo} exp{A2a;i} exp{A3X2} 

(5.1.3) 

X exp{i73(-m + iXijo + iA27i + iA372)a;3}x- 

Comparing (5.1.1) with (5.1.3) we come to a conclusion that the solu- 
tion with separated variables (in Cartesian coordinates) is the eigenfunction 
of operators do, di, 82 which form a commutative subalgebra of the invari- 
ance algebra of the Dirac equation. Consequently, classification of commuting 
symmetry operators is a part of the method of separation of variables. 

From the above example it is seen that the solution with separated variables 
contains arbitrary parameters Ai, A2, A3 which are called separation constants. 

Now we turn to the problem of variable separation in arbitrary systems of 
linear first-order PDEs 



wheie u = yu^ (x) , (x) , . . . , ^{x)j ; x = (xq, xi, . . . ,x„_i); {n,m} C N; 
L^, M arc (m x m)-matrices (M is supposed to be nonsingular). 

In what follows, a block {riiNi x n2N2)-'ioaatYix B, whose entries are (A^i x 
A^2)-niatrices B^^, 11 = 1, . . . , ni, v = 1, . . . , n2, is designated for brevity as 



ilz'P + {—fn + iAi7o -|- iA27i -|- 1X3^2)^ = 0, 



whose general solution reads 



cp (lo) = exp{i73(-m -|- iAi7o + 1X2^1 + iA372)u;}x- 



{Li,{x)d^ + M{x)}u{x) = 0, 



(5.1.4) 
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B = ||^^!/||J[]^Li"Li- Such a notation is very convenient and simplifies consid- 
erably all manipulations with block matrices. For example, a product of two 
block {niNi x n2A^2)- and (n2A^2 x nsA^s) -matrices 

TD II R ||ni n2 (~t \\ni ns 

-D — \\°ixv\\^=\v=\i ^ — \\^\xv\\^i,=\i,=\ 

is a block {n\N\ x nsA^sj-matrix 

-fD/~t II D (~t \\n\ ns 

JDI^ — ||-D//a*-^ai^||^=ii/=i) 

where summation over the repeated indices from 1 to n2 is understood. More 
details about operations with block matrices can be found in [173]. 

In the theory of variable separation in linear PDEs with one dependent 
variable a very important role is played by the Stackel matrices C — H'^^i^H; 
det C / 0, where C/^i, are smooth functions depending on the variable 
only. Separable PDEs admit rather natural and simple description in terms 
of the Stackel matrices [201]. It is believed that the above matrices when 
properly generalized should be of importance for variable separation in multi- 
component systems of linear PDEs as well [227]. 

Below we present an approach to variable separation in systems of linear 
PDEs (5.1.4) which uses essentially a generalized block Stackel matrix intro- 
duced below. 

Definition 5.1.1. Block {nm x nm)-matrix C = ||C'^i/(-T^)||J]^Lo) where 
Cfj,u{x^) are square (m x m) matrices, is called the Stackel matrix if the fol- 
lowing conditions are fulfilled: 

1) det C 7^0, 

2) [C^i/, Cap] + [Cup, Cau] = 0. 

Evidently, provided m = 1, the above definition coincides with the usual 
definition of the Stackel matrix (see e.g. [201, 227]). 

Definition 5.1.2. A set of smooth real-valued functions = z^{x), ji = 
0, . . . ,n — 1 is called a coordinate system if the condition det ||5a;^-2i/(a^)||JJ,'J^Lo 
7^ is satisfied. 

Now wc arc ready to give a precise definition of separation of variables in 
systems of linear PDEs which has been suggested for the first time in [169]. 

Definition 5.1.3. Let (m x m)-matrix functions Vi^{zi^), fi = 0, ...,n — 1 
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satisfy the system of n matrix ODEs 




(5.1.5) 



Aa = 

where C = ||C'/iz/(-Z/i)||^^Lo ^ Stackel matrix, Ai,...,A„_i are arbitrary 
parameters taking values in some open domain A C M""\ lis the unit (m 
matrix, 0^ are arbitrary fixed real constants. We say that the system of linear 
PDEs (5.1.4) is separable in the coordinate system zo{x), zi{x), . . . , Zn-i{x) 
if there exist such a (m x m)-matrix A{x) and such a Stackel matrix C that 
substitution of the Ansatz 

n-l 

u{x) = A{x)l[V^iz^„X)x, (5.1.6) 

IJ.=0 

where V^(2;^), /i = 0, . . . , n — 1 are solutions of system of ODEs (5.1.5) and x 
is an arbitrary m-component constant column, into (5.1.4) yields an identity 
with respect to A G A. 

Our aim is to solve the following mutually related problems: 

• to describe separable systems of PDEs (5.1.4) in terms of the correspon- 
ding Stackel matrices, 

• to establish a correspondence between separability of systems of PDEs 
and their symmetry properties. 

Solution of the first problem is necessary for general understanding of the 
mechanism of variable separation in systems of linear PDEs and for classifica- 
tion of separable systems. Solving the second problem we obtain a practical 
tool for finding coordinate systems providing variable separation in a given 
system of linear PDEs. 

Before adducing the principal assertions we make an important remark. 
It is readily seen that if a system of linear ODEs (5.1.4) is separable in a 
coordinate system = Zi^{x), then the equation 

{L'^{^)dz,+M'{x)}w{z)=0, 

obtained from (5.1.4) by means of the change of variables 

Zti = z^{x), w{z) = A~'^{x)u{x), 
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is separable in the coordinate system = and what is more, the solution 
with separated variables (5.1.6) reads 

wiz)=l[V,iz„X)x. 

Ai=0 

Consequently, when classifying separable systems we can consider separa- 
tion in Cartesian coordinates = only and choose A{x) = I. With this 
remark the solution with separated variables (5.1.6) takes the form 

n— 1 

u{x)=X{V^{x^,X)x. (5.1.7) 

At=0 

Theorem 5.1.1. Equation (5.1.4) is separable iff there exists a Stdckel matrix 
C satisfying the condition 

L^{x)C^,{x^) = -6,oM{x). (5.1.8) 

Proof. The necessity. Let system of PDEs (5.1.4) be separable. Then, 
according to Definition 5.1.3 there is such a Stackel matrix C that solutions 
Vn{xn) of the matrix system of ODEs 

^ = (Cf^oiX/j,) + C^a(.x^)\a)Vn, n = 0,...,n-l, 

= 1, (5.1.9) 

Aa = 

after being substituted into (5.1.7) give rise to an exact solution of the initial 

system of PDEs (5.1.4) with an arbitrary A G A. 

Inserting (5.1.7) into (5.1.4) with account of (5.1.9) we get 

i^o(Coo + Co„A„)yiF2 Vn-lX 

+LiVo{Cw + Cia\a)V2V^ Vn-lX +■■■ (5-1.10) 

+L„_iFoVl Vn-2{Cn-10 + Cn-laK)x + Mx = 0. 

Using properties of the Stackel matrix C it is not difficult to prove that 
the matrices A^j^ix^j) = Chq{xij) + C^{Xfj)\a, jU = 0, . . . ,n — 1 are mutually 
commuting. 
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Indeed, 

[A^, Ay] = [C^O, Cj^o] + Aa(^[C^O, Cua] + [C^a, Ci/o]) 



Since V^(x^) are solutions of the Cauchy problem (5.1.9), they can be 
represented by the following converging series [197]: 

V^ = I+ j A^{T)dT+ j A^{t) j A^{Tl)dTldT + . . . , /i = 0,...,n- 1. 

Hence, it follows that [A^, V^] = under n ^ f. With this fact relation 
(5.1.10) is rewritten in the form 



n—l 



(l^(C^o + C^aA„) + m) n Vi^x = 0. (5.1.11) 

Since x is an arbitrary m-component constant column and matrices are 
invertible, the above equality is equivalent to the following one: 

MC^^O + C^aK) + M = 0. 

Splitting the equality obtained with respect to Aa we arrive at the conditions 
(5.1.8). 

The sufficiency. Let 1^ be solutions of (5.1.9) with a Stackcl matrix C 
satisfying (5.1.8). Inserting the Ansatz (5.1.7) into (5.1.4) and taking into 
account the relations [A^, V^] = 0, jJ, v we get the equality (5.1.11). Hence 
it follows that the function (5.1.7) satisfies the initial system of PDEs (5.1.4) 
identically with respect to A € A. The theorem is proved. > 

Let B = \\B^y{x)\\^'^^Q be the inverse of the Stackel matrix C = 

||C'^i/(3^/i)||^,i/=0) 



Then, multiplying (5.1.8) by B^^ on the right and summing over u we arrive 
at the following representation of the matrices L^: 

L^ = -MBoi„ M = 0,...,n-1. (5.1.12) 
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Consequently, Theorem 5.1.1 admits an equivalent formulation: the sys- 
tem of linear PDEs (5.1.4) is separable iff the matrix coefficients L^, M are 
given in the Stdckel form (5.1.12). Thus, we have proved an analogue of the 
well-known theorem about variable separation in PDEs with one dependent 
variable [201, 227]. 

Theorem 5.1.1 provides a description of separable systems of PDEs via 
the corresponding Stackel matrices but it gives no method for construction 
of solutions with separated variables for specific equations. As stated above, 
the most effective method for separating variables in systems of linear PDEs 
is utilization of their symmetry properties. We will show that our definition 
of variable separation in a system of PDEs is consistent with its symmetry 
properties. Furthermore, we will obtain a simple description of a solution 
with separated variables in terms of the first-order symmetry operators of the 
system under consideration 

First, we will prove an auxiliary lemma. 

Lemma 5.1.2. Let ||-B^i/(a^)||J^^Lo ^ block nonsingular {nm x nm)-matrix. 
The inverse of it is designated as \\Hfj,iyix)\\^~^Q. Then matrix functions 
^tivix), Bf^(x) satisfy the system of PDEs 

1) [Bfxa, Bj^p] + [B^p, B^a] = 0, 

2) [B/xa, B^] — [B^a, Bfj] + BupdpB^a — BjjfjdpB^a = 0, (5.1.13) 

3) B^adaBj, — Bi^adaBfj, + [B^, B^] = 0, 

iff matrix functions H^^{x), H^{x) = —H^iyBi, satisfy the system of PDEs 

1) [H^a, Hyp] + [H^p, Hya] = 0, 

2) dyH^,^ - d^Hy^ + [H^^, Hy] - [Hya, = 0, (5.1.14) 

3) dyH^ - d^Hy + [H^, Hy] = 0. 

In (5.1.13), (5.1.14) subscripts /J., u, a, (3 take the values 0,1,2, ... ,n — l. 

Proof. Consider an over-determined system of PDEs 

{Bij,ydy + B^)u = Xij,u, /X = 0, . . . , n - 1. (5.1.15) 
According to Theorem 1.5.3 the above system is compatible iff conditions 



[B^ada + -Bju, Bypdp + By] = 



(5.1.16) 
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hold true. Computing commutators in the left-hand sides of (5.1.16) and 
equating to zero coefficients of the linearly independent operators d^d^, d^, I 
we get equations (5.1.13). Consequently, the system of PDEs (5.1.13) provides 
the necessary and sufficient compatibility conditions for system (5.1.15). 

Next, multiplying both parts of (5.1.15) by Han '^^ ^^'^ summing 

over fj, we have 



The compatibility criterion d^{d,^u) = d,y{d^u) for the system (5.1.17) 
yields the identities 



whence it follows that (m x m)-matrices H^i,{x), H^{x) = —H^i,Bj^ satisfy 
the system of PDEs (5.1.14). The lemma is proved. I> 

Theorem 5.1.2. Let the system of PDEs (5.1.4) he separable. Then, a so- 
lution with separated variables u{x) is a common eigenfunction of commuting 
first-order differential operators Qi, Q2, ■ ■ ■ ,Qn-i which are symmetry oper- 
ators of system (5.1.4). 

Proof. As earlier, we designate by the symbol B = ||-B^iy(a;)||J^~Lo ™" 
verse of the Stackel matrix C = ||C'^jy(iC/i)||)^^Lo- I-^^e to the properties of 
the Stackel matrix C, the matrix functions H^y = C^^(x^), = satisfy 
system (5.1.14). Hence it follows (Lemma 5.1.2) that the matrix functions 
Bny{x), Bn{x) = satisfy equations (5.1.13). Consequently, the operators 
= Bfj^ydy commute. 

By definition the solution with separated variables u{x) = 0)^=0 ^(^ad 
satisfies the system of PDEs 



Multiplying both parts of (5.1.18) by Bafj,{x) on the left and summing over /i 
we obtain 



(5.1.17) 





(5.1.18) 



Putting in (5.1.19) a = 0, 1, 2, . . . , n — 1 we arrive at the relations 



(5.1.19) 




u. 



XaU, a = 1, . . . ,n — 1. 



(5.1.20) 
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But according to (5.1.12) Bq^ = —M ^L^., = 0, . . . , n — 1, whence 

M-^L^d^ + !] = -[Ba^d^, Bo^d^] = 0. 

Now we will show that Qa are symmetry operators, which will complete 
the proof. Indeed, 

[Qa, L^d^ + M] = [Qa, M(M-'L,,d^ + /)] 
= M[Qa, M-'L^d^ + I] + [Qa, M]{M-'L^d^ + I) 
= {Ba^d^M + BaM)M~\L^d^ + M) = Ra{x){L^d^ + M), 

the same which is required. The theorem is proved. > 

Note 5.1.1. A class of solutions with separated variables of a given system of 
linear PDEs can be considerably extended if we define these by formula (5.1.6) 
without imposing additional constraints on the matrix functions Vn{z^, A). A 
peculiar example is the four-component complex-valued function: 

V'(x) = exp{-iAi(7o + 74)xi}exp|-(A2 + (1/2)7074) \Q.X2^if {x2/x^), 

(5.1.21) 

which is a solution with separated variables in the coordinate system zq = 
xi, z\ = lnx2, Z2 = x^jxj, of the spinor equation: 

{^ahclalhdc + m,lx2 + /(x2/x3)(7o + 74))V'(^) = 0, (5.1.22) 

where ra = const, / is an arbitrary real- valued function. 

The function (5.1.21) is a "generalized" eigenfunction of the symmetry 
operators Q\ = d\, Q2 = x\d\ + X2O2 -|- (1/2)7074 of the system of PDEs 
(5.1.22) in a sense that it satisfies the following equalities: 

Qxii = Ai(7o -I- 74)^/", Q21P = A2V', 

and what is more, the operators Qi and Q2 do not commute. 

However such a class of solutions with separated variables is too large to 
be described by means of the classical symmetry of the equation under study. 
To give a symmetry interpretation of these solutions it is necessary to study 
conditional symmetry of systems of linear PDEs [149, 152]. Unlike the clas- 
sical case, the determining equations for conditional symmetry operators are 
nonlinear. By this reason, a systematic description of solutions with sepa- 
rated variables (5.1.6) without imposing additional constraints on the form of 
functions V^(z^,A) seems to be impossible. 
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According to Theorem 5.1.2, a solution with separated variables in the 
sense of Definition 5.1.3 has to be looked for as an eigenfunction of some 
commuting symmetry operators of the equation under study. Consequently, 
we can formulate the following symmetry approach to the problem of variable 
separation in systems of linear PDEs of the form (5.1.4): 

• at the first step, the symmetry properties of (5.1.4) in the class Mi of the 
first-order differential operators with matrix coefficients are investigated; 

• at the second step, the {n — l)-dimensional commutative subalgebras of 
the symmetry algebra are classified; 

• at the third step, a compatible over-determined system of PDEs 

(L^5^ + M)u = 0, 

(5.1.23) 

QaU = {Ban{x)d^ + Baix))u = XaU, a = 1, . . . , n - 1, 

where Qi, Q2, ■ ■ ■ , Qn-i arc commuting symmetry operators (Lie or non- 
Lie ones) of equation (5.1.4), is transformed to a separated form 

dz^w = (c^,o{z^) + Cf^{z^)Xa)w, (5.1.24) 

by a proper change of variables 

Zf, = Zf,{x), w{z) = A-^{x)u{x). (5.1.25) 

If it is possible to implement the above three steps, then due to The- 
orem 5.1.2 the initial system of PDEs (5.1.4) is separable in coordinates 
Zij, = z^{x), fi = 0, . . . ,n — I and solution with separated variables has the 
form (5.1.6), where 1^(5;^, A) are (m x m)-matrices satisfying systems of ODEs 



(Cf,o{Zf,) + C^a{Zi,)Xa^Vf,, = 0, . . . ,n - 1 



(no summation over n). 

The most difficult problem to be solved in the framework of the above 
approach is a choice of an appropriate change of variables (5.1.25). A regular 
method for finding such a change is known only for the case, when operators 
Qa are Lie symmetry operators. Otherwise, we have to solve a nonlinear 
problem in order to get an explicit form of the "new" variables = Zf^{x) 
and the matrix function A{x). 
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In the next two sections we will apply the approach suggested to some 
Galilei-invariant PDEs. 



5.2. SepEiration of Vciriables in the Galilei-invciriant 
spinor equation 

The problem of variable separation in the Dirac equation (1.1.1) was studied 
intensively by many researchers [12, 13, 48, 59, 196, 227, 256], a number of 
important results were obtained. Nevertheless, they did not succeed in creating 
the complete theory (as it was the case for the Hamilton-Jacobi equation) of 
variable separation in equation (1.1.1). 

Analyzing the methods applied wc come to the conclusion that the most 
effective ones are those based on symmetry properties of the Dirac equation. 
V.N. Shapovalov and G.G. Ekle in [256] described solutions of the system of 
PDEs (1.1.1) with separated variables which were eigenfunctions of triplets of 
mutually commuting first-order symmetry operators (a complete description 
of such operators is given by Theorem 1.1.3). They have obtained 29 in- 
equivalent (P(l,3) non-conjugate) triplets of mutually commuting first-order 
symmetry operators, each one giving rise to a solution of the Dirac equation 
with separated variables. 

In addition, we can construct a solution with separated variables by using 
symmetry operators of the order higher than one. In particular, a number 
of papers (see [12, 13] and references therein) are devoted to the application 
of the second-order symmetry operators to variable separation in the Dirac 
equation. 

At the same time, the problem of variable separation in spinor PDEs in- 
variant under the Galilei group has not been studied yet. In the present 
section we will carry out separation of variables in the system of linear PDEs 
for the spinor field (4.1.1) by using its Lie and non-Lie symmetry described 
by Theorems 4.1.1, 4.1.3. 

To apply the approach developed in the previous section we have, first of 
all, to describe inequivalent triplets of mutually commuting symmetry opera- 
tors of equation (4.1.1). To this end, we need the following assertion. 

(£) (n) (£) (n) 

Theorem 5.2.1. Let Qi = Q\ +Q\ , Q2 = Q2 +Q2 ^^^ear combinations 
of the first- order symmetry operators of equation (4- 1-1) with real coefficients 

(£\ t£\ 

and besides Qi , Q2 be linear combinations of Lie symmetry operators and 



250 



Chapter 5. SEPARATION OF VARIABLES 



Qi , Q2 be linear combinations of non-Lie ones. Let the operators Qi, Q2 
commute, then CiQi^^ + C2Q^2^ = with some non-vanishing simultaneously 

real constants Ci, C2. 

Proof. The proof of the assertion demands very involved computations, 
therefore only a general scheme of it will be given. 

We declare the operators t, Xa to be of the degree +1, the operators 
dt, da, im to be of the degree —1, the operators I, 7^ to be of the degree 
0. In addition, we assume that the zero operator has an arbitrary degree. 
With such assumptions the set of the symmetry operators of equation (4.1.1) 
separates into the three classes 

1) operators of the degree —1 

PO, Pa, Wo, Wa, Sa, T^, 

2) operators of the degree 

Jah, Ga, D, Ml, M2, Ro, Ra, No, Na, 

3) operators of the degree +1 

A, Ka. 

It is easy to see that the relation 

[Qin),Q{i)]=Q{n + e), (5.2.1) 

where Q{k) is a symmetry operator of the degree k, holds. Representing the 
operators Qi, Q2 in the form 

Q^ = Q^{-l) + Q^{0)+Q^{ + l), ^ = 1,2 

and using (5.2.1) we get 

[Qi, Q2] = [Qi(-i), Q2(-i)] + [Qi(-i), Q2(0)] + [Qi(0), Q2(-i)] 

+[Qi(+l), Q2(-l)] + [Qi(0), Q2(+l)] + [Qi(+1), Q2(0)] 
+[Qi(+l), Q2(+l)] + [Qi(0), Q2(0)] + [Qi(-l), Q2(+l)] 
= Q(-2) + g(-l) + Q(0) + g(+l) + Q(+2) = 0. 

Prom the above equalities we obtain the following relations: 



Q(-2) = Q(-l) = Q(0) = Q(+l) = Q(+2) = 0. 
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Consequently, [Qi(— 1), Q2{—1)] = or 

Computing the commutator in the left-hand side of the above equality 
and equating coefficients of linearly independent operators we arrive at the 
conclusion that there exist such real constants Ci, C2 that 

^1^0^'' + ^^o-ff^ = 0, Cia^P + C2a^^ =0, , 

Cib^a^ + C2b^a^ = 0, Ci<^^ + C2ci') =0, 

where a = 1,2,3, and what is more + Cl 7^ (without loss of generality 
we may choose C2 / 0). 

Due to (5.2.2) the equality 

= Q(-l) = [gi(-l), Q2(0)] + [Qi(0), Q2(-l)] 

takes the form 

[Qt\-l), CiQi(O) + C2Q2(0)] + [aoPo + Oai^a, Qi(0)] = 

with some real constants oq, ai, 012, Q^3- 

Computing the commutator and equating coefficients of the linearly-inde- 
pendent operators we arrive at the condition 

C^Qt\^)+C2Qt\^) = ^- 

Similarly, 

CiQS"^(+1)+C2Q^"^(+1) = 0. 

Thus, we have established that there exist such non-vanishing simultane- 
ously real numbers Ci, C2 that 

C^QtHc2Qt'^ = C^{Qt\-l) + Qt\0) + Qf\+l)) 

+C2(q5")(-i) + q5")(o) + q(")(+i)) =0. 

The theorem is proved. > 

Note 5.2.1 As established in [198, 256] the above assertion holds true for 
the first-order symmetry operators of the Dirac equation. 
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Theorem 5.2.1 simplifies substantially the problem of classification of in- 
equivalent triplets of the mutually commuting symmetry operators of equation 
(4.1.1). Since we look for a solution with separated variables as a solution of 
over-determined system of PDEs (5.1.23), triplets of the symmetry operators 
{Qi, Q2, Qs) and (Qi, Q2, CiQi + C2Q2 + C'sQs) with C3 ^ are equiva- 
lent. Hence, by using Theorem 5.2.1, it follows that triplets of the mutually 
commuting symmetry operators belong to one of the following classes: 

II. Q?, Qi% ^ ^ ^ ^ 

where we designate by the symbol Qa ^ a linear combination of the Lie sym- 

(n) 

metry operators and by the symbol Q\ a linear combination of the non-Lie 
symmetry operators. 

By the arguments used while proving Theorem 5.2.1 we establish that the 
operators Q^^ + Q^^\ and Qs^'* commute iff 

[Q?,Q?] = [Q^r\Q^^^] = o, 

[Q?,Q^^h = [Q'r\Q?] = o, (5.2.4) 

[Q?,Q?] = o. 

Consequently, to classify ^2(1, 3) inequivalent triplets of commuting sym- 
metry operators of equation (4.1.1) we can make use of the results of subal- 
gebraic analysis of the Lie algebra of the generalized Galilei group 6^2(1, 3) 
which has been carried out in [16, 100]. 

According to [16, 100] there are 5 three-dimensional and 14 two-dimension- 
al 6^2(1,3) non-conjugate commutative subalgebras of the algebra ^^2(1,3). 
Solving for each of them equations (5.2.4) we get the following assertion. 

Theorem 5.2.2. The list 0/^2(1, 3) non-conjugate triplets of commuting first- 
order symmetry operators of equation (4-1 -1) is exhausted by the following 
ones: 



1) {Gi + aPo, P2, P3), 

2) (Gi + aPi, G2, P3), 

3) (Gi + aPi, G2 + /3P2, P3), 

4) (J12, Po, aWo + aiNo + ^2^3 + asTs + 6S3), 
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5) ( Ji2, A + Po,aW3 + pNo + S{Ts + K^)) , 

6) {Ji2, D,aW3 + m3 + SNo), 

7) {Ji2,G3 + Po,aW3 + PiRo + T3) + 6S3), 

8) ( Ji2 , -P3 , aWo + ai VF3 + asTs + 03^3 + 5N3), 

9) {Gi, P2,aaWa + m2 + SSi), 

10) (Gi + P2, P3, aaWa + P{2Wo - N3) + 6Si), 

11) (Po, Pi, aWo + aaWa + PaTa + ^a^a), 

12) (Pi , P2 , aWo + aaWa + PaTa + SaSa) , 

13) (J12 + P3, Po, aWo + aiWs + ^2^3 + SS3), 

14) (Ga + Po, P2, aaWa + /3(ri - Ar2) + (J^a), 

15) (Gi + P2, J12 + A + Po, aWs + Pin + No + K3)), 

16) (J12 + Po, P3, aWo + aiW3 + a2n + aa^a), 

17) (Gi + Pi + aPa, G2, aaW„ + ^[(1 + a^)S2 + iV2 

-aPo] + 5{Ni + aiVg)), (5.2.5) 

18) (Gi + Pi + aPa, G2 + /?P3, a3VKa + <5(iVi 
-2pWo - P^Si - PRo + apS2 + aN^) 

+p[N2 - pSs - apSi - aRo + (1 + 0^)82 - pN^]), 

19) (Po + aWo + aaWa + PaTa + S^Sa, Pi, P2) , 

20) (Po, Pi + aWo + aaWa + PaTa + SaSa, P2) , 

21) (Po + aWo + aaWa + PaTa + SaSa, P2 , P3) , 

22) (Gi + aWo + aaWa + PaTa + SaSa, P2, P3) , 

23) (Gi , P2 + aaWa + PN^ + SSi , Pa) , 

24) (Gi + Po + aWo + VF„ + /?„r„ + ^a^a , P2 , Pa) , 

25) (Gi + Po, P2 + aaWa + P{T2 - Ns) + SSi, P3), 

26) (Gi + Pi + a„ W„ + pNs + <552 , G2 , Pa) , 

27) (Gi + Pi, G2 + aaW„ + /35i, Pa), 

28) (Gi+Pi, G2, P3 + aaW^a + /?iVl), 

29) (J12 + aWo + aaWa + PaTa + SaSa, Pq, P3), 

30) (J12, Po + aWo + aiW3 + 02^3 + 03^3 + PN3, P3), 

31) (J12, Po, P3 + aWo + aiiVo + aaVFa + a3T3 + PS3), 

where a, aa, P, Pa, Sa, p are arbitrary real constants. 

We have not succeeded yet in relating each triplet from the hst (5.2.5) 
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to some coordinate system providing variable separation in system of PDEs 
(4.1.1) (so far it is not clear whether such a relation exists). Another problem 
is that there exist different triplets yielding the same coordinate system. For 
example, triplets 8 and 9 from (5.2.5) give rise to solutions of (4.1.1) with sep- 
arated variables in Cartesian coordinates t, Xa- In such a case we adduce the 
most simple triplet of symmetry operators corresponding to a given coordinate 
system. 

We have obtained 16 coordinate systems providing variable separation in 
equation (4.1.1). As an example, we will consider a procedure of variable 
separation in the case when all elements of the triplet 

Qa = ^ao{t, x)dt + ^ab{t, x)db + ria{t, x) (5.2.6) 

belong to the Lie algebra admitted by the equation under study. 

Since the above operators commute, there exists such a change of variables 
[159] 

z,j, = z^{t,x), /x = 0, ...,3, 

(5.2.7) 

il^{z) = A{t,x)il;{t,x), 

where A{t, x) is some invertible (4 x 4)-matrix, that operators (5.2.6) take the 
form Qa = dza- And what is more due to Theorem 1.5.1 the initial equation 
(4.1.1) on the set of solutions of the system of PDEs 

Qai^ = A„^ (5.2.8) 

is rewritten as follows 

Roizo)'ipzo + Ri{zo; Ai,A2,A3)v! = 

with some matrices Rq, R\. 

Thus, the system of PDEs (5.1.19) rewritten in the new variables z^, ip{z) 
takes the form 

Roizo)'ipzo + Riizo; Ai, A2, Aa)^^ = 0, 
'4^Za = Ki^, a = 1,2, 3 

i.e., the variables separate. 

On integrating the above systems of ODEs and substituting the result into 
(5.2.7) we get the solution of equation (4.1.1) with separated variables. 
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Provided one element of the triplet of symmetry operators is a non-Lie one, 
there is no general approach to the problem of transforming system (5.1.23) 
to the "separated" form 

Rin{Zfi)ipz^+ R2n{zn; Xi,X2A3)'>P = 0, ^M = 0,...,3, (5.2.9) 

(no summation over fi is carried out), where Ri^, i?2^ are some (4 x 4)- 
matrices. Each triplet containing non-Lie symmetry operator demands specific 
and very involved computations. 

In the case considered, the problem is a little bit simplified since two el- 
ements of the triplet are Lie symmetry operators. Transforming these to the 
form Qa = dz^, a = 1,2 we get two new variables zi{t, x), Z2{t, x). The 
third new variable is always zq = t. So it is necessary to guess the fourth 
variable z^ = zz{t, x) and the (4 x 4)-matrix A{t, x) transforming the system 
of PDEs (4.1.1) to a separated form (5.2.9). Omitting details of derivation 
of the corresponding formulae we present the final result: triplets of commut- 
ing symmetry operators, coordinate systems providing variable separation and 
corresponding systems of separated ODEs of the form (5.2.9). 

1) (Po, Pu P2), 

A(t,x)=I, Zo = X3, Zi=t, Z2=Xi, Z3=X2, 

i^zo + {Ai73(7o + 74) - A27371 - A37372 + im73(7o - 74) jV' = 0, 
= Aa-i/i, a = 1, 2, 3; 

2) (J12, Po, i^s), 

A{t, x) = exp{- (1/2)^27172} , 

zq = {x\ + x^Y^'^, zi =t, Z2 = arctan(a:2/a;i), z^ = x^, 

i'zo + {Ai7i(7o + 74) - A2^;^Si72 - A37173 

-|-zm7i(7o - 74) + (l/2)zj"^}'0 = 0, tp^,^ = Xatp, a = 1,2,3; 

3) {Gi+aPo, P2, P3), 

A{t, x) = ex.]){2imzoZi + {i/3)amzf + (1/2)2:171(70 + 74)}, 
Zq = xi - t'^/2a, zi = t/a, Z2 = X2, Z3 = X3, 
i'zo + {q:~^(Ai - 2im2;o)7i(7o + 74) - A27172 - A37173 
-|-zm7i(7o + 74)}'0 = 0, -^^^ = Xai), a =1,2, 3; 



4) 



(Gi + aPi, G2, P3), 

A{t, x) = exp{imzoZ2 + (1/2)2:2(70 + 74)72 + (1/2)^1(70 + 74)71 
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+im{zo + a)zl}, 

Zo=t, Zl=Xl/{t + a), Z2 = X2/t, Z3 = X3, 

-i(7o + 74)V^.„ + {-(l/2)(zo + a)"n7o + 74) + (V2)^o"^(7o + 74) 

+iAi(zo + + i>^2ZQ^'y2 + 1X3-^3 + m{-jQ - 74)}V' = 0, 

^za = Ki^^ a = 1,2, 3; 

5) (Gi + aPi, G2 + /3P2, G3), 

A{t, x) = exp{im[(zo + oc)zl + (zo + 13)^2 + zqz^] 

+ (l/2)(7o+74)7a^;a}, 
ZQ=t, Zi=Xi/{t + a), Z2 = X2/{t + 0), Z3=X3lt, 

-iilo + lil'^zo + {i^i{zQ + q;)"Si + iM{zo + /?)"S2 

+^A3-2o'S3 + (V2) ((-20 + + (^0 + + ^^^) (70 + 74) 
+m(7o - 74)}^ = 0, 'ipza = K'tp, a = 1, 2, 3; 

6) (TVo + aVFo, J12, Po), 

A{t, x) = exp{-(l/2)7i73Z3}cxp{-(l/2)7i72Z2}, 

zq = t, z\ = {x\ + X2 + x'^y^'^, Z2 = arctan(x2/a;i), 

Z3 = arctan[x3(a:^ + X2)~^^^], 

"tpzo = AiV', 4^Z2 = -A2V', 

i^zi = { ((a/2)^r^ - 71) (Ai(7o + 74) + imijo - 74)) 

+A32rSo74 - ^r^jv'; 

i'z3 = {(l/2)tan2;3 + A2(cos 2;3)"V273 - (q;/2)(Ai(7o + 74) 
— jm(7o - 74))72 - A372}?/'; 

7) (A^3 + aVF3, J12, P3), 

A{t, x) = exp{imzozf + (1/2) (70 + 74)71^=1} exp{- (1/2)7172^2}, 
Zq = t, zi = {xl + xlY^'^/t, Z2 = arctan(x2/xi), Z3 = X3, 

^0(70 + 74)73V'2o + {(70 + 74)73 + A3^o7o74 + ^^2:073(70 - 74) 

+(a/2)(A3(7o +74) - 2im73) - = 0, 

i2i>z^ + {(i/2)zrSi72 + A3^rSi}V' = 0, 
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8) {Gi, P2, N2 + eSi), e = ±l, 

A{t, x) = exp{-£(7o + 74)2:3(1 + -^o)"^^^} e^p{imzozl + {l/2)zoZ3 
x(l + Zo)~'^/'^{jo + 74)73} exp{-(e/2)7i 72 arctanzo} 
X ex.p{imzozf + (1/2)2:1(70 + 74)7i}i 
zo = t, zi=xi/t, Z2=X2, Z3 = X3(l + 1^)"-^/^, 
(1 + ^o')'/'(7o + 74)71 V^zo + {(1 + zi)'/\2zo)-H7o + 74)71 _ 
+{£XiZq^ + A2Zo)7o74 - im{l + Zg^^'^ijo - 74)71 - hji) = 0, 

■023 + {2im2;373 - (Ai - £A2)7273 - A372}'0 = 0; 

9) {D, J12, No), 

A{t, x) = exp{(l/4)(7o + 74)71} exp{- (1/2)70742:0 + 21n2;i - 2^0} 

X exp{-(l/2)7i73Z3}cxp{-(l/2)7i72Z2}, 
zo = (1/2) In t, zi = {xl + xl + xi)i/2t-i/2^ 
Z2 = arctan(x2/xi), 2:3 = arctan[x3(xi + x|)~^/^], 
0^0 = -^1^' = -^2-0, 

02-^ = {-(1/4) (70 + 74)71(1 + 2Ai) - im(7o - 74)71 + irn 

+ (im/4)7i(7o + 74) + A3zf ^470)0, 
ipz3 = {A372 + (1/2) tan 23 + A2(cos 23)7273}^^; 

10) {D,Ju,Ws), 

A{t, x) = exp{-(l/2)7o74Zo}exp{- (1/2)717222), 

2o = (l/2)lnt, zi = (xi + x|)^/^i~^/^, 2:2 = arctan(x2/a;i), 

Z3 = X3t-^/^, 

ipzo = Ai0, 0^2 = -A2V', 

71(70 + 74)0'^! + {(l/2)2;f Si(7o + 74) - A22f ^2(70 + 74) 

-2A373 - 2im7o74}V' = 0, 
(70 + 74)'023 - {2im73 + 2A3}?/i = 0; 



11) (^ + Po, J12, A^o), 

A{t, x) = exp{im2i tan 2o — 21n(cos2;o)}s exp{(l/2)7o74 
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X In(coszo)} + (V2)'2i sin2;o(cos2;o)~^/^(7o + 74)71} 

X exp{-(l/2)7i 732:3} exp{-(l/2)7i72Z2}, 
zo = arctant, zi = (x^ + x| + a:;§)^/^(l + ^^)"^/^ 
Z2 = arctan(.T2/xi) , Z3 = arctan[a;3(a;^ + 2:2)"^^^], 

Ai = {-^1^ + -^1(70 + 74)71 - ^"1-71(70 - 74) + Aizf ^074}^^, 
"023 = {(1/2) tan Z3 - A2(cos 2;3)~S273 + A372}V'; 

12) {A + Po, Ji2,W3), 

A{t, x) = exp{im(zf + z^)ian.ZQ — 2 ln(cos 2o)}|cxp{(l/2)7o74 

X In(coszo)} + (1/2) (712:1 +732:3) sin 2;o(cos2;o)~^^^} 

X cxp{-(l/2)7i72Z2}, 
zq = arctant, zi = (x? + xlf/'^{l + t^)-^/^ 
2:2 = arctan(x2/xi), 2:3 = X3, 

(70 + 1a)12^zi + {(22;i)"^(7o + 74)72 + A22;f ^(70 + 74)71 

+2 (A3 - im-fi'j2)}4> = 0, 
(1/2) (70 + ^4)'4>Z3 - {A3 + im-iz}'^ = 0; 

13) (G3 + P0, J12, 53), 

A{t, x) = exp{2im[zo2;3 + (1/6)^^] + (l/2)zo(7o + 74)73 

-(1/2)71722:2}, 
ZQ = t, z\ = {x\-\- x^Y^"^ , 2:2 = arctan(x2/xi), 
2:3 = X3 - (l/2)t2, 

-020 = Al'i/', -022 = -A2?A, 

■021 = {(2^1)""^ - A22;rSl72 + A372}'!/', 

"023 = {Ai(7o + 74)73 - im'^zilo - 74) - 2^7712:3(70 + 74)73 
+A37o74})V'; 

14) (J12 + P3, Po, 53), 

A{t, x) = exp{(l/2)7i72(2:3 - Z2)}, 

zq = t, zi = {xl + X2)'''/^, 2:2 = arctan(x2/xi) + X3, 2:3 = X3, 
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'ipzi = {(22:1)""^ - A22;rSi72 + A372}'0, 

■022 = {-^^2 + A37074 - Ai(7o + 74)73 - ^^73 (70 - 74)}V'; 

15) {Jl2 + Po,P3,Wo), 

A{t, x) = exp{-(l/2)7i722;2}, 

zo = t, zi = {xl + xlY^^, Z2 = i + arctan(a;2/xi), 2:3 = 3^3, 

i'zo = A2'0, 1pZ3 = hi', 

(70 + 74)71^^^1 + {-2rS2(-2Ai - A2(7o + 74) + «m(7o - 74)) 
+ (-(2zi)-Si + 2Ai - A373)(7o + 74)}^- = 0, 

(70 + 74)^^2 + {2Ai + A2(7o + 74) - im{-fo - 74)}^ = 0; 

16) (G1 + P2, ^3, ^1), 

A{t, x) = cyip{imzlzo + (^1/2)71 (70 + 74)}, 

Zo = t, Zi=Xi/t, Z2 = X2-Xi/t, Zs = X3, 

-iilo + 74)71 "0^0 + {-^(2^o)~n7o + 74) + «AiZo"^7i + iA27273 
+m(7o - -fA)}VJ = 0, -021 = AiV^, Vi^3 = As^, 

Ipz-i = {A273 + A37273}^. 

In the above formulae a, (3 are arbitrary real parameters, Ai, A2, A3 are 
separation constants. 

Note that coordinate systems given in the formulae 1-5 correspond to the 
Lie symmetry of the system of PDEs (4.1.1) and the ones given in the formulae 
6-16 correspond to its non-Lie symmetry. 

5.3. SepEiration of vairiables in the Schrodinger equation 

The problem of separation of variables in the two-dimensional Schrodinger 
equation 

iUt + -Uj^ixi + Ua:r,x2 = V{xuX2)u (5.3.1) 

as well as a majority of classical problems of mathematical physics can be 
formulated in a very simple way (but this simplicity does not, of course, imply 
existence of an easy way to its solution). To separate variables in equation 
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(5.3.1) we have to construct such functions R{t,x), ui{t,x), 0J2{t,x) that the 
Schrodinger equation (5.3.1) after being rewritten in the new variables 



separates into three ordinary differential equations (ODEs) by means of the 
substitution v = <fo{zo)<pi{zi)ip2{z2)- Prom this point of view the problem of 
separation of variables in equation (5.3.1) is studied in [37, 38, 179, 257]. 

But of no less importance is the problem of describing the potentials 
V{xi,X2) for which the Schrodinger equation admits variable separation. Thus 
by a separation of variables in equation (5.3.1) we imply two mutually con- 
nected problems. The first one is to describe all such functions V{xi,X2) that 
the corresponding Schrodinger equation (5.3.1) can be separated into three 
ODEs in some coordinate system of the form (5.3.2) (classification problem). 
The second problem is to construct for each function V{xi,X2) obtained in 
this way all coordinate systems (5.3.2) enabling us to carry out separation of 
variables in equation (5.3.1). 

As far as we know, the second problem has been solved provided V = [38] 
and V = ax^"^ + /?X2^[37]. The first one was considered in a restricted sense 
in [257]. Using the symmetry approach to classification problem the authors 
obtained some potentials providing separability of equation (5.3.1) and carried 
out separation of variables in the corresponding Schrodinger equations. But 
their results are far from being complete and systematic. The necessary and 
sufficient conditions imposed on the potential V{xi,X2) by the requirement 
that the Schrodinger equation admits symmetry operators of an arbitrary 
order are obtained in [231]. But so far there is no systematic and exhaustive 
description of potentials V{xi,X2) providing separation of variables in equation 



To have a right to claim a description of all potentials and all coordinate 
systems, which make it possible to separate the Schrodinger equation, it is 
necessary to have a definition of separation of variables. It is natural to utilize 
Definition 5.1.3 adapted to the case of a second-order PDE with one dependent 
variable. Consider the following system of ODEs: 



Zo =t, Zi = UJi{t,x), Z2 = UJ2{t,x), 

v{zo, z) = R{t, x)u{t, x) 



(5.3.2) 



(5.3.1). 



.difo 



Uo{t,ipo;\i,X2) 



dt 




(5.3.3) 
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—2- = U2\i^2,'f2,^ ;Ai,A2 , 

\ di02 J 

where Uq, Ui, U2 are some smooth functions of the corresponding arguments, 
{-^1,^2} C are arbitrary parameters (separation constants) and what is 
more 

ve.nk\\dU^/dXa\\l=ol=i = ^ (5-3.4) 

(the last condition ensures essential dependence of the corresponding solution 
with separated variables on Ai, A2, see [201]). 

Definition 5.3.1. We say that equation (5.3.1) admits a separation of vari- 
ables in the coordinate system t, aji(t, x), uJ2it, x) if there exists such a func- 
tion Q(t,x) that substitution of the Ansatz 

u = Q{t,x)ipo{t)ipi(u;i{t,xfjip2{oj2{t,x)^ (5.3.5) 

into (5.3.1) with subsequent elimination of the derivatives (po, (fi, (p2 according 
to equations (5.3.3) yields an identity with respect to (/pq, y^i, ^2-, ^i, ^2, Ai, 
A2. Thus, according to the above definition to separate variables in equation 
(5.3.1) we have 

• to substitute the expression (5.3.5) into (5.3.1), 

• to eliminate the derivatives (/Pq, '^i, <^2 with the help of equations (5.3.3), 

• to split the equality obtained with respect to the variables (^O) V'l) </'2, 
'Pij ^^2, Ai, A2 considered as independent. 

As a result, we get some over-determined system of PDEs for the functions 
Q{t,x), uji(t,x), uj2it,x). On solving it we obtain a complete description 
of all coordinate systems and potentials providing separation of variables in 
the Schrodinger equation. Naturally, the words complete description make 
sense only within the framework of our definition. So if one uses a more 
general definition it may be possible to construct new coordinate systems and 
potentials providing separability of equation (5.3.1). But all solutions of the 
Schrodinger equation with separated variables known to us fit into the scheme 
suggested by us and can be obtained in the above described way. 

1. Classification of potentials V{xi, X2). We do not adduce in full detail 

computations needed because they are very cumbersome. We will restrict 
ourselves to pointing out main steps of the realization of the above suggested 
algorithm. 
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First of all we make a remark, which makes life a little bit easier. It is 
readily seen that a substitution of the form 

Q ^ Q' = Q*i(a;i)*2(a;2), 

iOa u'a = Qa{^^a), a = 1,2, (5.3.6) 

Xa X'^ = Aa{Xl,X2), a = 1,2, 

does not alter the structure of relations (5.3.3), (5.3.4), (5.3.5). That is why 
we can introduce the following equivalence relation: 

{lOi, LU2, Q) ~ {to[, ^2, Q'), 

provided (5.3.6) holds with some ^'a, ^a-, ^a- 

Substituting (5.3.5) into (5.3.1) and excluding the derivatives (pQ, (pi, Cpi 
with the use of equations (5.3.3) we get 

+{l\Q)ipQipnp2 + 2Qx„a;i^„(^o'^iV2 + 2Q^^LLi2xa^oVW2 

+Q[{l\0Jl)ipQ(piip2 + {^OJ2)(po(pi^P2 + OJlxai^lXa^oU\(p2 
+>^2xa^2xa'P0flU2 + 2LOix^i^2xa^0'fl^2) = yQfO^W2, 



where the summation over the repeated index a from 1 to 2 is understood. 

Splitting the equality obtained with respect to the independent variables 
ifi, ip2, ipi, ^2-, Xi, X2 we conclude that ODEs (5.3.3) are linear and up to 
the equivalence relation (5.3.6) can be written in the form 



^ dt 
d^^2 

du!2 



= (^XiRiit) + X2R2{t) + Ro{t))ipo, 

= (AiSii(a;i) + A2Bi2(a;i) + Boi{uJifjipi, 

= (Ai ^21 (u;2 ) + A2 -B22 {i02 ) + -B02 (a;2 )) ^P2 



and what is more, functions ui, L02, Q satisfy an over-determined system of 
nonlinear PDEs 

1) u;ix^uJ2xi = 0, 

2) Bia{(^l)'^lxi>^lxt + B2a{0J2)(^2xb^2xb + Ra{t) = 0, 
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3) 2uJaxbQxb + Q{i^at + AcJa) = 0, 

+Ro{t)Q - V{xi,X2)Q = 0, 



(5.3.7) 



where a,b = 1, 2. 

Thus, to solve the problem of separation of variables for the linear Schrodin- 
ger equation it is necessary to construct a general solution of the system of 
nonlinear PDEs (5.3.7). Roughly speaking, to solve a linear equation we have 
to solve a system of nonlinear equations] This is the reason why so far there 
is no complete description of all coordinate systems providing separability of 
the four-dimensional d'Alembert equation [226]. 

However in the present case we have succeeded in integrating the system 
of nonlinear PDEs (5.3.7). Our approach to its integration is based on the 
following change of variables (hodograph transformation) 



where zq, zi, Z2 are new independent and Vi, V2 are new dependent variables, 
correspondingly. 

Using the hodograph transformation determined above we have construc- 
ted the general solution of equations 1-3 from (5.3.7). It is given up to the 
equivalence relation (5.3.6) by one of the following formulae: 



1) UJi= A{t)xi+Wi{t), UJ2 = B{t)x2 + W2{t), 

Q{t,x) = e^p{-{i/4)[iA/A)xl + {B/B)xl) - {i/2)(^{WjA)xi 
+ {W2/B)X2)}; 

2) xi = W{t)e'^'smuj2 + Wi{t), = W(t)e'^i coscja + W2(t), 
Q{t, x) = exp{{iW/iW)(^{xi - Wi)^ + (X2 - Ws)^) 

+ {i/2){Wixi + W2X2)}; 

3) xi = {l/2)W{t){ujf-uj^) + Wi{t), X2 = W{t)ujiuJ2 + W2it), (5.3.8) 
Q{t, x) = exp{(iW^/4W)((a;i - Wif + {x2 - Wif) 



4) xi = W{t) cosh ioi cos i02 + Wi{t), X2 = W{t) sinhioi sin i02 + W2{t), 



Zo=t, Zi = Zi{t,0Ji,UJ2), Z2 = Z2{t,0Ji,U2) 



Vi = Xi, V2 = X2, 
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Q{t, x) = exp{(iVF/4VF)((xi - Wi)'^ + {x2 - ^2)^) 

+ {i/2){WiXi+W2X2)}. 

Here A, B, W, Wi, W2 are arbitrary smooth functions of t. 

Substituting the obtained expressions for the functions Q, uoi, 0)2 into the 
last equation from the system (5.3.7) and sphtting with respect to variables 
xi, X2 we get explicit forms of potentials V{xi,X2) and systems of nonlinear 
ODEs for unknown functions A{t), B{t), W{t), Wi{t), W2{t). We have suc- 
ceeded in integrating these and in constructing all coordinate systems provid- 
ing the separation of variables in the initial equation (5.3.1) [316]. Integration 
has been carried out up to the equivalence relation which is introduced below 
in Notes 5.3.1-5.3.3. 

Note 5.3.1. The Schrodinger equation with the potential 

V{xi,X2) = kixi + ^2^2 + k3 + Vi{k2Xi — kiX2), (5.3.9) 

where ki, k2, k^ are constants, is transformed to the Schrodinger equation 
with the potential 

V'ix[,X2) = Viik2x[ - kiX2) (5.3.10) 
by means of the following change of variables: 

t — t. X — X ~\~ t 

(5.3.11) 

u' = ue^p{{i/3){kl + fc^t^ + it{kiX\ + A;2X2) + ik^t}. 

It is readily seen that the class of Ansatze (5.3.5) is transformed into itself 
by the above change of variables. That is why potentials (5.3.9) and (5.3.10) 

arc considered as equivalent. 

Note 5.3.2. The Schrodinger equation with the potential 

V{xi,X2) = k{x\ + xi) + Vi{xi/x2){xl + xl)-^ (5.3.12) 
with k = const is reduced to the Schrodinger equation with the potential 

V'{xi,X2) = Vi{x'Jx'2){x'^ + xf )-i (5.3.13) 
by means of the change of variables 

t' = a{t), x' = P{t)x, u' = «exp|i7(i)(xi + x|) + (5(t)|, 
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where [a{t), P{t), ^{t), 6{t)j is an arbitrary solution of the system of ODEs 
= k, /3 - 47/3 = 0, a - = 0, S + 4j = 



such that /? 7^ 0. 

Since the above change of variables does not alter the structure of the 
Ansatz (5.3.5), when classifying potentials V{xi,X2) providing separability 
of the corresponding Schrodinger equation we consider potentials (5.3.12), 
(5.3.13) as equivalent. 

Note 5.3.3. It is well-known (see e.g. [177, 232]) that the general form of the 
invariance group admitted by equation (5.3.1) is as follows: 



where 9 = {61,62, ... ,9n) are group parameters and U{t,x) is an arbitrary 
solution of equation (5.3.1). 

The above transformations also do not alter the structure of the Ansatz 
(5.3.5). That is why systems of coordinates t', x'l, x'2 and t, x\, X2 are 
considered as equivalent. 

Below we give without derivation a list of potentials V{x\,X2) providing 
separability of the Schrodinger equation (5.3.1) (some details can be found in 



t' = F{t,6), x'^=ga{t,x,6), a = 1,2, 
u' = h{t,x,6)u + U(t,x), 



[316]). 



1. V{xi,X2) = Vi{xi) + V2{x2y, 



(a) V{xi,X2) = kixl + k2Xi ^ + ^2(3:2), k2 ^ 0; 
i. V{xi,X2) = kiXi + k2X2 + k^Xi"^ + ^4X2^, 




(b) 



V{xi,X2) = kix\ + V2{X2); 

i. V{xi,X2) = kix\ + k2X2 + k^x^'^, kik^ 7^ 0, ki ^2; 

ii. V{xi,X2) = kix\ + k2x!l, kik2 / 0, ki k2; 
in. V{xi,X2) = kixl + k2X2 ^, fci / 0; 



2. V{xi,X2) = Vi{xl + xl) + V2 



(I) « + 
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(a) F(xi,X2) = F2(^)(x? + xi)-^ 

(b) Vixi,X2) = {xl + x'^)-^/'^{ki + k2Xix:^'^) + ksX2^, + 0; 

3. V{xi,X2) = {Vi{u;i) + V2{u2)){ul+u^)-\ 
where Ldf — uj'2 = 2xi, LO1UJ2 = X2; 

4. V{xi,X2) = (Vi(a;i) + 1/^2(^2)) (sinh^wi + sin2a;2)-S 
where cosh wi cos a;2 = xi, sinh sin a;2 = X2; 

5. V{xi,X2)=0. 

In the above formulae Vi, V2 are arbitrary smooth functions, ki, k2, k^, k^ 
are real arbitrary constants. 

It should be emphasized that the above potentials are not inequivalent in 
a usual sense. These potentials differ from each other by the fact that the 
coordinate systems providing separability of the corresponding Schrodinger 
equations are different. Moreover, in some cases the form of coordinate systems 
depends essentially on the signs of the parameters kj, j = 1, . . . ,4. 

Next, we consider in detail separation of variables in the Schrodinger equa- 
tion with the anisotropic harmonic oscillator potential V{xi,X2) = k\x\ + k2X2 
and the Coulomb potential V{xi,X2) = ki{x\ + xl)"^^^- 

2. Separation of variables in the Schrodinger equation with the 
anisotropic harmonic oscillator and the Coulomb potentials. Here we 

will obtain all coordinate systems providing separability of the Schrodinger 
equation with the potential V{xi,X2) = kix\ + k2X2 

iut + Uxixi + Ux2X2 = (kixf + k2xl)u. (5.3.14) 

In the following, we consider the case ki / /c2, because otherwise equation 
(5.3.1) is reduced to the free Schrodinger equation (see Note 5.3.2) which has 
been studied in detail in [226]. 

Explicit forms of the coordinate systems to be found depend essentially on 
the signs of the parameters ki, k2- We consider in some detail the case, when 
/ci < 0, A;2 > (the cases /ci > 0, A;2 > and fci < 0, A;2 < are handled in 
an analogous way). This means that equation (5.3.14) can be written in the 
form 

iut + Ux^xi + Ux2X2 + (l/4)(a^a;i - b^xl)u = 0. (5.3.15) 
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where a, b are arbitrary non-zero real constants (the factor 1/4 is introduced 
for further convenience). 

As stated above to describe all coordinate systems t, LVi(t,x), LV2{t,x) 
providing separability of equation (5.3.14) it is necessary to construct the 
general solution of system (5.3.8) with V{xi,X2) = — (l/4)(a^a;f — 6^X2). The 
general solution of equations 1-3 from (5.3.7) splits into four inequivalent 
classes listed in (5.3.8). Analysis shows that only solutions belonging to the 
first class can satisfy the fourth equation of (5.3.7). 

Substituting the expressions for tui, 0^2, Q given by the formulae 1 from 
(5.3.8) into the equation 4 from (5.3.7) with V{xi,X2) = -(l/4)(a^a;i - b'^x^) 
and splitting with respect to xi, X2 yield 

-Boi(wi) = aiLol + a2L0i, -802(^2) = Aa;! + ^2^02, 

(A/Ay - {A/Af - ^axA^ + = 0, (5.3.16) 

{BIB)' - {BjBf - 4/3iB4 - 6^ = q, (5.3.17) 

h - 1B\{AlA) - 2{2ai9i + a2)A^ = 0, (5.3.18) 

62 - 2e2{B/B) - 2(2/31^2 + P2)B^ = 0. (5.3.19) 

Here a\, 0:2, /?2 are arbitrary real constants. 

Evidently, equations (5.3.16)-(5.3.19) can be rewritten in the following 
unified form: 

{y/yy -{y/y?-W = K z - 2z{y/y) - 2{2az + p)y^ = 0. (5.3.20) 

Provided k = —0? < 0, system (5.3.20) coincides with equations (5.3.16), 
(5.3.18) and under k = b'^ > with equations (5.3.17), (5.3.19). 

First of all, we note that the function z = z{t) is determined up to addi- 
tion of an arbitrary constant. Indeed, the coordinate functions LOa have the 
following structure: 

i^a = yXa + Z, a =1,2. 

But the coordinate system t, ui, U2 is equivalent to the coordinate system 

t, cji + Ci, LJ2 + C2, Ca G Hence it follows that the function z(t) is equiv- 
alent to the function z{t) + C with arbitrary real constant C. Consequently, 
provided a 7^ 0, we can choose in (5.3.20) (5 = Q. 

Case 1. a = 

On making in (5.3.20) the change of variables 



w = y/y, v = z/y 



(5.3.21) 
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we get 

w = w'^ + k, v + kv = 2f3y^. (5.3.22) 

First, we consider the case k = —c? < 0. Then, the general solution of the 
first equation from (5.3.22) is given by one of the formulae 

w = —acoih.a{t + Ci), w = —atanha{t + Ci), w = ±a, CiEM.^, 

whence 

yit) = C2 sinh-i a{t + Ci), y{t) = C2 cosh"^ a(i + Ci), 

(5.3.23) 

y(t) = C2exp(±ai), C2 e 

The second equation of system (5.3.22) is a linear inhomogeneous ODE. We 
substitute its general solution into (5.3.21) and get the following expressions 
for z{t): 

z{t) = (C3 coshat + C4 sinhat) sinh~^ a(t + Ci) 

+{f3Cl/a^)smh-^a{t + Ci), 
z{t) = (C3Coshat + C4sinhat)cosh"^a(t + Ci) (5.3.24) 

+{f3C^/a^)cosh-^a{t + C\), 
z{t) = (C3 cosh at + C4 sinhat) exp(zbai) 

+(/3C|/4a2)exp(±4at), 

where {C3,C4} C 

The case /c = 5^ > is treated in a similar way, the general solution of 
(5.3.20) being given by the formulae 

y{t) = D2sm-H{t + Di), 

z{t) = {D3Cosbt + D4smbt)sm-^b{t + Di) (5.3.25) 
+{pDt/b^)sm-^bit + D^), 

where Di, D2, -D3, D4 are arbitrary real constants. 

Case 2. a 7^ 0, (3 = 

On making in (5.3.20) the change of variables 

y = expw, V = z/y 



we have 
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w — w'^ = k + a exp 4vj, v + kv = 0. (5.3.26) 
The first ODE from (5.3.26) is reduced to tfie first-order linear ODE 

, , , dpiw) . X , 
(1/2) , -piw) = k + aexp4w; 
aw 

by the substitution w = \p{w)Y^'^ , whence 

p{w) = a cxp 4tf + 7 exp 2w — k, 7 G M"^. 

The equation w = [p{w)]^^'^ has a singular solution w = C = const such 
that p{C) = 0. Ifw 0, then integrating the equation w = p{w) and returning 
to the initial variable y we get 

y{t) 

J T-\aT'^ + jT^ -k)-^/^dT = t + Ci. 

Taking the integral in the left-hand side of the above equality we obtain 
the general solution of the first ODE from (5.3.20). It is given by the following 
formulae: 

under k = —a^ < 

y{t) = C2(a + sinh2a{t + Ci)^~^^^ 



y{t) = C2(a + cosh2a(t + Ci)) ^'"^ , (5.3.27) 
y{t) = C2(a + exp(±2a^))~^^^ 

under k = lP' > Q 

y{t) = D2(a + sin26(^ + L>l))~^^^ (5.3.28) 
Here Ci, C2, Di, D2 are arbitrary real constants. 

Integrating the second ODE from (5.3.26) and returning to the initial vari- 
able z we have 

under k = —0? < 

z{t) = y(i)(C3Coshai + C4sinhai), (5.3.29) 
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under k = b'^ > 

z{t) = y{t){D3COsbt + D^sinbt), (5.3.30) 

where C3, C4, D3, D4 are arbitrary real constants. 

Thus, we have constructed the general solution of the system of nonlinear 
ODEs (5.3.20) which is given by the formulae (5.3.24)-(5.3.30). 

Substitution of the formulae (5.3.21), (5.3.23)-(5.3.25), (5.3. 27)-(5. 3.30) 
into the corresponding expressions 1 from (5.3.8) yields a complete list of 
coordinate systems providing separability of the Schrodinger equation (5.3.15). 
These systems can be transformed to canonical form if we use Note 5.3.3. 

The invariance group of equation (5.3.15) is generated by the following 
basis operators [315]: 

Po = dt, I = udu, M = iudu, Qoo = U(t, x)du, 
Pi = cosh at J + (m/2)(xi sinhat)n5„, 

P2 = cosbtdx2 — {ib/2){x2 sinbt)udu, (5.3.31) 
Gi = sinhatdxi + (^o;/2)(a;i coshat)udu, 
G2 = sinbtdx2 + {ib/2){x2 cosbt)udu, 

where U{t,x) is an arbitrary solution of equation (5.3.15). 

Making use of the finite transformations generated by the infinitesimal 
operators (5.3.31) and Note 5.3.3 we can choose in the formulae (5.3.23)- 
(5.3.25), (5.3.27), (5.3.29), (5.3.30) C3 = C4 = Di = 0, D3 = £>4 = 0, C2 = 
D2 = 1. As a result, we come to the following assertion. 

Theorem 5.3.1. The Schrodinger equation (5.3.15) admits separation of vari- 
ables in 21 inequivalent coordinate systems of the form 

loq = t, uji=ui{t,x), L02 = i02{t,x), (5.3.32) 

where ui is given by one of the formulae from the first and 0^2 by one of the 
formulae from the second column of the Table 5.3.1. 

There is no necessity to consider specially the case when in (5.3.14) ki > 
0, k2 < 0, since such an equation by the change of independent variables 
u{t, xi,X2) — > u(t, X2,xi) is reduced to equation (5.3.15). 

Below we adduce without proof the assertions describing coordinate sys- 
tems providing separation of variables in equation (5.3.14) with ki < 0, k2 < 
and fci > 0, /c2 > and in the Schrodinger equation with the Coulomb poten- 
tial A;i(xf + xi)-i/2_ 
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Table 5.3.1. Coordinate systems providing separability 
of the Schrodinger equation (5.3.15) 



UJl{t,x) 


UJ2{t,x) 


xi{smh.a(t + C)\ +a{suih.a{t + C)\ 

xi{cosh. a{t + C)^ +a{cosh.a{t + C)^ 
Xl exp(ibat) + Q;exp(ib4oi) 

/ \-l/2 

xWa + sinh 2a{t + C)\ 
xi{a + cosh.2a{t + C)^ 
xi{a + exp(ib2at) j 

Xl 


X2(sin6i)-^ + /3(sinW)-2 
X2(^ + sin26t)-V2 

X2 



Here C, a, f3 axe arbitrary real constants. 



Theorem 5.3.2. The Schrddinger equation 

iut + Ux^xi + Ux2X2 + (l/4)(a^Xi + b^x\)u = (5.3.33) 

with 7^ 4b^ admits separation of variables in 49 inequivalent coordinate 
systems of the form (5.3.32), where uji is given by one of the formulae from 
the first and U2 by one of the formulae from the second column of the Table 
5.3.2. Provided o? = 4b^, one more coordinate system should be included into 
the above list, namely, 

ujQ = t, u}\ — UI2 = 2xi, U1LJ2 = X2. (5.3.34) 

Theorem 5.3.3. The Schrddinger equation 

iut + Ux^xi + Ux2X2 - (l/4)(o^a;f + 6^x|)u = (5.3.35) 

with 7^ 46^ admits separation of variables in 9 inequivalent coordinate sys- 
tems of the form (5.3.32), where ui is given by one of the formulae from the 
first and UJ2 by one of the formulae from the second column of the Table 5.3.3. 
Provided = 46^, the above list should be supplemented by the coordinate 
system (5.3.34). 
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Table 5.3.2. Coordinate systems providing separability 
of the Schrodinger equation (5.3.33) 



UJl{t,x) 


U}2it,x) 


xi[smha{t + C)] +a[smha{t + C)) 

Xl (^cosh a(t + C)j +a(cosh. a(t + C)j 
Xl exp(ibat) + aexp{±Aat) 

/ \-l/2 

xWa + sinh 2a{t + C)j 
xi(a + cosh.2a{t + Cfj 

/ \-l/2 

xila + exp(ib2at) j 

Xl 


X2(sinh6i)-^ + p{smhbt)-^ 

X2(cosh6i)-^ + /3(cosh6i)-2 
X2 exp(±6f) + /3exp(±46t) 
X2(/3 + sinh26i)-V2 

X2(/3 + cosh26t)-V2 
X2(/3 + exp(±26i))~^^^ 

X2 



Here C, a, (3 are arbitrary constants. 

Theorem 5.3.4. The Schrodinger equation with the Coulomb potential 



iut + Uxixi + Ux2X2 - kiixj + xf) ^/'^u = 

admits separation of variables in two coordinate systems. One of them is the 
polar coordinate system 

t = uq, Xl = e^^ sina;2, X2 = e'^^ cosa;2 

and another is the parabolic coordinate system (5.3.34). 

It is important to note that explicit forms of coordinate systems providing 
separability of equations (5.3.15), (5.3.33), (5.3.35) depend essentially on the 
parameters a, b contained in the potential V{xi,X2). It means that the free 
Schrodinger equation (V = 0) does not admit separation of variables in such 
coordinate systems. Consequently, they are essentially new. 

3. Conclusion. In the present section wc have studied the case when the 
Schrodinger equation (5.3.1) separates into one first-order and two second- 
order ODEs. It is not difficult to prove that there are no functions Q{t,x), 
ujfj,{t,x), fi = 0, . . . ,2 such that the Ansatz 

U = Q{t, x)ipo (^^o{t, x)) (fi [LViit, x)) ip2 [U}2{t, x)) 
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separates equation (5.3.1) into three second-order ODEs (see [315]). Never- 
theless, there exists a possibility for equation (5.3.1) to be separated into two 
first-order and one second-order ODEs or into three first-order ODEs. This is 
a probable source of new potentials and new coordinate systems providing sep- 
arability of the Schrodinger equation. It should be mentioned that separation 
of the two-dimensional d'Alembert equation 

utt - Uxx = V{x)u 

into one first-order and one second-order ODEs gives no new potentials as 
compared with separation of it into two second-order ODEs. But for some 
already known potentials new coordinate systems providing separability of 
the above equation are obtained [312, 314]. 



Table 5.3.3. Coordinate systems providing separability 
of the Schrodinger equation (5.3.35) 



LOl{t,x) 


i02{t,x) 


xi{sm.a{t + C)^ ^ +a{sm.a{t + C)^ ^ 
xi(p + sm.2a{t + C)y^''^ 

Xl 


X2{smbty^ + P{smbty^ 
X2(/3 + sin26t)-V2 

X2 



Here C, a, (3 are arbitrary constants. 



Let us briefly analyze the connection between separability and symmetry 
properties of equation (5.3.1). It is well-known that each solution of the free 
Schrodinger equation with separated variables is a common eigenfunction of 
its two mutually commuting second-order symmetry operators [226]. And 
what is more, separation constants Ai, A2 are eigenvalues of these symmetry 
operators. 

We will establish that the same assertion holds for the Schrodinger equation 
(5.3.1). Let us make in equation (5.3.1) the following change of variables: 

u = Q{t, x)U (t, ui{t, x), U2{t, x)^ , (5.3.36) 

where {Q, ui, L02) is an arbitrary solution of the system of PDEs (5.3.7). 
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Substituting the expression (5.3.36) into (5.3.1) and taking into account 
equations (5.3.7) we get 



Resolving equations 2 from the system (5.3.7) with respect to ujix^ujix^ 
and i02xa^2xa have 

UJlxa^lXa = {l/5)[R2{t)B2l{u2)-Rl{t)B22{u2)), 

^2xa^2x^ = {l/S)[Ri(t)Bi2{ooi)-R2{t)Bn{ui)), 

where 5 = -Bii(u;i)-B22(i^2) — -Bi2(i^i)-B2i(c<;2) (<^ / resulting from the condi- 
tion (5.3.4)). 

Substitution of the above equalities into equation (5.3.37) with subsequent 
division by Q 7^ yields the following PDE: 

iUt + il/S)Riit)(^Bi2itoi)[U^,^, - Bo2it02)U] - ^22(^2) 

X[U^,^, - Boi(c^i)[/]) + (l/5)ii2(i)(^2l(^2)[f/c.ia;i (5.3.38) 

-Boi{ui)U] - Bn{coi)[U^,^, - Bo2{uj2)U]) = 0. 

Thus, in the new coordinates t, uji, UJ2, U{t,u>i,uj2) equation (5.3.1) takes 
the form (5.3.38). 

By direct (and very cumbersome) computation one can check that the 
following second-order differential operators 



Xi = {l/5)B22{u2){dl^ - Boi(a;i)) - (l/,5)Si2(a;i) (^^^ - So2(a;2)), 
X2 = -{l/5)B2i{u2){dl^ - Boiico,)) + {l/S)Bn{LOi){dl^ - ^02(0^2)) 



After being rewritten in terms of the operators Xi, X2 equation (5.3.38) 
reads 




(5.3.37) 



commute under arbitrary B^ai B^h, a,b = 1,2, i.e.. 



[Xi, X2] = X1X2 — X2X1 = 0. 



(5.3.39) 
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Since the relations 



[idt - Ri{t)Xi - R2{t)X2, Xa\ = 0, a = 1, 2 



(5.3.40) 



hold, operators Xi, X2 are mutually commuting symmetry operators of equa- 
tion (5.3.38). Furthermore, the solution of equation (5.3.38) with separated 
variables U = (po{t)^i{uJi)ip2{i^2) satisfies the identities 



Consequently, if we designate by X( , X2 the operators Xi , X2 written in 
the initial variables t, x, u, then we get from (5.3.39)-(5.3.41) the following 
equalities: 



where u = Q{t,x)ipo{t)ipi{u;i)ip2{L02)- 

This means that each solution with separated variables is a common eigen- 
function of two mutually commuting symmetry operators X[ , X2 of the Schro- 
dinger equation (5.3.1), separation constants Ai, A2 being their eigenvalues. 

So, we have exposed two possible approaches to variable separation in 
linear PDEs which are based on their symmetry properties. The first one is 
to start with a set of commuting symmetry operators of the equation under 
study and to finish with the Ansatz (5.1.6) [12, 226, 255]. Another approach 
suggested for the first time in [169] is closer to the original understanding of 
the separation of variables in PDEs. A desired form (5.3.5) of the Ansatz for a 
solution with separated variables is postulated and then it turns out that the 
solution obtained can be related to a set of mutually-commuting symmetry 
operators of the equation under consideration. 

Both approaches have their merits and drawbacks. We think that the 
utilization of the first approach is the only way to separate variables in multi- 
component systems of PDEs. But to separate variables in PDEs with one 
dependent variable it is preferable to apply the second approach, since a com- 
putation of symmetry operators is an extra step which is not, in fact, necessary 
for obtaining solutions with separated variables. Another benefit of the ap- 
proach in question is its simplicity, only some basics of the standard university 
course of mathematical physics are required for understanding and implement- 
ing it. 



XaU = XaU, a = 1,2. 



(5.3.41) 



[idt + A-V{xi,X2),X'J=0, a = 1,2, 
[X[,X'2]=0, X'^u = XaU, a = 1,2, 
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One more merit is that the second approach in contrast to the first one can 
be easily generahzed in order to separate variables in nonlinear PDEs [314]. 
Using such a generalization we have classified in the paper [300] all nonlinear 
d'Alembert equations 

which separate into two first-order ODEs 
by means of the Ansatz 

u{xo,Xi) = f(ipi{Xo) + ip2{xi)y 

It turned out that nonlinear d'Alembert equations admitting variable se- 
paration in the above sense are equivalent to one of the following PDEs: 

□u = Ai ^cosh u + (sinh 2u) arctan e" j + A2 sinh 2u, 
□n = Aie" + A2e-2", 

□n = Ai ^sinh u — (sinh 2u) arctanh e"^ + A2 sinh 2u, 

□u = Ai^2sinn-|- (sin2'u)lntan('u/2)^ + A2sin2u, 
□u = Ai^x + A2'uln'u, 

where Ou = Uxqxq ~ ^xixi, ^i, ^2 are arbitrary real constants. 

This fact enabled us to construct exact solutions of the above nonlinear 
PDEs which could not be found by the symmetry reduction procedure. 

Let us also mention anti-reduction of PDEs [161, 162] which is also a ge- 
neralization of a traditional notion of separation of variables specially designed 
to handle nonlinear PDEs. 



CHAPTER 6 



CONDITIONAL SYMMETRY 



AND REDUCTION 



OF SPINOR EQUATIONS 



In this chapter a non-Lie method of reduction of nonhnear Poincare- and 
Gahlei-invariant systems of PDEs to differential equations of lower dimen- 
sion is suggested. With the use of this method we construct the wide classes 
of conditionally-invariant Ansatze reducing nonlinear P(l,3)- and G(l,3)- 
invariant spinor equations to systems of ODEs. 

6.1. Non-Lie reduction of Poincare-invariant spinor equations 

In Section 2.3 we have constructed a number of Ansatze for the spinor field 
ip{x) reducing P(l, 3)-invariant equation 



to systems of ODEs which cannot be obtained within the framework of the 
classical Lie approach. Existence of such Ansatze is a consequence of condi- 
tional symmetry of equation (6. LI). 

Definition 6.1.1. Equation (6.1.1) is conditionally-invariant under the invo- 
lutive set of operators 




(6.1.1) 



Qa = Caix{x)dij, + r]a{x), a = l,...,N, 



if the system of PDEs 



{ilfidf, - fi- /274)V' = 0, Qafp = 0, a = 1, . . . , 



(6.1.2) 



278 



Chapter 6. CONDITIONAL SYMMETRY AND REDUCTION 



is invariant in Lie sense with respect to the one-parameter groups generated 
by the operators Qa- 

Due to Theorem 1.5.1 conditional invariance of PDE (6.1.1) under the 
involutive set of operators Qa ensures its reducibihty and, consequently, can 
be used to construct exact solutions of the (6.1.1). 

A usual approach to investigation of conditional symmetry of a given PDE 
is application of the infinitesimal Lie method. But the problem is that the 
determining equations for functions ^a^ix), r]a{x) prove to be nonlinear ones. 
That is why there is a little hope to describe all conditional symmetries of 
multi-dimensional system of PDEs (6.1.1). It should be said that more or 
less systematic results on conditional symmetry of PDEs are obtained for two- 
dimensional equations only [137]. 

In the present section we suggest a method making it possible to get both 
invariant and conditionally-invariant Ansatze constructed in Sections 2.2, 2.4. 
Moreover, applying this method we obtain some essentially new Ansatze for 
spinor field ip = tp{x) reducing system of PDEs (6.1.1) to systems of ODEs. 

1. Reduction of the nonlinear Dirac equation (6.1.1). Analysis of 
Ansatze for the spinor field invariant under the one- and three-parameter 
subgroups of the Poincare group shows that all of them have the following 
structure: 

ip{x) = exp{^^7^(7o + 73)} exp{(l/2)6'o7o73 + (1/2)6*37172} 

^ (ip{uJi,U}2,UJ3), {6.1.3) 

where (p is an arbitrary four-component function-column; 6^, LUa are some 
real- valued scalar functions, the constraint holding 

9^ = 9^{xo + X3,xi,X2). (6.1.4) 

Hereafter the subscripts denoted by Latin alphabet letters A, B take the 
values 1, 2 and summation over the repeated indices is understood. 

The key idea of the approach suggested can be formulated in a rather sim- 
ple and natural way: we impose no a priori constraints on the functions 9^, 
LOa, they arc obtained from the requirement that substitution of expression 
(6.1.3) into (6.1.1) yields a system of PDEs for the function (p{uj) (or a sys- 
tem of ODEs for the function (p{u>i)) with coefficients depending on the new 
variables uJi, U2, UJ3 only. 

In the following we describe all Ansatze of the form (6.1.3), (6.1.4) reducing 
the system of nonlinear four-dimensional PDEs (6.1.1) to a system of ODEs. 
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Substituting the Ansatz 

V'(x) = exp{6'^7^(7o + 73)} exp{(l/2)6lo7o73 + (l/2)6'37i72}v'('^) (6.1.5) 
into equation (6.1.1) and multiplying the expression obtained by the matrix 

exp{-(l/2)6'o7o73 - (l/2)6'37i72}exp{-0A7A(7o + 73)} 
on the left yield 

iRiif + iR2(p = (/i(w> + f2{^V, (p^4ip)jijip, (6.1.6) 

where Ri = Ri{x), R2 = R2{x) are (4 x 4)-matrices determined by the fol- 
lowing equalities: 

Ri 



2e^o (^-d^e^ + 7172 (9i ^2 - 52^1)) (70 + 73) + [MOo + IsdsOo) 

X (cosh 6*0 + 7073 sinh 6*0) + 7a (5a6'o + 26'^ (936*0 - 506*0)) (cos 6*3 

+7172 sine3) - 2e^°e^(9^^o)(7o + 73)]7o73 + le^^ej^id^OQ 

-dsOo) (70 + 73) + {lodoOs + 'ysdsOs) (cosh 6*0 + 7073 sinh 6*0) 

+7a (5a^3 + 26^(8393 - does)) (cos 0s + 7172 sin ^3) - 2e^o0^ 

X (a^e3)(7o + 73)] 7172 + 2e^'^ej^{does - d393){7o + 73)7x72, 

(7o9oi^ + 73^3^) (cosh 6*0 + 7073 sinh 6I0) + 7^ (Qa^^ + 26*^(93^ 

-Oqu)^ (cos 6*3 + 7172 sin 

+2e^W^9^{doLO - a3a;)(7o + 73)- 

Consequently, Ansatz (6.1.5) reduces equation (6.1.1) to a system of ODEs 
iff there exist such (4 x 4)-matrices Qi{u), Q2{oj) that 



R2 



Ri{x) = Qiiuj), R2{x) = Q2{io). 



(6.1.7) 



Expanding matrices Qi{uj), Q2{^) in the complete system of the Dirac 
matrices and equating coefficients of the matrices /, 7^, S^i,, IHij-i 74 we ob- 
tain from (6.1.7) the over-determined system of nonlinear PDEs for functions 
Oil, ^ 

1) (^o^o) sinh 00 + {d^eo) cosh ^o - 2e^"5^^^ - 2e'^" 0^8^60 
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+2e^oMA(5o^o - W = /iH, 

2) {do9o) cosh 00 + {dsOo) sinh 00 - 2e''°dA0A - 2e^°^A5^0o 

3) (^2^3 + 262(^3^3 - 50^3)) COS ^3 - (^1^3 + 2^1(53^3 

-dods)) sin 63 = fs{u), 

4) (5i^3 + 201 {8303 - do03)) cos 03 + (^2^3 + 2^2 (^3^3 

-^06*3)) sin 6*3 = /4(cj), 

5) 2e^° idi02 - 0201) + (doOs) cosh 0o + (Sg^s) sinh 
+2e'°0A0A{doe3 - 8303) - 2e'"0A8A03 = h{uj), 

6) 2e^« (01^2 - 52^1) + (^0^3) sinh + (^3^3) cosh 0o 
+2e^°0A0A{8o03 - 8303) - 2e''>0A8A03 = h{io), 

7) [di0o + 2^1(93^0 - do0o)) cos 03 + (d20o + 2^2(53^0 
-aoeo))sin^3 = /7M, (6.1.8) 

8) (^2^0 + 2^2(53^0 - do0o)) cos 03 - (di0o + 20^{830q 
-506*0)) sin6'3 = /8(a;), 

9) {8qu) cosh 00 + {8300) sinh 0o - 2e^° 0a8aU + 2e^° 
X0A0A{8oi^ - 83UJ) = fgiu), 

10) (^30;) cosh 0Q + {8ouj) sinh 0q - 2e^°LOA8AUJ + 2e^° 
x0A0A{8oi^ - 83UJ) = fio{u), 

11) (^lo; + 2^1(530; - ^oo;)) cos ^3 + (O2U + 2^2 (^3^^ 
-8oUj)^ sin 03 = /ii(u;), 

12) (92W + 26*2(030; - Sow)) cos 6I3 - ((9ia; + 26*1(530; 
-Oqw)) sin 6*3 = f 12(^0), 

where fi{co), ■ ■ ■ , fwi^jj) sue arbitrary smooth real- valued functions. 

Thus, the problem of construction of Ansatze (6.1.5) reducing the non- 
linear Dirac equation (6.1.1) to systems of ODEs is equivalent to the one of 
integration of the over-determined system of PDEs (6.1.8). Let us empha- 
size that the above system is compatible because Poincare-invariant Ansatze 
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obtained in Section 2.2 are contained in class (6.1.5). 

Integration of the system of nonhnear PDEs (6.1.8) is substantially sim- 
plified if we utilize an equivalence relation which is introduced below. 

First of all, we note that the class of Ansatze (6.1.5) is transformed into 
itself if wc generate the spinor field (6.1.5) by the 8-parameter transformation 
group Gs C P(l,3) with the generators P^, Ju, Jo3, Joi - Ji3, Jo2 - J23- 

The above assertion is checked by a direct verification. Take, as an exam- 
ple, the one-parameter transformation group having the generator J03. Ap- 
plying formula (2.4.43) with a = 3 to (6.1.5) we get 

^{x) = exp{^^(x')7A(7o + 73)}exp{(l/2)^[,(x')7o73 
+(l/2)^^(a:')7i72}¥'(cu'(x')), 

where 

Xq = Xq cosh r + X3 sinh r, x[ = xi, 
x'2 = X2, = 2:3 coshr + Xq sinhr, 

e'Q = eQ + T, e[ = 9ie-\ e'^ = 626-^ 

6*3 = 6*3, Uj' = UJ. 

Consequently, the group Gg induces in the space of variables x, 0^{x), 
uj{x) some transformation group G^- It is not difficult to establish that Gs is 
the invariance group of system of PDEs (6.1.8). 

Another transformation leaving the class of Ansatze (6.1.5) invariant is the 
following one: 

Oq^ 9q + gQ{uj), 03 ^ O3 + gsiuj), uj ^ gito), 
61^61 + e-'^o (gi {u) cos ^3 - 92 {i^) sin ^3) , 
02^92 + e-^o (52 (a;) cos ^3 + Qi (a;) sin ^3) . 

That is why it is natural to introduce the following equivalence relation 
E. We say that solutions of system (6.1.5) 9fi{x), uj{x) and 0^(ic), uj'{x) are 
equivalent if they can be transformed one into another by 

1) a suitable transformation from the group Gg, or 

2) a suitable transformation of the form (6.1.9). 

An easy check shows that E is indeed an equivalence relation. It divides 
the set of solutions of the system of PDEs under study into inequivalent classes 
which are described by the following assertion. 



(6.1.9) 
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Theorem 6.1.1. The general solution of system of PDEs (6.1.8) determined 
up to the equivalence relation E is given by one of the following formulae: 



1) 01=02 = 0, 6*0 = ln(xo + X3), 03 = C ln(xo + ^3), w = Xq - x|; 

2) 0A = -Xa (2(xo + X3)) , ^0 = ln(a;o + X3), 6*3 = C ln(a;o + X3), 



_ 2 2 2 2 
a; — Xq — — — X3; 



3) 01 = 0, 02 = -X2(2(xo + X3)) \ 00 = ln(xo + X3), 

02, = Cln(xo + X3), a; = Xq - X2 - x|; 

4) 0^ = 02 = 0, = 0, 03 = Ci(xo + X3), w = xo - X3 

+C2(xo + X3); 

5) 6'i = 6l2 = 0, 0Q = Cxi, 03 = 0, a; = Cxi + ln(xo-X3); 

6) 0A = dAW, 00 = 0, 03 = (C/2)(xo-X3 + 4W), a; = xo + X3, 
W = Tiz^ + T2Z + r*2*2 + rlz* + T3ZZ*, 

where z = x\ + ix2 and the functions Tj{x) are determined by 
one of the formulae a — c given below 

a) ri = C2 (64C|(xo + X3f - l) "'e*^^ , 

(1/2)(X0+X3) 



T2 = C3 expj I6C2 j (256C|C^ - 
+ cos(2Ei(0 - + ii?i((l/2)(xo + X3)) 



-16C2e 



T3 = 16C|(X0 + X3) 1 - 64C|(X0 + X3 



= 16C2(1 - 2f>QClf)-^ [l6C2e + sin(2i2i(0 - Ci) 
6) n = (l6(xo + X3))~'e^^i, 

(1/2)(X0+X3) 

r2 = C2 expJ (1/2) j [cos(2i22(0 - Ci) - "^C^d^ 

+iR2 ((1/2)(X0 + X3)) I , T3 = - (8(xo + X3)) 
2ei?2(0 + sm(2i22(0 - Ci) + 1 = 0; 



(6.1.10) 
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C) n =0, T2 = (Ci + iC2){xo +X3) ^, T3= (4:{xo + X3)) ^ 

7) = {1/2)wa + C2 arctan(5i/x2)(£? + xi)^^ 

X exp{— Ci arctan(xi/x2)}5A^arctan(xi/x2)) , 
^0 = Ci arctan(,Ti/x2), 6*3 = — arctan(xi/x2), lo = xf + x\\ 

8) = {l/2)w^ + (x? + ^2)1/2 ('c'i(xo + X3)-^ 



X arctan(xi/x2) + w;3^5A(^arctan(xi/x2)), 

= ln(xo + X3), ^3 = — arctan(xi/x2), w = x^ + x|; 

9) 9A = xiWA + dA{u{z,XQ + X3) + U{z*,XQ+X3)^, z = Xi + ix2, 
60 = 63 = 0, LlI = X0 + X3; 

10) 61 = (xi smi(;2 — X2 cos W2) (j^l/2)wi + Ce~'^^^ smw2 

— {l/2)w2 COSW2 + WASUIW2 + (l/2)?i;3 cosi(;2, 

G2 = (xisini(;2 — X2COSu;2) —((1/2)1^1 + Ce~"'^^ cosu;2 

— (1/2)^2 smw2 — W4 cosu'2 + (l/2)ti;3 smit;2, 

9o = Wi, 63= W2, LO = X1COSW2 + X2SmW2 + W3; 

11) 0a = (1/2)u;a, 9o = C{x2 + W2), 63 = 0, uj = Xi+wi. 

In the above formulae Xa = Xa + Wa; A = 1,2; wi, W2, W3, W4 are 
arbitrary smooth real-valued functions of xq + X3; U is an arbitrary analytic 
function of z; C, Ci, C2, C3 are arbitrary real constants. 

Proof. On introducing new independent variables ^ = (l/2)(xo + X3), = 
(l/2)(xo — X3) we rewrite system (6.1.8) in the form 

1) 8^,00 = fi{uj)e^°, 

2) 8^00 - 48AeA - 4eA8Aeo + 4/1 {u)e^°eAeA = /2(a;)e-^° , 

3) ^103 = 20ie^°fi{io) + fi{u) cos ^3 - fsi^j) sin ^3, 

4) 92^3 = 202e^»/i(^) + fsiuj) COS03 + /4(a;) sin^3, 

5) 8^03 = f5{uj)e'>", 

6) 8^03 + 4{di02 - 820i) + 4f^{io)e'^°0A0A - 40a8a03 

= fd^)e-'\ (6.1.11) 

7) 8i0o = 20ifi{uj)e'» + f-r{Lo) cos 63 - fsiu^) sin^g, 

8) 8200 = 2^2/1 (u;)e^« + fsiuj) cos^a + friu^) sin^a, 
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9) dr,u = Mu)e''^, 

10) d^uj - Ae^dAio + 4/9(L^)e^°0^e^ = /io(a;)e-^o, 

11) diio = 2^i/9(L^)e^» +/nHcos^3 - fuico) smO^, 

12) d2UJ = 2e2f9{co)e^° + fuico) cos ^3 + fn{^) sin 63. 

Now we see that the above system contains a subsystem of PDEs 1, 5, 9 

which can be considered as a system of ODEs with respect to the variable r). 
Transforming ^3; ^ according to (6.1.9) we can put /1/9 = 0. With this 

remark the above system is easily integrated. Its general solution determined 
up to the equivalence relation E is given by one of the following formulae: 

I. under fi = fr, = /g = 0, 

Oq = Fi, 63 = F2, uj = F3; 

II. under fi = h = 0, fg / 0, 

eo = lnFi, uj = r,Fi + F2, 63 = F3; 

III. under fg = 0, /i / 0, 

^o = -ln(r/ + F2), uj = Fi, 63 = f5{Fi)Hr] + F2) + F3; 

IV. under /i = /g = 0, /s / 0, 

9o = -lnF2, 03 = F^^MF,)r] + F3, u = Fi, 

where Fi, F2, F3 are arbitrary smooth real- valued functions of ^, xi, X2- 
Thus, to prove the theorem we have to consider four inequivalent cases 

I IV. We will integrate system of PDEs (6.1.11) in the case /i = /s = /g = 0, 

the remaining cases are handled in an analogous way. 

When proving the theorem, we will use essentially the following assertion. 

Lemma 6.1.1. General solution of system of PDEs 

diu = Ai(u) cosv — A2{u) s'mv, 

d2U = A2{u) cosv + Ai{u) sin V, 

d\v = Bi{u) cosv — B2{u) sin V, 

d2V = B2{u) cosv + Bi{u) sin V, 

determined up to the equivalence relation 

u~^hi{u), v^v + h2iu), hieC^{R^,R^) 
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is given by one of the formulae 

1) U = {Xl + Wl)^ + {X2 + W2)'^ , 

V = arctan(^(xi + wi){x2 + if2)~"^) ; ^ 

2) u = xi cos tf2 + X2 sint(;2 + tui, v = W2\ 

3) II = wi, = W2. 

Here wi, W2 are arbitrary smooth real-valued functions of^. 

Proof of the above assertion is carried out with the help of rather simple 
but very cumbersome computations, therefore it is omitted. 

Substituting = Fi{^,xi,X2), 03 = F2{^,xi,X2), lo = F3{^,xi,X2) into 
system (6.1.11) we have 



1) d^Fi - 4d^e^ - 49^d^Fi = /2e-^i , 

2) diF2 = f4 cos F2 - fs sin F2 , 
d2F2 = fz cos F2 + /4 sin F2, 
d^F2 + 4(^1 02 - 52^1) - 4e^d^F2 = /ee-^i, 
^1^1 = /? cos F2 - fs sin F2, 



diFi = /7 cos F2 - fs sin F2, 
82 Fi = fs cos F2 + /t sin F2, 
di:F3-49AdAF3 = fioe-^\ 
diF3 = fii C0SF2 - fi2 sinF2, 
d2F3 = fi2 cos F2 + /ii sin F2, 



(6.1.13) 



where /2, . . . , /12 are arbitrary smooth real- valued functions of F3. 

According to Lemma 6.1.1 a subsystem of equations 2, 3, 8, 9 has three 
inequivalent classes of solutions given by formulae (6.1.12). 
Case 1. F2 = -arctan(^(xi -\-wi){x2 + f«2)~^), -^3 = {xi +Wi)^ 
+ (a;2 + 'u;2)^- 

Substitution of the above expressions into the fifth and sixth equations of 
system (6.1.13) yields the following system of PDEs for the function Fi: 



diFi = X2/7(xf + x|) + 5i/8(xf + xi), 

d2Fi = X2f8{xl+xl)-Xif8{xl-\-xl), 



(6.1.14) 



where Xa = Xa + Wa, A= 1,2. 
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Taking into account the compatibility condition 5i(52-Fi) = 52(^i^i) we 

have /t = or /7 = Ci = const. Hence it follows that up to the equivalence 
relation E the general solution of system (6.1.14) can be represented in the 
form 

Fi = Ciarctan(xi/i2) +W3(0, m G C^(M\R^). 

From the seventh equation of system (6.1.13) it follows that functions 6i, 62 
satisfy the equality 

XAiwA - ^9a) = fioixl + xl) exp{-Ci arctan(xi/x2) - 1^3}, 

whose general solution reads 

= {l/4)wA + W{^,xi,X2)dA[aTctan{xi/x2)), A = 1,2. 

Here W is an arbitrary smooth rcal-valucd function. 

Substituting the above results into the first and fourth equations of system 
(6.1.13) we arrive at the following system of two PDEs for W: 

XaQaW = W + ai exp{— Ci arctan(5;i/x2) — w^}, 
{X2di - xid2)W = -CiW + il/4:)w3{xl + xl) (6.1.15) 
+a2 exp{— Ci arctan(xi/a;2) — w^}, 

where a a = aA{x\ + X2). Integration of system of linear PDEs (6.1.15) yields 
two inequivalent classes of solutions 

under Ci 7^ 

W = (C3 + C2arctan{xi/x2)){xl + xl)^/^ 
X exp{— Ci arctan(5i/x2)}, W3 = 0; 

under Ci = 

W = (w;o(0 + C^'arctan(xl/x2))(x? + 5i)V^ ws = ^. 

Here C, Ci, C2, C3 are real constants, wq G C^(M^,M^) is an arbitrary 
function. 

Substituting the results obtained into the corresponding expressions for 
9fj_, uj and returning to the initial independent variables X/j, we get up to the 
equivalence relation E the formulae 8, 9 from (6.1.10). 
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Case 2. F2 = W2{0, F3 = w^{C). 

Up to the equivalence relation E we can choose i<3 = ^, F2 = 0. Substi- 
tution of these expressions into (6.1.13) gives rise to the following system of 
PDEs for Fi, Ou O2: 

1) a^Fi - Ae^d^Fi - AdJ^ = f2iOe-^' , 

2) 8261 - 8162 = hiOe-""', 

3) diF, = h{0, (6.1.16) 

4) d2F, = fs{0, 

5) l = /io(Oe-^^- 

Prom the last three equations we conclude that within the equivalence re- 
lation Fi = 0. Integrating the remaining equations and returning to the initial 
independent variables we obtain within the equivalence relation E formulae 9 
from (6.1.10). 

Case 3. F2 = W2{£,), -F3 = a;icos'«;2(0 + X2smw2{(,) + '^3(0- 

Substitution of the above expressions into equations 1, 4-7 from (6.1.13) 
gives rise to the over-determined system of PDEs for functions Fi, 61, 62 

1) Ad^e^ = 55 Fi - Ae^d^Fi + ^e-^^ , 

2) A{d29i-die2) = W2 + f6e-''\ 

3) diFi = fTCOSW2 — f8smw2, (6.1.17) 

4) d2Fi = fs cos W2 + fv sin W2 , 

5) W2{x2 cos W2 — xi sin W2) + 

-4(6'i cos W2 + O2 sin W2) = fioe"^^ , 

where /2, /e, /t, /s, /lo are arbitrary smooth functions of xi cos 1^2 +X2 smw2 
+W3. 

The necessary and sufficient compatibility condition of a subsystem of 
equations 3, 4 reads (?i(52-Fi) = 52(9i-Fi), whence it follows that fs = Ci = 
const. Substituting /§ = Ci into equations 3, 4 from (6.1.17) and integrating 
the equations obtained we have 

Fi = Ci(a:;2COSu;2 - xismw2) + wi{^), wi G C\R\M^). 

With account of the above formula system (6.1.17) is rewritten in the 
following way: 



1) OaOa = -{l/4:)CiW2{xi cosi(;2 + X2 sinui2) + (l/4)ti;i 
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+Ci (^1 sin W2 — 02 cos W2) + f2 exp{— Ci (x2 cos W2 

—xi sin 102) — wi], 

2) 8261 - 8162 = {1/^)W2 + /6exp{-Ci(x2COS-u;2 (6.1.18) 

—xi sinTt;2) — wi}, 

3) 61 cosit)2 + 6'2sinit;2 = (l/4)ti'2(a;2 cosw2 — xi sintf2) 

+ (l/4)ti;3 + /ioexp{-Ci(a:2 cos 1^2 - Xisinw2) - "W^i}- 

Integrating equations (6.1.18) we get up to the equivalence relation E the 
formulae 10, 11 from (6.1.10) under Ci = and Ci / 0, respectively. The 
theorem is proved. > 

Choosing in an appropriate way parameters and arbitrary functions we 
can obtain from (6.1.5) and (6.1.10) Ansatzc invariant under the P(l,3) non- 
conjugate three-dimensional subalgebras of the algebra AP(1,3) constructed 
in Section 2.2. Hence it follows, in particular, that the classical Lie approach 
gives no complete description of Ansatze reducing nonlinear PDE (6.1.1) to 
ODEs. Additional possibilities of reduction of equation (6.1.1) are the conse- 
quence of its conditional symmetry. To become convinced of this fact we will 
construct involutive sets of the first-order differential operators 

Qa= iafi{x)d^ + i:]a{x), a = 1, 2, 3, 

where ^a^i{x) arc real- valued scalar functions, r]a{x) are (4 x 4)-matrices, such 
that Ansatze (6.1.5), (6.1.10) are invariant with respect to these operators. 
Then, we will show that the nonlinear Dirac equation (6.1.1) is conditionally- 
invariant with respect to so obtained involutive sets of differential operators. 

According to Definition 1.5.2 Ansatz (6.1.5) is invariant with respect to 
the involutive set of operators Qi, Q2, if the conditions 

Qai>{x) = Qa{A{x)ipico)) =0, a = 1, 2, 3, (6.1.19) 

where A{x) = exp{7A6'A(7o + 73)} exp{ (1/2)6*07073 + (l/2)6'37i72}, hold with 
an arbitrary four-component function (p{uj). 

Equating coefficients of 93(0;) and 93(0;) in the left-hand side of (6.1.19) to 
zero we get 

Ca„{x)d^uj{x) = 0, a = l,2,3, (6.1.20) 
Va{x) = -[^at.{x)d^A)A-\ a =1,2, 3. (6.1.21) 

Thus, to obtain the involutive set of operators Oa such that the Ansatz (6.1.5) 
is invariant with respect to it we have 
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• to solve equations (6.1.20) which should be considered as a system of lin- 
ear algebraic equations with respect to ^afi{x), a = 1, 2, 3, = 0, . . . , 3; 

• to get explicit expressions iov rja, a = 1,2, 3 from (6.1.21). 

On solving equations (6.1.20), (6.1.21) for each class of functions 9^{x), 
uj{x) from (6.1.10) we obtain the following sets of operators Qa- 

1) Qi = di, Q2 = 82, Q3 = xo^s + xsdo - (1/2)7073 - C(x2di 

-Xia2 + (1/2)7172); 

2) Qi = (xo + X3)ai+xi(9o- 93) + (1/2)71(70 + 73), 
Q2 = {xo + X3)d2 + X2{do - d-s) + (1/2)72(70 + 73), 

Q3 = xod3 + x^do - (1/2)7073 - C(x2di - xid2 + (1/2)7172); 

3) Qi = (9i, Q2 = {xq + x-i)d2 + X2{dQ - ds) + (1/2)72(70 + 73), 
Q3 = xods + xsdo - (1/2)7073 - C(x2di - xid2 + (1/2)7172); 

4) Qi = di, Q2 = d2, Qs = (1 - ^2)^0 + (1 + C2)d3 

-2Ci(x25i -xi52 + (1/2)7172); 

5) Qi = do + 83, Q2 = 82, 

Q3 = di + c(xod3 + xsdo - (1/2)7073); 

6) QA = d^- MdBdAW){^o + 73) - 2C{dAW) (7172 

+2(71 ^2^^ - 72^1 W^) (70 + 73)), A =1,2, 
Qs = 80-83- C7172 - 2C{'yi82W - 72^1 VF) (70 + 73); 

7) Qi = 8o- 83, Q2 = X182 - X281 - (l/2)(7i72 - C17073) 

-|-Ci(xi + X2)~^^^ exp {— Ci arctan(xi/x2)} 
x(72Xi - 71X2) (70 + 73) + (l/2)(7iii;2 - 72W'i) (6.1.22) 
X (70 + 73) - {Ci/2)jaWa{'1o + 73), 
Q3 = 80 + 83 - 2wa8a - 1aWa{io + 73); 

8) Qi = 8o- 83, Q2 = X182 - X281 - (1/2)7172 - Ciixj 

+X2)""^/^(xo + xi)"^(xi72 - .T27i)(7o + 73) 
-(l/2)(7iu;2 - 72Wi)(7o + 73), 
Q3 = X083 + X380 - (xq + X3)wAdA - (1/2)7073 

-(1/2)7^ (ii;^ + (xo + X3)wa) (70 + 73) - (x? + x^)-^/2 
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- 71 

X cos W2 



72 



+ {l/2)w2 sin W2 



X (w3 + (Xo + Xs)w3^ (71X2 - 72^1) (70 + 73); 

9) Qa = - 7b QbOa (u {xi + xo + X3) 

+U (xi - ix2, Xo + X3)) (70 + 73) + Sai'JbWb 
x(7o + 73), A = 1,2, = 80-83; 

10) Qi = 9o - 93, Q2 = (sinit;2)9i - (cosw2)'92 

((l/2)tZ;i + Ce^"'^) sinw;2 - (1/2)^2 
((l/2)iZ)i +Ce-"'i)cos'u;2 

(70 + 73), Qs = W2{xid2 - X2di) 

+W3({cosw2)di + (sin'u;2)92) + (l/2)((?o + ^3) 

— (xi sin'u;2 — X2 cosw2)(j^l/2){wi + ■ii'f)(7i sinf/;2 

— 72COS1i;2) — {1/2){W2 +WiW2){'JlCOSW2 + j2SmW2)^ 

X (70 + 73) — {wA + wiW4){'yi sin u;2 — 72 cos ■u;2)(7o + 73) 

— (l/2)(ii;3 + wiW3){'yi cosii;2 + 72siniU2)(7o + 73) 
-(l/2)iZ)27i72 - (l/2)f«i7o73, 

11) Qi=do- ds, Q2 = d2- (C/2)7o73 - {C/2)jaWa{jo + 73), 
Q3 = -widi + il/2){do + 93) - (l/2)7Ati)A(7o + 73) 

-(C/2)ii)27o73 - (C/2)ii;27Af«A(7o + 73)- 

Analyzing the above formulae we come to a conclusion that only the op- 
erators 1—5 from (6.1.22) are linear combinations of the generators of the 
Poincare group P(l,3) (1.1.20). The remaining triplets of operators cannot 
be represented as linear combinations of operators (1.1.20). Consequently, 
Ansatze 6-11 from (6.1.10) are not invariant with respect to three-parameter 
subgroups of the group P(l, 3) and cannot, in principle, be constructed within 
the framework of the Lie approach. They correspond to conditional symmetry 
of the nonlinear Dirac equation (6.1.1). 

Let us consider as an example the eighth triplet of operators Qi , Q2, Qs- 
Rather tiresome computations yield the following relations: 

QiL = 0, 

Q2L = -2iCiixl + xi)-^/'(xo + X3)((70 + 73)Q2V' 
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+(71^2 - 725i)Qi^) + ^(7lW^2 - 72W^i)Qi'0 + (Ci{xl 

+xl)''^^'^{xo + X3)~^(xi72 - X27i)(7o + 73) 

+(1/2)7172 + (l/2)(7iu;2 - 72^«i)(7o + 73))^^, (6.1.23) 

Q3L = 2i(w3 + (.X-o + X3)W3) {xj + xi)-^/2 1^(70 + 73)^2^' 

+ (71^2 - 72ii)Qiip) + [(1/2)7073 + (1/2)7a(w'a 

+ (xo + 0:3)^^) (70 + 73) + {xl + xl)~^/'^ {w2, + {xq + X3) 

y-w^{l\X2 - 725i)(7o + 73) L. 

[Qi, Q2] = [Q2, Q3] = 0, [Q3, Qi] = Qi, 

In (6.1.23) we designate by the symbol Qa the first prolongation of operator 

Qa, L = ij^ill^Xf, - M - /274'0- 

Thus, the nonlinear Dirac equation (6.1.1) is conditionally-invariant with 
respect to the involutive set of operators Qi, Q2, Qs- 

Substitution of the Ansatze (6.1.5), (6.1.10) into (6.1.1) gives rise to the 
following systems of ODEs for the four-component function (p = ip{u)): 

1) (l/2)(7o + 73)(1 + C'7i72)<,? + (70 - 73 + ^^(70 + 73))<^ = R, 

2) (1/2) (70 + 73) (3 + C7i72)(/C + (70 - 73 + <^(7o + 73)) 9^ = R, 

3) (1/2) (70 + 73) (2 + C7i72)(/9 + (70 - 73 + <^(7o + 73))(/? = R, 

4) (Ci/2)(7o + 73)74<^ + (C2(7o + 73) + 7o - 73)<^ = ^, 

5) (1/2)72749? + (C71 + e"'^(7o + 73)) = R, 

6) -(C(70 - 73)74 + 4t3(u;)(7o + 73) + 8C|r2(a;)P 
X (70 + 73)74) + (70 + 73)^' = R, 

7) a;-V2 ((1/2)72 - 02(70 + 73) + (Ci/2)7274)<^ + 2lo^/^J2^ = R, 

8) (1/2) ((1 - 2Ciu;-'/^){jo + 73) + a;-i/272)^ + 2u;^/^j2^ = R, 

9) (70 + 73) ('"^2(^^)74 - wi{(jj)j(p + {jo + ls)^ = R, 

10) -C(7o + 73)95 + 719' = -Rj 

11) -C7i74<y9 + 7i99 = i?. 



292 



Chapter 6. CONDITIONAL SYMMETRY AND REDUCTION 



where R = -i{ji{ipip, ip-fiip) + /2(w, 

It is important to emphasize a very important difference between Poincare- 
invariant Ansatze for the spinor field and conditionally-invariant Ansatze given 
in (6.1.10). As it was said above, P(l, 3)-invariaiit Ansatze for the spinor field 
reduce any Poincare-invariant spinor equation to systems of ODEs, provided 
the generators of the Poincarc group have the form (1.1.20). But for Ansatze 
(6.1.10) it is not the case. Each specific equation gives rise to a specific system 
of PDEs for functions 6^, u). This means that the approach suggested makes 
it possible to take into account a structure of solutions of the equation under 
study more precisely than the Lie approach does. 

It is worth noting that the formula (6.1.5) can be easily adapted to the 
case of a field with an arbitrary spin s. Let us rewrite it in the following way: 

il^{x) = exp{20^(5oA - 5a3)} exp{0o5o3 + esSi2Moj), (6.1.24) 

where S^i, = (l/4)(7^7i/ — 'ju'f^). Ansatz (6.1.24) can be applied to reduce 
any Poincare-invariant equation (by means of the method described above) 
provided it admits the group -P(l,3) with the following generators: 

Here S^^, are constant matrices of the corresponding dimension satisfying 
the commutation relations of the Lie algebra ^40(1,3). 

2. Non-Lie reduction of spinor equations invariant under the ex- 
tended Poincare group. We look for solutions of the nonlinear P(l,3)- 
invariant equations 

{ilt^d^ - (V^^)'/'^[5i(V^V'(V^74V')"') +52(ViV'(Vi74V')"')74]}^ = (6.1.25) 
in the form 

iPix) = expl^o + lAeAilo + (6.1.26) 

where ^Oi ^ij ^2, ^ are arbitrary smooth real-valued functions of xq +Xz, xi, 
X2', f is an arbitrary complex- valued four-component function. 

Substituting the Ansatz (6.1.26) into (6.1.25) and multiplying the expres- 
sion obtained by the matrix exp{— ~ ^a7a(7o + 73)} yield 

iRi{x)ip + iR2{x)ip = {(p'ff^'^^{gi +5274)'/', 
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where 

9a = 9a{(P'p{'P74^)~^) , A=l,2, 

Ri = (70 + l3)d^0o + IaOaOq + 7a7s^a6'b(7o + 73) - 26'a5a6'o(7o + 73), 

R2 = (70 + 73)(5?<^ - ^OaOaLo) + -fAdAi^ 

(as earlier, the notation ^ = xq + ^3 is used). 

Consequently, Ansatz (6.1.26) reduces the initial equation (6.1.25) to a 

system of ODEs if there exist such (4x4)-matrices Gi(i^), G2{to) that RAix) = 
Ga{i-^), a = 1,2. Hence we get the system of nonlinear PDEs for unknown 
functions 9o, 61, 62, uj 

1) (d/: - 29AdA)eo - dA^A = fiico) eM^ok-^}, 

2) di9o = f2{co)cM<^ok-'}, 

3) 0200 = f3{^)GMOok-'}, 

4) 3261-8162 = h{io)exp{eok-'}, (6.1.27) 

5) (d^ - 26AdA)oJ = h{oj) exp{0ofe-'}, 

6) diijj = feiiv) exp{6'oA;"^}, 

7) d2u; = f7ico)eMOok-'}. 

In (6.1.27) /i, . . . ,/7 are arbitrary smooth real-valued functions. 

Solutions of the above system of nonlinear PDEs are looked for up to the 
equivalence relation E which is introduced in the following way. We say that 
the solutions of equations (6.1.27) 6q{x), 6a{x), uj{x) and 6'q{x), ^^(a;), uj'{x) 
are equivalent if they are transformed one into another by 

1) a suitable transformation from the group Gg, which is induced in the 
space of variables x, 6o{x), 6a{x), u{x) by the action of the transformation 
group Gg C -P(l, 3) with generators P^, Jqi — J13, J02 — J23, J12, D on Ansatz 
(6.1.26), or 

2) a suitable transformation of the form 

io^h{uj), 60^ 6o + ho{u;), 6a ^ 6a + hA{io), (6.1.28) 

where {h,ho,hi,h2} C Ci(M\lR^). 

Due to the fact that system (6.1.27) is over-dctcrmincd wc have succeeded 
in constructing its general solution. Up to the equivalence relation E it is 
given by one of the formulae 

1) 6*0 = klnwi, 61 = {2wiy^{wixi + W2), 
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02 = {2wi) ^ (j2k — l)wiX2 + ws^ , uj = wiXi+W2; 

2) 00 = -kln{xo + wi), 9a = W3(^{xi + wi)"^ 

+ {x2 + W2fy'\xA + WA) + {l/2)wA, A = 1,2, (6.1.29) 

LV = {Xl+ Wl){x2 + W2)~^; 

3) ^0 = 0, uj = xo + X3, Oa = Oa (y {xi + iX2, Xq + Xs) 

+U{xi — iX2, Xq + Xsfj + WaXi, A = 1,2. 

Here wi, W2, 103 are arbitrary smooth real- valued functions of xq + X3; U 
is an arbitrary function analytic in the first variable. 

Substitution of Ansatzc (6.1.26), (6.1.29) into equation (6.1.25) gives rise 
to the following systems of ODEs: 

1) i'yi(p = R, 

2) z(72 - Loji)ip = R, 

3) ^(7o + Ts)*^ + (70 + 73){w27i72 - wi)^ = R, 

where = ((^(^)^/^^ ffi (<^'/^(<^74¥')""^) + 7452(<^9'('^74</?)""^) ^■ 

Generally speaking, Ansatze (6.1.26), (6.1.29) are not invariant with re- 
spect to the three-parameter subgroups of the group P(l,3) (description of 
inequivalent P(l, 3)-invariant Ansatze for the spinor field is given in Section 
2.2). In the case involved we deal with reduction via conditionally-invariant 
Ansatze. For example, the involutive set of operators Qa corresponding to the 
Ansatz 1 from (6.1.29) is of the form 

Qi = (l/2)(5o - ds), Q2 = wid2 + (1/2)(1 - 2k)wa2ilo + 73), 
Q3 = {l/2)wi{do + 83) - wiXaOa - W2di - kwi + (2it;i)^^ 
X {2wl - wiwi) (^JaXa + 2{k - 1)72x2) (70 + 73) + {2wi)~^ 

X (j^2wiW2 — WiW2)jl + {W3W1 — WiW3)j2^ (70 -|- 73)- 

The above operators satisfy the following relations: 

[Qi, Q2] = [Qi, Qa] = 0, [Q2, Q3] = -2W1Q2, 
QiL = 0, Q2L = AiL + A2Qii) + A3Q2'il), 

Q3L = BqL + BaQa^, 
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where Qa is the first prolongation of operator Qa', L = i^^d^ijj — {'4^'4>Y^'^^{gi + 
5274)^^; ^ai Bq, Ba are some variable (4 x 4)-matriccs. Hence it follows that 
the nonlinear Dirac equation (6.1.25) is conditionally- invariant with respect 
to the involutive set of operators Qi, Q2, Qs- 

In conclusion we adduce the two classes of new exact solutions of the 
nonlinear spinor equation 

(z7;.5^-A(^V)'/''^)V' = 

constructed with the use of conditionally-invariant Ansatze (6.1.10), (6.1.29) 



exp|7i(7o -I- 73) (xisini(;2 — a;2COSu;2) ((1/2)^1 

+Ce^^^^ sinit;2 — (l/2)tt;2 cosu)2 + Wisinw2 + {l/2)ws 

(xi sinu;2 — X2 cosi(;2) ((1/2)1^1 



X cos W2 



-72(70+73) 



+Ce '^^^ COSW2 + {l/2)w2smw2 



+ W4 cos W2 



— (1/2)77)3 sin W2 



exp{(l/2)wi7o73 + (1/2)^27172} 
X exp| (iA(xx)^/^''7i - C7i(7o + 73)) {xi cos W2 
+X2 sinw2 + W3)^x, 

Wl exp|(2t(;i)"^ [(ti'ia:! + ti;2)7i + ((2/c - l)wixi + ■ii;3^72 
x(7o +73)}exp{iA7i(xx)^^^*'(w^ia;i + w^2)}x- 



Here wi,W2,W3, W4 are arbitrary smooth real- valued functions of 2:0+ ^3; x 
is an arbitrary four-component constant column. 



6.2. Non-Lie reduction of Galilei-invariant spinor equations 

Taking into account the classical ideas and methods of symmetry analysis of 
differential equations we generalize results obtained in the previous section in 
the form of the following non-Lie algorithm of reduction of PDEs: 

• the maximal (in Lie sense) invariance group of the equation under study 
is found by the Lie method; 
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• subgroup analysis of the invariance group is carried out, each subgroup 
giving rise to some Ansatz which reduces PDE in question to an equation 
having a smaller dimension. As a rule, Ansatze obtained in this way have 
a quite definite structure which is determined by the representation of 
the symmetry group. 

• the general form of the invariant Ansatz is obtained. This Ansatz 
includes several scalar functions 9i,...,6]\f satisfying some compatible 
over-determined system of nonlinear PDEs (reduction conditions) . 

• equations for ^i, . . . , are integrated. 

Let us realize the above algorithm for the following system of nonlinear 
spinor PDEs: 

{-i{lo + lA)dt + iiada + m(7o - 74) - = 0, (6.2.1) 

where F is a variable (4 x 4)-matrix. 

According to Theorem 4.1.5 equation (6.2.1) is invariant under the Galilei 
group iff 

F = fiitpip, + iplitp) + f2itpip, ipH + V'74V')(7o + 74), (6.2.2) 

where {/i,/2} C C^(IR^,C^) are arbitrary functions. In Section 4.2 we have 
constructed G(l, 3)-inequivalent Ansatze for the spinor field i/j{t,x) invariant 
under three-parameter subgroups of the Galilei group. One can become con- 
vinced of the fact that these Ansatze have the form 

■0(t, x) = exp{z6'o + 7a^'a(7o + 74)} cxp{047i72}93(w), (6.2.3) 

where 0^, 64, co are smooth real- valued functions on t, x\ <p = (p{io) is an 
arbitrary complex-valued four-component function. 

In the following, we will describe all Ansatze (6.2.3) with ^4 = reducing 
the Galilei-invariant equation (6.2.1), (6.2.2) to systems of ODEs. 

Substituting (6.2.3) with ^4 = into (6.2.1), (6.2.2) and requiring for the 
obtained equation be equivalent to a system of ordinary differential equations 
for ip{u}) we have 

1) 0263-8362 = fiiio), 

2) 8361-8163 = f2{u), 

3) 8^62-8261 = fsiio), 
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4) 5a^a = /4H, 

5) {dt + 29ada)9o+4.meaea = f5{t0), 

6) idt + 2eada)uj = feiio), 

7) daU; = /6+a(t^), 

8) daeo + 4mea = f9+a{co). 



(6.2.4) 



Here /i, . . . , fi2 arc arbitrary smooth real- valued functions, a = 1,2, 3. 

As earlier (see Section 6.1), we introduce an equivalence relation E on the 
set of solutions of system of PDEs (6.2.4). We say that solutions of equations 
(6.2.4) 9o{t,x), Oa{t,x), u}{t,x) and0Q(t, x), 9'g^{t,x), u>'{t,x) are equivalent if 
they are transformed one into another by 

1) a suitable transformation from the group Gu which is induced in the 
space of the variables t, x, 9o{t,x), 9a{t,x), a;(t,x) by the action of the Galilei 
group G(l,3) on Ansatz (6.2.3), or 

2) a suitable transformation of the form 



where C C^(R''^, R"*^) are arbitrary functions. 

Theorem 6.2.1. General solution of system of PDEs (6.2.4) determined up 
to the equivalence relation E is given by one of the following formulae: 

I. m = 



2) u; = xi+wo{t), eo = C3t, ei = -{l/2)wo{t), 

92 = U{X2 + 1X3, t) + U{X2 — iX3, t) + C1X2, 

= iU{x2 + ix3, t) - ill {x2 - ix3, t) + C2X2; 

3) u; = t, 9o = Xagait), 9a = eabchb{t)Xc + daW + Wo{t)Xa, 

function W = W{t,x) being given by one of the relations a — c 
a) under gi = g2 = g3 = 



9o^ 60 + ho{uj), 

LO — ^ h{L0), 



1) 




dadaW = 0; 
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b) under 92 = 0, 53 7^ 

^ = 93^{nxiX3 + r2X2X3 + r^xs + (l/2)r3x| - {l/2)g^^ ginxl 

+{l/2){g^^gin - r3)xi) + U{z, t) + U{z*,t), 

z = {91+ gly^^'^igixs - 93x1) + 1x2; 

c) under 5i + 52 7^ 0, 53 7^ 

W = (1/2)53-^1(2533^1x3 - gixl) + (1/2)53 V2 (253x2x3 

-52x1) + (l/2)53-Hr3X3 + 2r4X3) + (1/2)51(5? + 5i)"'(n5i 

+^252 - ^353) (523^1 - 51 2:2)^ + U{z,t) + U{z*,t), 

z = {{gl + glT\9l + gl) - glgligl + glT'')^''' {g2Xi - 51x2) 
+i{gig3{gi +92r^{g2Xi - 51x2) + 532:2 - g2X3), 

where 

ra = - (gaWo + Sabcgbhc + (l/2)5a) , U = go- 

II. m^O 

1) a; = xi + {4m)-^C5f + Cjt, Oq = {2mC'j + C^t)u 

+(C3 - 4mCi)x2 + (C4 - 4mC2)x3 - {l2m)-^Clt^ - {l/2)CzC7t'^ 
+Cet, ei = -{Am)-^C5t-{l/2)C7, 62 = 01, ^3 = C2; 

2) UJ = t, 60 = -2mRoXaXa + RaXa - 4m{TabXaXb + TaXa), 
Oa = RoXa + 2r„bX6 + Ta, 

where RQ{t), Rbit), 7fec(t), ?6(t) are real-valued functions satisfying the Ric- 
cati-type systems of DDEs 

(i?0 + 2R^o)^ab + 2fab + STacTbc + SRoTab = 0, 

Ra - 4mTa - SmRoTa - IQmT^bTb + ^T^bRb + 2i?oK = 

and besides 

Tab = Tba, Tn + r22 + T33 = 0. 

In the above form,ulae wq, Wa, 5o, gai ha are arbitrary smooth real-valued 
functions of t; a,b,c = 1, 2, 3; U is an arbitrary function analytic in the 
variable z; Ci, C2, . . . , Cy are arbitrary constants. 

A detailed proof of this assumption can be found in [8, 303]. 

Substantial extension of the class of Ansatze (6.2.3) reducing nonlinear 
PDE (6.2.1), (6.2.2) to systems of ODEs as compared with the class of Lie 
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Ansatze (see Section 4.2) is achieved due to the conditional symmetry of equa- 
tion (6.2.1). 

Computing involutive sets of operators Qa = £,an{t,x)d^ + ria{t,x) {do = 
dt), a = 1, 2, 3 with the use of formulae (6.1.20), (6.1.21), (4 x 4)-matrix A = 
A{t,x) and scalar function LL){t,x) being determined by the formulae I.1-II.2, 
we can become convinced of that Ansatze 1.2, 1.3 correspond to conditional 
symmetry of system of PDEs (6.2.1), (6.2.2). 

Substitution of the Ansatze obtained above into the initial equation (6.2.1), 
(6.2.2) yields systems of ODEs for a four-component function (p{uj) 



I. 1) i-fiif + iy{C2ji - Ci - iC5)(7o + 74) + iC372 + iC473j if = R, 

2) i-/np + i(C27i - Ci - iC3)(7o + 74)'/' = R, 

3) -i(7o + 74)</j + iii^Kla - ^wq - i5fo)(7o + 74) 

+igala)v = R, 



ha, 50) Qa, Ta, i?a are functions of o; determined in Theorem 6.2.1; Ci,..., 

C7 are constants. 

A particular or general solution ip = <p{uj) of one of the above equations 
after being substituted into corresponding Ansatz (6.2.3) gives rise to a class 
of exact solutions of the initial nonlinear PDE. 

As an example, we adduce the class of solutions of system of nonlinear 



PDEs (6.2.1), (6.2.2) with m = 0, fi = 0, h = A(V'V + V'74V')'', A = 



where x is an arbitrary constant four-component column, W = W{t, x) is an 
arbitrary solution of the three-dimensional Laplace equation 




const, k = const constructed with use of the Ansatz 1.3 



il){x) = exp{a(x^x + Xlixft + (70 + lA)ladaW}x, 



l^^W = dadaW = 0. 
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The approach to the problem of reduction of 3)-invariant equations 
for the spinor field of the form (6.2.1) suggested above can be generalized for 
the case of an arbitrary Galilei-invariant system of PDEs admitting the group 
G(l,3) with generators 

PO = dt, Pa = da, 

Jab = Xbda - Xadb + Sab, 

Ga = tda + iXXa + 

where A = const; a,b = 1,2,3; Sab, Va are arbitrary constant matrices satis- 
fying the commutation relations of the Lie algebra AE(3). Exact solutions of 
such a system are looked for in the form 

ip{t, x) = exp{6'o + OaTja} exp{94Si2}yp{Lo) , 



where {^o, ^1,^2, ^3, ^4, w} C Ci(M^,R^). 



CHAPTER 7 



REDUCTION AND EXACT SOLUTIONS 
OF SU(2) YANG-MILLS EQUATIONS 

In the present chapter a detailed account of symmetry properties of SU{2) 
Yang-Mills equations is given. Using a subgroup structure of the Poincare 
and conformal groups we have constructed all C(l, 3)-inequivalent Ansatze 
for the Yang-Mills field which are invariant under three-parameter subgroups 
of the Poincare group. With the aid of these Ansatze reduction of Yang-Mills 
equations to systems of ordinary differential equations is carried out and wide 
families of their exact solutions are obtained. A number of generalizations of 
the Lie Ansatze are suggested making it possible to construct broad families 
of exact solutions of the Yang-Mills equations containing arbitrary functions. 
It is shown that a possibility of such generalizations is provided by nontrivial 
conditional symmetry of the Yang-Mills equations. 



7.1. Symmetry reduction and exact solutions of the 
Yang-Mills equations 

1. Introduction. A majority of papers devoted to construction of the explicit 
form of exact solutions of the SU(2) Yang-Mills equations (YMEs) 

d^d'^A^ - di'dU^ + eUd^A^) X 1^ - 2(9^1^) X A^ 

^ ^ ^ ^ 
+{d^A^) X A'') + e^A^ X {A'' x A^) = 0. 

are based on the Ansatze for the three-component vector-potential of the 
Yang-Mills field A^{xq, xi^ X2, x^) (called, for brevity, the Yang-Mills field) 
suggested by Wu and Yang, Rosen, 't Hooft, Corrigan and Fair lie, Wilczek, 
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Witten (see [2] and references therein) . And what is more, Ansatze mentioned 
are obtained in a non-algorithmic way, i.e., there is no regular and systematic 
method for constructing these Ansatze. 

Since there are only a few distinct exact solutions of YMEs, it is difficult 
to give their reliable and self-consistent physical interpretation. That is why 
the problem of prime importance is the development of an effective regular 
approach for constructing new exact solutions of system of nonlinear PDEs 
(7.1.1). 

A natural approach to construction of particular solutions of YMEs (7.1.1) 
is to utilize their symmetry properties. Apparatus of the theory of Lie transfor- 
mation groups makes it possible to reduce system of PDEs (7.1.1) to systems 
of ODEs by using invariant Ansatze. If we succeed in constructing its gen- 
eral or particular solutions, then substituting the results obtained into the 
corresponding Ansatze we obtain exact solutions of YMEs. Let us note that 
symmetry reductions of the Euclidean self-dual YMEs (which form the first- 
order system of PDEs) by means of the subgroups of the Euclid group E{4) 
have been performed in the paper [204]. It is interesting to note that many 
integrable two-dimensional PDEs arc obtained as symmetry reductions of the 
self-dual YMEs (see [47] and references therein). 

Another possibility of construction of exact solutions of YMEs is to use 
their conditional symmetry. To this end, we apply the same approach which 
enables us to obtain broad families of conditionally-invariant Ansatze for the 
nonlinear Dirac equation (see Chapter 6). 

In the present chapter we exploit both possibilities mentioned above. In the 
first section symmetry reduction of system of PDEs (7.1.1) by means of three- 
parameter subgroups of the Poincarc group is carried out and a number of its 
non-Abelian exact solutions are constructed. The second section is devoted to 
investigation of conditional symmetry of YMEs. 

2. Symmetry and solution generation for the Yang-Mills equations. 

It was known long ago that YMEs are invariant with respect to the group 
C(l,3) (g) SU{2), where C(l,3) is the 15-parameter conformal group having 
the following generators: 

= d^, 

D = x^d^, - AldAa , 

= 2x^'D - x^x^dfj, + 2A''^'xy^^a - 2A'^x''dj^an, 



(7.1.2) 
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and SU (2) is the infinite-parameter special unitary group with the following 
basis generator: 



In (7.1.2), (7.1.3) dA^=d/dA^, w'^{x) are arbitrary smooth functions, £abc 
is the third-order anti-symmetric tensor with £123 = 1. 

But the fact that the group with generators (7.1.2), (7.1.3) is a maximal (in 
Lie sense) invariance group admitted by YMEs was established only recently 
[251] with the use of a symbolic computation technique. The only explanation 
for this situation is a very cumbersome structure of the system of PDEs (7.1.1). 
As a consequence, realization of the Lie algorithm of finding the maximal 
invariance group admitted by YMEs demands a huge amount of computations. 
This difficulty has been overcome with the aid of computer facilities. 

One of the remarkable consequences of the fact that the equation under 
study admits a nontrivial symmetry group is a possibility of getting new solu- 
tions from the known ones by the solution generation technique (see Theorem 



To make use of Theorem 2.4.1 we need formulae for finite transformations 
generated by the infinitesimal operators (7.1.2), (7.1.3). We adduce them 
following [2, 137]. 

1) The group of translations (generator X = r^uP^) 




(7.1.3) 



2.4.1). 



/ I 




2) The Lorentz group 0(1,3) 

a) the group of rotations (generator X = rJab) 



x'q = 0, x'f. = Xc, a, c 7^ b, 



x'^ = Xa cos T + Xb sin r, 
x'l, = Xb cos T — Xa sin T, 



Aq — Aq, Af — A^, a, c^h, 



Af = A'^ cos T + Af sin r, 
Af = Af cos T- A'^ sin r; 



b) the group of Lorentz transformations (generator X = tJqo) 



x'q = xq cosh T + Xa sinh r, 
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x'a = XaCOshr + Xosinhr, x'fj = x^, b ^ a, 

Af = Aq cosh T + sinh r, 

Af = AicoshT + A^smhT, Af = A^ b ^ a. 

3) The group of scale transformations (generator X = tD) 

4) The group of special conformal transformations (generator X = t^K^) 

X^ {x^ T^XjjX )(T (s^)) 

XciX T^Ty TcyT X jj^Xi^ A 

5) The group of gauge transformations (generator X = Q) 

X^ Xfj,, 

A'l^ = Af^ cos w + EdbcA^^.n" sin w + 2n'^n^A^^ sin2(w;/2) 
+e-\{l/2)n'^d^w + {l/2){d^,n'^) smw + e^^{d^n'')rf) . 

In the above formulae a{x) = 1 — Tax" + {TaT"){x fjxf^) , n" = n"'{x) is the 
unit vector determined by the equality w'^{x) = w{x)n"'{x), a = 1,2, 3. 

Using Theorem 2.4.1 it is not difficult to obtain formulae for generating 
solutions of YMEs by the above transformation groups. We adduce these 
omitting the derivation (see also [134]). 

1) The group of translations 

^«(a;) = <(x + r). 

2) The Lorentz group 

A^(x) = a^u'^{a ■ X, b ■ X, c ■ x, d ■ x) + b^uf{a ■ x, b ■ x, c ■ x, d ■ x) 
+Cfj,U2{a ■ X, b ■ X, c ■ X, d ■ x) + d^u'^ia ■ x, b ■ x, c ■ x, d ■ x). 

3) The group of scale transformations 

= e'ulixJ). 
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4) The group of special conformal transformations 

-XaX'^T^Ty - TaT°'x^j,Xu)^u''-''{\^X - r(XaX")]c7"^ (x)) . 

5) The group of gauge transformations 

A'^^ix) = cos w + e^vl'^rf sin it; + 2n^n!'u^^ sm^{w/2) 
+e-^[{l/2)n%w + (1/2) (a^n'^) sin it; + edbc{^^cn''K) ■ 

Here u'^{x) is a given solution of YMEs; ^^(x) is a new solution of YMEs; 
T, are arbitrary parameters; a^, 6^, c^, are arbitrary parameters sat- 
isfying the equalities 

a^a'^ = -b^,b'' = -c^c^ = -d^d^" = 1, 

a^b'' = a^cf" = a^df" = b^d" = b^d" = c^d'' = 0. 

In addition, we use the following notations: x+t = {x^ + t^, fj, = 0, . . . , 3}, 

a ■ x = Uf^x^. 

Thus, each particular solution of YMEs gives rise to a multi-parameter 
family of exact solutions by virtue of the above solution generation formulae. 

3. Ansatze for the Yang-Mills field. Let us recall that the key idea of the 
symmetry approach to the problem of reduction of PDEs is a special choice of 
the form of a solution. This choice is dictated by a structure of the symmetry 
group admitted by the equation under study. 

In the case involved, to reduce YMEs by variables we have to construct 
Ansatze for the Yang-Mills field A'J^{x) invariant under (4 — iV)-dimensional 
subalgebras of the algebra with the basis elements (7.1.2), (7.1.3). Since we are 
looking for Poincare-invariant Ansatze reducing YMEs to systems of ODEs, N 
is equal to 3. Due to invariance of YMEs under the conformal group C(l, 3) 
it is enough to consider only subalgebras which cannot be transformed one 
into another by a group transformation from C(l, 3), i.e., (7(1, 3)-incquivalcnt 
subalgebras. Complete description of C(l, 3)-inequivalent subalgebras of the 
Poincare algebra was obtained in [100]. 

According to Theorem 1.5.1 to construct an Ansatz invariant under the 
invariance algebra having the basis elements 

Xa = ^a;.{x,A)d^+nl^{x,A)d^,, a = 1,2,3, (7.1.4) 
where A = {^^, a = 1, 2, 3, = 0, . . . , 3}, we have 
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• to construct a complete system of functionally-independent invariants of 
the operators (7.1.4) = {coj{x, A), j = 1,... , 13}; 

• to resolve the relations 

Fj{coiix,A),...,u;n{x,A)) =0, j = l,...,12 (7.1.5) 

with respect to the functions A'^. 

As a result, we get an Ansatz for the field A'^{x) which reduces YMEs to 
the system of twelve nonlinear ODEs. 

Remark 7.1.1. Equalities (7.1.5) can be resolved with respect to A'^, a = 
1, 2, 3, II = 0, ... ,3 provided the condition 

TankUa^.{x,A)\\U^^^ = 3 (7.1.6) 

holds. If (7.1.6) does not hold, the above procedure leads to partially- invariant 

solutions [235], which are not considered here. 

In Section 1.5 we have established that a procedure of construction of 
invariant Ansatze could be substantially simplified if coefficients of operators 
Xa have the structure: 

W = W(^), v'a,=p'aU^)Al (7.1.7) 

(i.e., basis elements of the invariance algebra realize a linear representation). 
In this case, the invariant Ansatz for the field A'^{x) is searched for in the form 

A';,{x) = Q';t{x)B'"^{u.ix)). (7.1.8) 

Here B^{uj) arc arbitrary smooth functions and a;(x), Q'^i,{x) are particular 
solutions of the system of PDEs 

Wo;,^ = 0, {Udv - p''^^)Q% = 0, (7.1.9) 

where /x = 0, . . . , 3, a, 6, d = 1, 2, 3. 

The basis elements of the Poincare algebra P^, J^p from (7.1.2) evidently 
satisfy conditions (7.1.7) and besides the equalities 

rL^ = Pat.u{x)Al (7.1.10) 

hold. 
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This fact allows further simplification of formulae (7.1.8), (7.1.9). Namely, 
the Ansatz for the Yang-Mills field invariant under a 3-dimensional subalgebra 
of the Poincare algebra with basis elements belonging to the class (7.1.4), 
(7.1.10) should be looked for in the form 

A-^{x)=Q^,{x)B''-'(u{x)), (7.1.11) 

where B^{lo) are arbitrary smooth functions and lo{x), Q^uix) are particular 
solutions of the following system of PDEs: 

W^x^ = 0' a = 1,2,3, (7.1.12) 

^aadaQfiu - PaixaQau = 0, a = 1, 2, 3, = 0, . . . , 3. (7.1.13) 

Thus, to obtain the complete description of C(l, 3)-inequivalent Ansatze 
for the field A'^(x) invariant under 3-dimensional subalgebras of the Poincare 
algebra, it is necessary to integrate the over-determined system of PDEs 
(7.1.12), (7.1.13) for each C(l, 3)-inequivalent subalgebra. Let us note that 
compatibility of (7.1.12), (7.1.13) is guaranteed by the fact that operators 
Xi, X2, form a Lie algebra. 

Consider, as an example, a procedure of constructing Ansatz (7.1.11) in- 
variant under the subalgebra (Pi, P2, J03). In this case system (7.1.12) reads 

i^xi = 0, (.0x2 = 0, XqUJxs + XsUJxo = 0, 

whence u> = Xq — x'^. 

Next, we note that the coefficients pi^u, P2fj,u of the operators Pi, P2 are 
equal to zero, while coefficients ps^i, form the following (4 x 4) matrix 

/O 1\ 





\1 0/ 

(we designate this constant matrix by the symbol S). 

With account of the above fact, equations (7.1.13) take the form 

Qxi = 0, Qx2 = 0, xoQx3 + X3QX0 -SQ = 0, (7.1.14) 
where Q = \\Qnuix)\f^^^,^Q is a (4 x 4)-matrix. 



11^3^X1/ 1 1 ^^i,=o ~ 
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From the first two equations of system (7.1.14) it follows that Q = Q{xq, 
X3). Since 5 is a constant matrix, a solution of the third equation can be 
looked for in the form (see Section 2.2) 

Q = exp{/(xo, X3)S}. 
Substituting this expression into (7.1.14) we get 

{xofxs + X3fxo - 1) expl/S*} = 

or, equivalently, 

Xofx3 + xsfxo = 1, 

whence / = ln(.To + .X3). 

Consequently, a particular solution of equations (7.1.14) reads 

Q = exp{ln(a;o + X3)S}. 

Using an evident identity S = we get the equalities: 

Q = ^(ln(xo + X3))" = / + Snn(xo + X3) + ^[ln(xo + X3)]^ 

n=0 

+ •••)+ 5' [I^MXO + X3)f + ^Mxo + X3)f + . . .) 

= 1 + S sinh[ln(xo + a;3)] + (^cosh[ln(xo + X3)] - l) , 

where / is the unit (4 x 4)-matrix. 

Substitution of the obtained expressions for functions (jj{x), Q^u{x) into 
(7.1.11) yields the Ansatz for the Yang-Mills field A^^{x) invariant under the 
algebra (Pi, P2, -^03) 

Al = Po(xo - x|)coshln(xo + 2:3) +Pf(a;o - x|)sinhln(a;o + a;3), 
A? = Bl{xl-xl), A-^ = B^{xl-xl), (7.1.15) 
A3 = 53(2:0 - xl) cosh In (xo + 2:3) + Pq (2^0 - 3^1) sinh In (xo + X3). 

Substituting (7.1.15) into YMEs we get a system of ODEs for functions 
B'^. If we succeed in constructing its general or particular solution, then sub- 
stituting it into formulae (7.1.15) we get an exact solution of YMEs. But such 
a solution will have an unpleasant feature: independent variables will be in- 
cluded into it in an asymmetric way. At the same time, in the initial equation 
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(7.1.1) all independent variables axe on equal rights. To remove this drawback 
we have to apply the solution generation procedure by transformations from 
the Lorentz group. As a result, we will obtain the Ansatz for the Yang-Mills 
field in the manifestly-covariant form with symmetric dependence on x^. 

In the same way, we construct the rest of Ansatze invariant under three- 
dimensional subalgebras of the Poincare algebra. They are represented in the 
unified form (7.1.11), where 

QiJLv{x) = {a^ai, - dy,dy) cosh 6*0 + {d^a^ - dya^) sinh6'o 

+2(a^ + d^,) {{Qi cos ^3 + Q2 sin ^3)^^ + (^2 cos ^3 

-01 sin e^)cy + {e\ + 0i)e-^° (a^ + d^)\ + (5^c^ (7.1.16) 

-hyC^) sin 6*3 - (c^Ci. + h^h^) cos ^3 - 2e"''° 

^{Q\hix^ Q-iCp^ia^ ^ dy) 

and 0^{x), a;(x) are some functions whose explicit form is determined by the 
choice of a subalgebra of the Poincare algebra AP{1, 3). 

Below, we adduce a complete list of 3-dimensional C(l, 3)-inequivalent 
subalgebras of the Poincare algebra following [100] 

Li = (Po, Pi, P2); L2 = {Pi, P2, P3); 

L3 = {Po + P3, Pi, P2); U = (Jo3 + aJi2, Pi, P2); 

L5 = {Jo3, Pq + P3, Pi)', Lq = (Jo3 + Pi, Pq, P3); 

L7 = (Jo3 + Pi, Po + P3, P2); Ls = (J12 + aJos, ^0, P3); 
Lg = (J12 + Po, Pi, P2); = {J12 + P3, Pi, P2); (7.1.17) 

Lii = ( J12 + Po - P3, Pi , P2) ; L12 = {Gi , Po + P3, P2 + aPi) ; 
i^ia = {Gi + P2, Po + Pa, Pi); Lu = {Gi + Po - P3, Po + P3, P2); 
Li5 = {Gi + Po - P3, Po + P3, Pi + aP2); Lie = {J12, Jm, Pq + P3); 
Lir = {Gi + P2, G2 - Pi + aP2, Pq + P3); Lis = (Jo3, Gi, P2); 

Ll9 = {Gi, Jo3, Po + P3); L20 = (Gi, Jo3 + P2, Pq + P3); 

^21 = {Gi, Jo3 + Pi + aP2, Po + P3); L22 = (Gi, G2, Jo3 + 0CJ12); 
L23 = (Gi, Pq + P3, Pi); L2A = {J12, Pi, P2)', 

L25 = {Jo3, Po, -F3); L26 = {J12, Jl3, J23)', L27 = {Joi, J02, Ju)- 

Here Gi = Joi - Ji3, i = l,2, a G 

P(l, 3)-invariant Ansatze for the Yang-Mills field A^(.t) are of the form 
(7.1.11), (7.1.16), functions 6^{x), io(x) being determined by one of the fol- 
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lowing formulae: 

Li : 9fj_ = 0, u = d ■ x; 
L2 '■ ^11 = 0, UJ = a ■ x; 
L3 ■ On = 0, oj = k ■ x; 

L4 : 9Q = —\n\k-x\, 01 = 6*2 = 0, ^3 = a In |fc • 

u> = {a ■ x)^ — [d ■ x)^] 
L5 : 00 = —ln\k ■ x\, 9i = 62 = O3 = 0, uj = c-x; 
Lq : Oq = —b ■ x, 9i = 62 = O3 = 0, UJ = c - x; 
L'j : 6Q = —b-x, 61 = 62 = 03 = 0, UJ = b ■ X — ln\k ■ x\; 
Lg : Oq = a arctan(6 ■ x/c- x), Oi = 62 = 0, 63 = — arctan(6 ■ x/c- x), 

UJ = {b- xf + {c- xf; 
Lg : 9q = 01 = 62 = 0, ^3 = —a ■ x, uj = d ■ x; 
Lio '■ 00 = Oi = O2 = 0, 63 = d - X, u! = a ■ x; 
Lii : 00 = 01 = 02 = 0, 03 = —{l/2)k • X, u = a ■ x — d ■ x; 
L12 ■■ 00 = 0, 0i = {l/2){b-x-ac-x){k-x)-'^, 02 = 03 = 0, 

uj = k-x; (7.1.18) 
Li3 ■■ 00 = 02 = 03 = 0, 01 = (l/2)c • X, uj = k-x; 
Lu ■■ 00 = 02 = 03 = 0, 01 = -(1/4)A; ■ x, w = 46 • x + (A; • xf; 
Li5 : 00 = 02 = 03 = 0, 01 = -{l/4)k -x, uj = A{ab -x-c-x) 
+a{k ■ x)'^; 

Li% : 0Q = —\n.\k ■ x\, 01=02 = 0, ^3 = — arctan(6 ■ x/c • x), 

UJ = (b-xf + {c-xf; 
Li7 : 6*0 = 6*3 = 0, 6*1 = (1/2)(c-x+(q; + A;-x)6-x)(i + A;-x 

x{a + k-x)^ \ 6*2 = -(l/2)(6-x-c-xA;-x)(l + fc-x 

x(a + k-x)] , UJ = k ■ x; 

Lis ■■ 6*0 = -ln|A;-x|, 6*1 = (1/2)6 • x(A; • x)-\ 612 = 613 = 0, 

uj = {a-xf -{b-xf -{d-xf; 

Lig : 6*0 = -ln|A:-x|, 6*1 = (1/2)6 • x(A; • x)"\ 6*2 = 6*3 = 0, uj = c ■ x; 

L20 : 0o = -ln\k-x\, 0i = {l/2)b-x{k-x)-\ 02 = 0^ = 0, 

UJ = \n.\k ■ x\ — c ■ x; 
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L21 : do = -ln\k-x\, 0i = ^{b-x-ln\k-x\){k-x)-^, 02 = 03 = 0, 

u = a\ii\k ■ x\ — c ■ x; 
L22 : ^o = -ln|A;-x|, 0i = {l/2)b ■ x{k ■ x)''^ , 02 = {l/2)c ■ x{k ■ x)''^ , 
^3 = aln |A; • x\, uj = {a - x)^ — (6 • x)^ — (c • x)^ — {d ■ x)^. 

Here k^ = + d^, fi = 0,... ,3. 

Note 7.1.2. Basis elements of subalgebras L23 — L27 do not satisfy (7.1.6). 
That is why Ansatze invariant under these subalgebras lead to partially- 
invariant solutions and are not considered here. 

4. Reduction of the Yang-Mills equations. In order to reduce YMEs to 
ODE it is necessary to substitute Ansatz (7.1.11), (7.1.16) into (7.1.1) and 
convolute the expression obtained with Q{!^{x). As a result, we get a system 
of twelve nonlinear ODEs for functions B^{lo) of the form 

WB^ X X B^) = 6. 
CoefHcients of the reduced ODE are given by the following formulae: 

~ 5/i7-^2 + 2<S'^-y — Gf^H^ — G/j^Gj, 
= R^^-y-G^H^, (7.1.20) 
9iivi ~ 9tijGi/ + (jv^G n Iqhi/G^, 

where g^i^ is a metric tensor of the Minkowski space -R(l,3) and Fi, F2, G^, 
. . ., Tf^uj are functions of uj determined by the relations 

-^1 = ^^Xf_,'^xt^, F2 = OOJ, = Qa^l^^XaJ -ff/i = QaiJ.XaJ 

Sfii/ = Q ^Qauxp^xl^ 1 Rfiu ~ Q ^^Qauj (7.1.21) 
F/dv, = Q^QavXfjQp^ "I" Qi/Qa-yxpQf}^ ~l" Q^Qa^Xf-jQ flv 

Substituting functions Q^uix) from (7.1.16), where 0fj,{x), uj{x) are de- 
termined by one of the formulae (7.1.18), into (7.1.20), (7.1.21) we obtain 
coefHcients of the corresponding systems of ODEs (7.1.19) 
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m 



0, 
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"^4^7 



knf = ^Qn-yuj - a^a^{u + 1)^ - d^d^{uj - if - {a^d^ + a^d^) 
x{u? - 1), l^^ = 'i[g^i-t + "(^^c^ - c,t6^)) - 2/c^(a^ - + k^uj), 
m^-y = 0, g^t,^ = e(g,j,j{a„ - d^, + k^^uj) + guj{a,j, -dij, + /s^w) 
-2g^^{aj -dj + k^ufj , h^^^ = (e/2) {g^jk,, - g^i^k^) + Q;e((6^c^ 

Cfxbu^k-^ + (bi/C^ — Ciybj)kfj^ + {b^Cjj^ — c^b^)kiy^', 
kfi'y = 5/i7 c^c-y, ^y^^ = cc^k^, vfin^ = 0, 

k/x-Y — 5//7 C^C-y, Z^.y = 0, ?Ti/i7 = {O'nOy'Y dfj^d^), 
dni'-f ~ dn'Y^i' ~^ 9i"y^n '^Qfii'^-f! hfiii-y = (j^Q'udi, cii/dfj^b^ 
+{ayd^ - a^du)b^ + (a^d^ - a^dy)b„') ; 



^/i7 ~ 5/^7 (^/i ^kfj_e^)(b'Y 



m, 



/i7 — 



-2{a^dy - a^d^) 



9iJ.i"r — dnjibu ^ki/Q^) -\- gi,j(bjx ek^e'^) 2g^i,{by e/c^e'^), 
^;ii/7 = - {[dfidu - aud^)by + {a^dy - aydy)b^ + {a^d^ - a^dy)b„y, 



= -u ^ (a^{a^ay - d^d^) + b^b^^ , 



9nuy 



= 2uj^/'^{g^yC, 
gfiuCj) + aoj' 

X {{a^du - a„d^)by + {a„dy - duay)b^ + (a^d^ - a^dy)bSj ; 



+5, 



25, 



flU'^'f J} 



hfMwy = (1/2)^ 



/i7 "^i^ 



-1/2 



k 



/i7 5/^7 d^d'y, l^-y 0, Tfl^y bf^by + Cf^Cy , 

9f^^"Y — Q^jL^di/ + gi/yd^ 2g^i^dy, h^vy — (^^ibf^Ci, c^bi,^ 
+afj^{biyC.y - Cyby) + auibyCfj, - c^b^); 



k 



M7 



0, m^-^ = -{bfj,bj + Cf,Cy), 
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-^11 • ^//7 = ~iflii ~ djj){a^ — dj), l/j^-y = — 2(6^Cy — Cjjh^), t^ix-y = 0, 
= {ll2){k^{hfjtC„ - Cfjj3„) + kij,{b„Cj - c„bj) + k„{b^c^i - Cjb^)^; 

(l/2)a; {gf,^k^ - g^uk^) 

+auj~^ (^{k^bi, - ki,bfj)c^ + {ki,bj - kjb„)c^ + - kfj3^)c,^; 
-^13 • k^'y = kfj^kj^ = 0, ?^yLt7 ~ k^k^^ 

QiJ-vy — Qix-yki/ + gwykfi Ig^i/k^., hniz-y = {^kfxbi/ ki/bfx)c^ 

-\-(kyb.y kybi,)Cfi + {kybfj_ k^b'y^Cj^', 
Li4 : A;^-^ = -16(ff^^ + 6^6^), = = /i^^,^ = 0, (7.1.22) 

diJ.i'-f ~ ^{.dn-ybn + gv^b^ Ig ^lyh-j)] 
Li5 ■■ kij,^ = -16(^(1 + a^)gf,^ + {c^-abf,){c^-ab^)y 

^fM-y — ^/i7 — h^y^ — 0, g^wf — '^(j) n'y i.^i' Otbi/^ 

+gvi{cix - ab/j) - 2gij,^{c-y - q;6^)); 
Lie ■ k,^^ = -Au{g,^-y + Ci^Cj), 1^,^ = -A{g^^ + c^,c^) - 2eu?-/'^k^c^, 

hnu-y = {l/2)(e{g,^-yk„ - g^ukj) + uj~'^^^{gnjC„ - g^uC^)^; 
Li7 : kij,y = -kij,kj, 1^^ = -{2u + a)(u{uj + a) + l^k^^kj, 

m^^ = -4:kf,k^(l + uj{uj + a)^ , g^u-f = gf^-yku + gwyk^, - 2gf,^k^, 
hf,uj = (1/2) (2a; + a)(l + u;{uj + a)) {gf^^ki, - gf,uk^) 
—2^1 + u{u) + a)j {{kubv — kubfj)cy + {k^b^ — k^bv)c^ 

-\-{k^bn — k^b^^Ci^ ; 
Lis ■ kfj,j = 4u}gij,^ - {kfj^uj + - d^){k^uj + - dy), l^i'y = &g^^ 
+A{a^j,d^ - a^dfj) - 2,k^{kf^uj + - d^), m^^ = -k/j^k^, 
g/Miyy = (-{gii.-y{kuUJ + a^, - dy) + gu-yik^u + - d/^) 
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Lig '■ ki^y = g^j Cf^c^, Z^.y = 2€kyCij^, n^fj/y ~ kf^ky, 

QfjLvy — g/x-yCi, + gv^c^ Ig^jjyCy^ h^i/y = ^(^g^yki, g^j^k^)] 

-^20 • ^/i7 ~ 5/i7 ^kn)(^Cy — &ky), l^y = likyC^ — 2k ^ky , 

ui^-y = k^ky, 9^iv^ — g^'yi^^ky Cjy) + gv^i^^kjx Cfx) 
2gfii/{(^ky c^/); ^^fii/y — ^{^Q^'yki/ gfii/ky), 

L'21 • k^y = g^y — [Cfj_ — cx€k^){cy — oicky)^ l^j = 2(eA;^c^ — ak^ky), 

TYl^'Y — k^ky, g^i"y — d^i-yi.'^P Oliky) gv^(_Cp^ Oickf^) 

~^2gni/(^Cy Oicky)^ h^iiy — ^{^g^'^ky g^^ky), 
L22 ■ k^y = Atog^y - {a^- + k^u)){ay - dy + kyuj), 

IfM-y = 4:(2g^y + a{b^Cy - c^by) - a^a^ + d^dy - ujk^ky^ , 
Tnpi_y = —2kfiky, g^iu^ — ('(y9jj.'y{0'i' ^ dy -\- kyCo) + gi/y{(i^ — d^ 
+k^u) - 2gi_,y{ay - dy + kyufj , h,^yy = {3e/2){g^yky - g^^uky) 
-ea(ky{bij,Cy - c^by) + kn{bt,Cy - Ct,by) + kt,{byCfi - Cybfi)^; 

where e = lfora-x + d- x>0 and e = — lfora-x + (i-x<0. 

5. Exact solutions of the Yang-Mills equations. When applying the 
symmetry reduction procedure to the nonlinear Dirac equation, we succeeded 
in constructing general solutions for most of the reduced systems of ODEs. 
In the case considered we are not so lucky. Nevertheless, we obtain some 
particular solutions of equations (7.1.19), (7.1.20), (7.1.22). 

The principal idea of our approach to integration of systems of ODEs 
(7.1.19), (7.1.20), (7.1.22) is rather simple and quite natural. It is reduction 
of these systems by the number of components with the aid of ad hoc substi- 
tutions. Using this trick we have constructed particular solutions of equations 
1, 2,_5, 8, 14, 15, 16, 18, 19, 20, 21, 22 (a = 0). Below we adduce substitutions 
for Bh{(jo) and corresponding equations. 

(1) = a^eif{u) + b^e2g{u:) + c^e:>,h{u:), 
f-eH9' + h^)f = 0, g + e\f-h'')g = 0, 
h + e\f-g')h = 0. 

(2) = bf,eif{uj) + c^e2g{uj) + ^^63/1(0;), 

/ + e\g^ + h^)f = 0, g + e\f + h^)g = 0, 
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h + e\f+g'')h = 0. 
(5) Bfj, = k^eifiuj) + bfj.e2g{uj), 
/-eV/ = 0, ^ = 0. 

(8.1) (under a = 0) B^ = k^eif{u) + b^e2g{u;), 
Aivf + 4/ - e^g^f = 0, Acog + 4g - uj-^g = 0. 

(8.2) = a^eif{uj) + d^e2g{io) + 6^63/1(0;), 

4(j/ + 4/ - a^cj-V - 2aecj-^/2^/i + e^{h'^ + 5^)/ = 0, 
Aug + Ag + a^ixi'^g + 2aeio'^/'^fh + e^{f - h^)g = 0, 
Auj'h + 4/1 - w-^/i + 2aeuj-'^''^fg + e2(/2 - ^2)/^ = q. 

(14.1) = a^eif{u) + d^e2g{uj) + c^e^ihiuj), 

16/ - e^h-" + 5')/ = 0, m-g + e2(/2 - h'')g = 0, 
16/i + e2(/2-52)/i = 0. 

(14.2) B^ = k^eif{u) + ci,e2g{u;), (7.1.23) 
16/-eV/ = 0, 5 = 0. 

(15.1) B^ = a^eifiuo) + d^e2ff(u;) + (1 + a2)-^/2(ac^ + h^)ezh{uj), 
W{l + a^)f-e\h^+g^)f = 0, 

16{1 + a^Yg + e\f - h^)g = 0, 
16{1 + a^)h + e'^{f - g'^)h = 0. 

(15.2) 4 = A;^ei/(u;) + (1 + a'')-'/\aCf, + 6;,)e25(a;), 
16(l + a2)/-e2/^2 ^0, 5 = 0. 

(16) Bn = kf,eif{uj) + 6^6*25(0;), 

4a;/ + 4/-eV/ = 0, 4cc;5 + 4^ - u;-!^ = 0. 

(18) = b^eif{uj) + 0^625(0;), 

4a;/ + 6/ + eV/ = 0, 4a;^ + 65 + e = 0. 

(19) = k^eif{uj) + 6^625(0;), 
/-eV/ = 0, 5 = 0. 

(20) 4 = ^^ei/(a;) + 6^625(0;), 
/-eV/ = 0, 5 = 0. 

(21) 5^ = kf,eif{io) + 6^6*25(0;), 
/-eV/ = 0, 5 = 0. 

(22) (under a = 0) 5^ = 6^ei/(u;) + 0^6*25(0;), 
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Acof + 8/ + e'^g^f = 0, Aug + 8g + e^fg = 0. 
In the above formulae we use the notations e\ = (1,0,0), 62 = (0,1,0), 

63 = (0,0,1). 

Thus, combining symmetry reduction by the number of independent vari- 
ables and reduction by the number of dependent variables we reduce YMEs 
to rather simple ODEs. 

Next, wc will briefly consider a procedure of integration of systems of 
nonlinear ODEs (7.1.23). 

Substitution / = 0, g = h = u{uj) reduces the system of ODEs 1 from 
(7.1.23) to the equation 

u = e2n^ (7.1.24) 

which is integrated in elliptic functions [26, 197]. In addition, ODE (7.1.24) 
has a solution which is expressed in terms of elementary functions u = ^/2{euj — 
C)-i, CgR^ 

ODE 2 with f = g = h = u{uj) reduces to the form il + 2e^u^ = 0. This 
equation is also integrated in elliptic functions [26, 197]. 

Integrating the second equation of system of ODEs 5 we get g = Ciui + 
C2, Cj G M^. If Ci 7^ 0, then the constant C2 can be neglected, and we may 
put C2 = 0. Provided Ci 7^ 0, the first equation from system 5 reads 

f - e^Cluj'^f = {). (7.1.25) 
The general solution of ODE (7.1.25) is given by the formula 

/(a;)=a;V2Zi/4((ieCi/2)a;2). 

Hereafter, we use the notation Zuiuj) = C^Ji,{oj) + Ci{Vi,{oj), where J^^ Yn 
are Bessel functions, C3, C4 are arbitrary real constants. 

In the case Ci = 0, C2 7^ the general solution of the first equation from 
system 5 reads / = C3CoshC2ea; + C4sinhC2ea;, where C3, C4 are arbitrary 
real constants. 

At last, provided Ci = C2 = 0, the general solution of the first equation 
from system 5 has the form / = C^uo + C4, {C3, C4} C M^. 

The general solution of the second ODE from system 8.1 is of the form 
g = Ciw^/^ + Ciijj~^l'^ ^ where Ci, Ci are arbitrary real constants. 

Substituting the expression obtained into the first equation we get 



4a;2/ + _ e2(Cia; + Cif j = 0. (7.1.26) 



7.1. Symmetry reduction and exact solutions 



317 



We cannot solve ODE (7.1.26) with C1C2 7^ 0. In the remaining cases its 
general solution reads 

a) Ci / 0, C2 = 

/ = Zo((ieCi/2)a;), 

b) Ci = 0, C2^0 

c) Ci = 0, C2 = 

/ = C3lna; + C4. 
Here C3, C4 are arbitrary real constants. 

We did not succeed in obtaining particular solutions of the system 8.2. 
Equations 14.1 coincide with equations 1, if we replace e by e/4. Similarly, 
equations 14.2 coincide with equations 5, if we change e by e/4. Next, equa- 
tions 15.1 coincide with equations 1 and equations 15.2 with equations 5, if 
we replace e by (e/4)(l + a^)~^/^. 

System of ODEs 16 coincides with the system 8.1 and systems 19, 20, 21 
with the system 5. We did not succeed in integrating equations 18. 

At last, the system 22 (under a = 0) with the substitution f = g = u{uj) 
reduces to the form 

uu + 2u + {e^/A)u^ = 0. (7.1.27) 

ODE (7.1.27) is the Emden-Fowlcr equation which is integrated in terms 
of elliptic functions (sec, e.g. [197]). It has two classes of particular solutions 
which are expressed in terms of elementary functions 

« = e-^u;-^/^ w = 2V2Cie-^(u; + Ci)-\ Ci G 

Substituting the results obtained into the corresponding formulae from 
(7.1.23) and then into the Ansatz (7.1.16), we get exact solutions of the non- 
linear YMEs (7.1.1). Let us note that solutions of the systems of ODEs 5, 8.1, 
14.2, 15.2, 16, 19, 20, 21 satisfying the condition 5 = give rise to Abelian 
solutions of YMEs. We do not adduce these and present non- Abelian solutions 
of YMEs only. 

1) 1^ = (626^ + e3C^)V2(ed • X - A)-^ 

2) = {e2b^ + e3C^)A sn [{eV2/2)Xd ■ x] dn [{eV2/2)Xd ■ x] 

x(cn[(eV2/2)Ad■x])~^ 

3) An = (6*26^ + e3C^)A(cn (eAd • x)) ; 
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4) = (ei6^ + 6*20^ + esdn)X cn (e\/2Aa • x); 

5) 1^ = eik,j,\k ■ x\~^{c ■ x)^/^Zi/4((zeA/2)(c • xf^ + e26^Ac • x; 

6) = eikfj^lk ■ xp^^Ai cosh(eAc ■ x) + A2 sinh(eAc • x)^ + e2h^\] 

7) = ei/c^Zo((ieA/2)[(6 • xf + (c • xf]^ + 62(6^0 ■ x - c^b ■ x)\; 

8) 1^ = eiA;^(Ai[(6 ■ xf + (c • x)2]-V2 + x^lib ■ xf + (c • x)2]--V2) 
+e2(6^c • X - • x)\[{h ■ xf + (c • xf]'^; 

9) 1^ = {e2((l/8)[d^ - k^{k ■ xf] + (l/2)6^/c • x) + ebc^jA 

xsn ((eAV2/8)[46 • x + (A; • x)^]) dn ((eAV2/8)[46 • x + (A; • x)^]) 
X {cn ((eAV2/8)[46 ■ x + {k ■ x)^]) 

10) A^ = {e2((l/8)[(i^ - k^{k ■ xf] + (l/2)h^k ■ x) + e^c^}\ 
x{cn((eA/4)[46-x + (A;-x)2])}~^ 

11) A^ = {e2((l/8)[d^ - k^{k ■ xf] + {l/2)b^k ■ x) + e3C^}4V2 
x(e[46-x + (A:-x)2] -A)~^ 

12) A^, = eik^[Ab • X + (/c • xfY/^Z^/^[{ieX/S)[Ab ■ x + {k ■ xff^ 
+e2C^X['ib ■ X + {k ■ xf]] 

13) A^ = ei/s^{Ai cosh((eA/4)[46 ■ x + {k ■ x)2])+A2 sinh((eA/4)[46 • x 

+(A;-x)2])} + e2C^A; 

14) A^ = (e2[(i^ - (l/8)fc/,(fc • xf - {l/2)bf,k ■ x] + egfac/, + 6^ 
+(1/2)A:^A: • x](l + a"^)-^/'^} Xsn ((eAy2/8)[4(a6 • X — C • X) 
+a{k • xf]{l + a^)-^/^) dn ((eAV2/8)[4(a6 • x - c • x) + a(A: • x)^] 
X (1 + a2)-V2j |cn ((eAV2/8)[4(a6 • x - c • x) + a(A; • x)^] 

x(l + a^)-V2)}-^ 

15) A^ = (e2[(i^ - (l/8)A;^(fe • xf - {l/2)b^k ■ x] + e^lac^ + b^ 
+{l/2)k^k • x](l + a^)-^/^) {cn ((eA/4)[4(a6 • x - c • x) + a(fe • x)^] 
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x(l + a^rV2)}-; 

16) = (e2[d^ - {l/8)k^{k ■ xf - {l/2)b^k ■ x] + esiac^ + 6^ 
+{l/2)kf,k ■x]{l + a^)-^^^yV2{l + a^)^/^[e[4:{ab -x-c-x) 
+a{k-xf]y^- (7.1.28) 

17) = eiA;^{[4(a;6 ■x-c-x)+a{k- a;)Y^^^i/4((«eA/8)[4(a6 • x 
-c-x) + a{k ■ x)2]2(l + a2)-V2^ | + ^.^[ac^ + ft^ + {l/2)kf,k ■ x]X 

x[4:{ab -x - c-x) + a{k ■ xf]{l + c?)~^l'^\ 

18) Ay^ = eik^{Xi cosh((eA/4)(l + a^)-^/^[4(a6 ■x-c-x) + a{k- xf]^ 

+A2sinh((eA/4)(l + a^)~'^/^[A{ab ■ x - c ■ x) + a{k ■ x)^])| + e^fac^ 

+b^ + {l/2)k^k-x]X{l + aY^^^; 

19) A^ = eik^\k ■ x\-^Zo({ieX/2)[{b ■ xf + (c • xffj + e2%c ■ x 
-Cfjb ■ x)X; 

20) \ = eikf,\k ■ x|-i(Ai[(6 • xf + (c • xf]'^/^ + A2[(6 • xf 
+(c • xf]-^^/^) + ^2{b^c -x-c^b- x)X[{b ■ xf + (c ■ xf]-^; 

21) A^ = eik^\k ■ x\~\c ■ xf/^Zy4{ieX/2){c ■ xf] + e2[6^ 
—kfj^b ■ x{k ■ x)~^]Xc ■ x; 

22) A^ = eik^\k ■ x\~^ ^Ai cosh(Aec • x) + A2 sinh(Aec • xfj 
+e2[b^ - k^b ■ x{k ■ a;)"-^]A; 

23) A^ = eik^\k ■ x\-^iln\k ■ x\ - c ■ xf^'^ Zi/4{ieX/2){ln \k-x\-c- xf] 
+e2[b^ — k^b ■ x{k ■ x)~"^]A(ln \k ■ x\ — c - x); 

24) = eiky\k • x\'~'^ ^Ai cosh[Ae(ln | A; • x| — c • x)] + A2 sinh[Ae(ln \k ■ x\ 

-c ■ x)]) + e2[bi, - ki,b ■ x{k ■ x)"^]A; 

25) 1^ = eik^\k ■ x|"^(aln|A; • x| - c - xf/'^Zi/4[{ieX/2){aln\k ■ x| 

— c • x)^] + e2[6ju — kfj_(b • x — In |A; • x\){k ■ x)~^]A(Q;ln |A; • x| — c • x); 

26) A^ = eikulk ■ xp^^Ai cosh[Ae(aln |A; • x| — c • x)] + A2 smh[Ae 

x(Q;ln |A; • x| — c • x)) ) + 6*2(6^ — k^Q) • x — In |A; • x|)(A; • x)~'^]A; 
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27) If, = (ei [bf, - kf,b ■ x{k ■ x) ^]+ 62 [c^ - fc^c ■ x{k ■ x) ^]) e ^ 

^ r(x.x)-v2, 

\2V2X{x-x + X)-^; 

28) A/j, = (ei[bn - k^Jj ■ x{k ■ x)~^] + e2[cju - fc^c • x{k ■ x)~'^]^f{x ■ x), 
a;/ + 2/ + (eVV4)=0. 

In the above formulae Za{io) is the Bessel function; sn, dn, cn are Jacobi 
eUiptic functions having the modulus -\/2/2; A, Ai, A2 = const. 

Let us note that the solutions N 27 arc nothing more but the meron and 
the instanton solutions of YMEs [2]. In the Euclidean space the meron and 
instanton solutions were obtained by Alfaro, Fubini, Furlan [68] and Belavin, 
Polyakov, Schwartz, Tyupkin [29] with the use of the Ansatz suggested by 't 
Hooft [278], Corrigan and Fairlic [60] and Wilczek [285]. 

Another important point is that we can obtain new exact solutions of 
YMEs by applying to solutions (7.1.28) the solution generation technique. We 
do not adduce the corresponding formulae because of their awkwardness. 

6. Some generalizations. It was noticed in [157, 158] that group-invariant 
solutions of nonlinear PDEs could provide us with rather general information 

about the structure of solutions of the equation under study. Using this fact, 
we constructed in [157, 158, 160] a number of new exact solutions of the non- 
linear Dirac equation which could not be obtained by the symmetry reduction 
procedure (see also Sections 6.1 and 7.2). We will demonstrate that the same 
idea proves to be efficient for constructing new solutions of YMEs. 

Solutions of YMEs numbered by 7, 8, 19, 20 can be represented in the 
following unified form: 



A/j, = k,j,B{k -x, c-x) + b,j,C{k ■x,c- x). (7.1.29) 

Substituting the Ansatz (7.1.29) into YMEs and splitting the equality ob- 
tained with respect to linearly independent four- vectors with components A;^, 
6^, c^, we get 

1) = 0, 

2) (7 X = 0, (7.1.30) 

3) -B^ia;i + ed^o xC + e^C x{C xB) = Q. 



Here we use the notations coq = k ■ x, u)i = c - x. 
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The general solution of the first two equations from (7.1.30) is given by 
one of the formulae 

I. C = /(a;o), 

II. C = (uji +vo{ujo)^f{uo), 

where vq, f are arbitrary smooth functions. 

Consider the case C = /{lvq). Substituting this expression into the third 
equation from (7.1.30) we have 

S^ia;i + ef^, X / + eVl/S) - e'^pB = 0. (7.1.31) 

Since equations (7.1.31) do not contain derivatives of B with respect to 
Wo, they can be considered as a system of ODEs with respect to the variable 
ui. Multiplying (7.1.31) by / we arrive at the relation {Bf)^^^^^^ = 0, whence 

Bf = vi{uq)ux + V2{uo). (7.1.32) 

In (7.1.32) v\, V2 are arbitrary sufficiently smooth functions. 
With account of (7.1.32) system (7.1.31) reads 

Bojic,, - e^pB = e/ X - e^{viUJi + ■ua)/. 

The above linear system of ODEs is easily integrated. Its general solution 
is given by the formula 

-B = 3(wo) coshe|/|a;i + ^(wo) sinhe|/|a;i + e~^|/|-^£,o X / 

(7.1.33) 

■x\f\~'^{viUJl+V2)f, 

where g, h are arbitrary smooth functions. 

Substituting (7.1.33) into (7.1.32) we get the following restrictions on the 
choice of the functions g, h: 

fg = 0, fh = 0. (7.1.34) 

Thus, provided C^^^ = 0, the general solution of the system of ODEs 
(7.1.31) is given by formulae (7.1.33), (7.1.34). Substituting (7.1.33) into 
the initial Ansatz (7.1.29) we obtain the following family of exact solutions 
of YMEs: 

An = A;^|^coshe|/|c- a; + Ksinhe|/|c- x + e~^|/|~^/ X / 
+(uic- x + V2)/} + bf,f, 
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where/, g, h, vi, are arbitrary smooth functions of /c-x satisfying (7.1.34), 
an overdot denotes differentiation with respect to loq = k ■ x. 

The case C = [loi + i'o('^o)]/('^o) is treated in a similar way. As a result, 
we obtain the following family of exact solutions of YMEs: 

4 = k^{{c-x + vo)^/\gJi/4[iie/2)\f\ic-x + vof] 
+hYy4{ie/2)\f\{c ■ X + ^;o)']) + {vic ■ x + V2)f 
+e-Vl~'/x /} + b^ic ■ X + vo)f, 

where f, g, h, vq, Vi, V2 are arbitrary smooth functions of k ■ x satisfying 
(7.1.34), Ji/4{lo), Yi/4{u;) are the Bessel functions. 

Another effective Ansatz for the Yang-Mills field is obtained if we replace 
c- a; in (7.1.29) hyb-x 

A^ = k^B{k ■x,b-x) + bf,C{k ■x,b- x). (7.1.35) 

Substitution of (7.1.35) into YMEs yields the following system of PDEs 
for B, C: 

- Ccoou,^ -e{BxC^,+ 2B^^ X C +C X C^^) + e^C X {C X B) = 0. (7. 1 .36) 

We have succeeded in integrating system (7.1.36), provided C = /(<^o)- 
Substituting the result obtained into (7.1.35), we come to the following family 
of exact solutions of YMEs: 

= k^{{g + b-x\f\-'gxf)cosie\f\b-x) + ih + b-x\f\-'hxf) 

X sin(e|/> • x) + e- / + {vib ■ x + V2)f} + bj, 

where /, g, h, vi, V2 are arbitrary smooth functions of A; • x. 

In addition, we have constructed the following class of exact solutions of 
YMEs: 

A-ij, = k,_i,eivu^(b ■ x) + b^e2u{b ■ x), 

where ei = (1,0,0), 6*2 = (0, 1,0); v is an arbitrary smooth function of • x; 
u{b • x) is a solution of the nonlinear ODE u = e^u^ , which is integrated in 
elliptic functions. 
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In conclusion of this section we will obtain a generalization of the plane- 
wave Coleman solution [54] 

= k^{j{k ■x)b-x + g{k ■ x)c ■ x). (7.1.37) 

It is not difficult to verify that (7.1.37) satisfy YMEs with arbitrary /, g. 
Evidently, solution (7.1.37) is a particular case of the Ansatz 

Au, = ku,B{k-x,b-x,c-x). (7.1.38) 

Substituting (7.1.38) into YMEs we get 

Buiiuji + B^2i^2 = 0) (7.1.39) 

where uji = b ■ x, L02 = c - x. 

Integrating the Laplace equations (7.1.39) and substituting the result ob- 
tained into (7.1.38) we have 

A^ = kn (u {k ■ X, b ■ X + ic ■ x) + U{k ■ x, b ■ x — ic - x)^ . 

Here U{k-x, z) is an arbitrary analytical with respect to z function. Choo- 
sing U = (l/2)[/(fc • x) — ig{k ■ x)]z we get the Coleman's solution (7.1.37). 



7.2. Non-Lie reduction of the Yang-Mills equations 

In the present section we will obtain conditionally-invariant Ansatze for the 
Yang- Mills field Afj^{x) utilizing the idea which enables us to construct non-Lie 
(conditionally-invariant) Ansatze for the spinor field ■0(x). This idea proves to 
be fruitful for obtaining new reductions and constructing new exact solutions 
of the SU{2) Yang-Mills equations (7.1.1) as compared with those found by 
means of the symmetry reduction of YMEs. 

1. Reduction of YMEs. We are looking for a solution of YMEs of the 
form (7.1.11), (7.1.16) without imposing a priori conditions on the functions 

uj{x), 6^{x). They should be determined from the requirement that substi- 
tution of the Ansatz (7.1.11) into system of PDEs (7.1.1) yields a system of 
ordinary differential equations for a vector function B^(lo). 
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By direct check one can become convinced of that the fohowing assertion 
holds true. 

Lemma 7.2.1. Ansatz (7.1.11), (7.1.16) reduces YMEs (7.1.1) to a system 
of DDEs iff' the functions io{x), 9fj,{x) satisfy the system of PDEs 

1) iOx^uJxi' = Fi(u), 

2) nuj = F2{uj), 

4) Qa^.x^=H^{uJ), (7.2.1) 

6) Q^QQa. = 5^.M, 

where Fi, F2, G^, . . . , T^wy o,re some smooth functions., iJ,,i','y = 0, 
And what is more, a reduced equation has the form 

k^jB-r + Z^^ST + m^^BT + eq^^^B'' x B^^ + eh^^^B"" x W 
+e'^B^ X {Bf X Bfj,) = 0, 

where 

k^^ = g^^F\ — Gfj^G^,, 
l^ry — 9fj,'yF2 ~\~ 2,R^^ G nHry Gj^G^, 

h^uy — (1/2) (5/17^1^ QfivFI'y) T^i/y. 

Thus, to describe all Ansatze of the form (7.1.11) reducing YMEs to 
a system of ODEs we have to construct the general solution of the over- 
determined system of PDEs (7.1.16), (7.2.1). Let us emphasize that system 
(7.1.16), (7.2.1) is compatible since Ansatze for the Yang-Mills field i^(x) 
invariant under the P(l,3) non-conjugate subgroups of the Poincare group 
satisfy equations (7.1.16), (7.2.1) with some specific choice of the functions 
El , E2 , ■ ■ ■ , Tfj^iij . 

Computations needed to integrate system of nonlinear PDEs (7.1.16), 
(7.2.1) are rather involved. In addition, they have much in common with 
those performed to obtain conditionally-invariant Ansatze for the spinor field 



...,3. 

(7.2.2) 



(7.2.3) 
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(Theorem 6.1.1). That is why we present here only a principal idea of our 
approach to solving the system (7.1.16), (7.2.1). When integrating it we use 
essentially the fact that the general solution of system of equations 1, 2 from 
(7.2.1) is known (see Section 2.1). With already known u{x) we proceed to 
integration of linear PDEs 3, 4 from (7.2.1). Next, we substitute the results 
obtained into the remaining equations and thus get the final form of the func- 
tions ijj(x), 9fj,(x). 

Before adducing the results of integration of system of PDEs (7.1.16), 
(7.2.1) wc make a remark. As a direct check shows, the structure of the 
Ansatz (7.1.11), (7.1.16) is not altered by the change of variables 



co^u' = T{u), eo^9'o = eo + To{u), 
Oi ^ e[ = ^1 + e^o (Ti (cj) cos 93 + Ta (a;) sin ^g) , 
92^9'2 = 92 + e^o (T2((j) cos ^3 - Ti(a;) sin 03 



(7.2.4) 



93^9'2 = 93 + T3{u;) 



where T{uj), T^{uj) arc arbitrary smooth functions. That is why solutions of 
system (7.1.16), (7.2.1) connected by the relations (7.2.4) are considered as 
equivalent. 

It occurs that the new (non-Lie) Ansatze are obtained only when the func- 
tions oj{x), G^j,{x) up to the equivalence relations (7.2.4) have the form 

S^l = Gn{i, b-x,c-x), 

(7.2.0 j 

U! = b ■ X, c- x), 

where ^ = (1/2)A; ■ x, = + d^, fi,!/ = 0, . . . ,3. 

A list of inequivalent solutions of system of PDEs (7.1.16), (7.2.1) belonging 
to the class (7.2.5) is exhausted by the following solutions: 

1) ^0 = ^3 = 0, uj = {l/2)k-x, 9i=wo{^)b-x + wi{^)c-x, 
02 = W2{^)b ■ x + ^3(0^ ■ x; 

2) UJ = b ■ X + wi{^), 9o = a(c ■ X + W2{^fj , 

9a = -{l/4)wa{0, a = 1,2, 93 = 0, (7.2.6) 

3) 9o = T{^), ^3 = wi(^), UJ = b ■ X cos wi + c ■ X sinwi + W2{(,) , 
9i = ^(l/4)(ee"^ + T){b • xsint(;i — c • xcoswi) + W3{£,)j sinu)i 
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+(1/4)^1^1 (6 • xsinu;i — c • xcos wi) — costwi, 
O2 = —(^{l/4:){ee^ + T){b ■ xsinwi — c ■ xcosiui) + w^3(0) cosiui 
+(l/4)^ii;i(6 • rcsinuii — c • xcosu)i) — sinwi; 

4) 6'o = 0, 63 = aictan ([c ■ X + W2{0][b ■ X + wi{0]~^y 
ea = -{l/4)wa{0, a = 1,2, 
u;=([b-x + w,iO? + [c-x + w^iO?) 

Here a 7^ is an arbitrary constant, e = ±1, wq, wi, ■W2, are arbitrary 
smooth functions of ^ = (l/2)fe ■ x, T = T{^) is a solution of the nonlinear 
ODE 

{f + ee^f + wl = xe^'^ , xgM^ (7.2.7) 

Substitution of the Ansatz (7.1.11), where Q^v{x) are given by formulae 
(7.1.16), (7.2.6), into YMEs yields systems of nonlinear ODEs of the form 
(7.2.2), where 

1) k^^ = -{l/A)k^k^, If,^ = -{wo + W3)k^k^, 

m^^ = —4 {wl + wl + wl + wl)kfj,kj — {wq + w^jk^k^, 

Qixi"y = (l/2)(5//7^i/ + dvykn — ig^j^iik^), 

hnu-Y = {wo + W2,){g,j,^ky - gfj,uk-y) + 2{wi - W2) {{kixK - k^bi^) 
'^{b^Cu ~ bpCp^k^ + (c^ki, Cykf^)b^\] 



hf^u-y = a(^{afj,di, — audn)cy + {d^Cu — duCi^)a-y + {c^ai, — Ci,afi)d^; 

3) k^^ = -g^^ - b^b^, l^^ = -(e/2)6^fc^, (7.2.8) 
777, = (x/4)fc^A;^, Q^v-f = 9^^■^^^' ~^ Qv^^fi '^Qfii'^^i 

h^wy = (^/4) (5/^7^1^ ~ 9fivk-y)'-i 

4) k^^ = -g^^ - bfj_b^, l^^ = -uj~^{g^^ + 6^^), 
h^,v^ = {l/2)uj~'^{g^^b^ - g^^b^). 
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2. Exact solutions of the Yang-Mills equations. Systems (7.2.2), (7.2.8) 
are systems of twelve nonlinear second-order ODEs with variable coefficients. 
That is why there is a little hope to construct their general solutions. But it is 
possible to obtain particular solutions of system (7.2.2) with coefficients given 
by formulae 2-4 from (7.2.8). 

Consider, as an example, system of ODEs (7.2.2) with coefficients given 
by the formulae 2 from (7.2.8). We look for its solutions in the form 

B^ = ki,eif{u)-hbi,e2g{u;), fg^O, (7.2.9) 

where ei = (1,0,0), 62 = (0,1,0). 

Substituting the expression (7.2.9) into the above mentioned system we 

get 

/ + (a2 _ eV)/ = 0, fg + 2fg = 0. (7.2.10) 
The second ODE from (7.2.10) is easily integrated 

g = Xf-^^ AgM\ a 7^0. (7.2.11) 

Substitution of the result obtained into the first ODE from (7.2.10) yields 
the Ermakov-type equation for f{io) 

which is integrated in elementary functions [197] 

/ = («-2c2 + a-\C^ - a^^X^y/^ sin2|a|a;)'^'. (7.2.12) 
Here C 7^ is an arbitrary constant. 

Substituting (7.2.9), (7.2.11), (7.2.12) into the corresponding Ansatz for 
An{x) we get the following class of exact solutions of YMEs (7.1.1): 



An = eikfj,ex.p {-ac- X - aw2)(a ^C^ + a ^(C^ - a^e^A^)^/^ 



/2 



X sm2\a\{b ■ X + wi)') + e2X(a-^C^ + a'^iC^ - a^e^X^^ 

X sin 2|a| (6 • a; + u;i)) \bf, + {l/2)kf,wi^ . 

In a similar way we have obtained five other classes of the exact solutions 
of the Yang-Mills equations 

An = eifc^e~"^(5 • xcos-wi + c • xsinu)! + 'i/;2)^^^.Z'i/4^(zeA/2)(6 • xcosiDi 
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+c • xsiniui + 1^2)^) + (6 • xcosu;! + c • xsiniui + W2) 
X ^c^ cos wi — bfj, sin wi + 2A;^ [(1/^) (se'^ +T){b- x sin u;i 

— c • X cos it;i) + ifs] 



An = ei fc^e""^ ^Ci cosh[eA(6 • x cos u;i + c • x sin wi + W2)] + C2 sinh[eA 
X [h ■ xcos wi + c - xsin wi + ^2)]) + 6*2 A ^c^ cos ivi — sini(;i 
+2fe^[(l/4)(ee^ + T)(b ■ x sinwi — c ■ xcoswi) + tfsj) ; 



A/j, = eik^e ^(^C^(6 • xcosy;i + c • xsinwi + ^2)^ + A^e^C ^^''^ 
+e2A^C^(6 • a;cosu;i + c • a;sinu;i + W2)^ + A^e^C~^j 
X ^6y;iCOSu;i + c^siniui — (l/2)A;^[i(;i(6 • xsiniui 
— c • xcosiui) — W2fj; 

Aij, = eiknZo(^{ieX/2)[{b ■ X + wi)'^ + {c ■ X + W2f]^ + e2X(c,j,{b ■ x + wi) 
-bfi{c ■X + W2) - {l/2)kn[wi{c- X + W2) - W2{b ■ x + wi)]^; 

\ = gik^(Ci[{b-x + wif + {c-x + W2fY^/^ + C2[ib-x + wif 

+ {C-X + W2f]~''^^'^) + e2X[{b ■ X + Wlf + {C-X + W2f]~'^ 

x{cfj,{b-x + wi) — bij,{c ■ X + W2) — {l/2)k^[wi{c ■ X + W2) 

-W2{b ■ X + Wl)]j. 

Here Ci, C2, C 7^ 0, A arc arbitrary parameters; wi, W2, arc arbitrary 
smooth functions of ^ = (1/2) A; -x, T = T{^) is a solution of ODE (7.2.7) and 

Zsiuj) = ClJsiu;) + C2Ys{L0), 
ei = (1,0,0), 62 = (0,1,0), 

where J5, Yg are Bessel functions. 

Thus, we have obtained broad famihes of exact non-Abehan solutions of 
YMEs (7.1.1). 

In conclusion of the section we will say a few words about the symmetry 
interpretation of the Ansatze (7.1.11), (7.1.16), (7.2.6). Let us consider as an 
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example the Ansatz determined by the formulae 1 from (7.2.6). As a direct 
computation shows, the generators of a three-parameter Lie group leaving it 
invariant are of the form 

Ql — kada, 

Q2 = bada - 2i^[wo{kij,bt, - kjybfj) + W2{k^c^ - k^c^,)] ^A^'^js^a/i, 

Qz = Cada - 2i^[wi{kij,b„ - kjyb^j) + W'i{k^j,Cy - k^yC^j)] ^^l^^js^a^i. 

Evidently, system of PDEs (7.1.1) is invariant under the one-parameter 
group having the generator Qi. But it is not invariant under the groups 
having the generators Q2, Qa- At the same time, the system of PDEs 



d.d^'A^ - d'^d.A, + e[{dM xA^- 2{d,A^) x A, 

+{d^A,) X A") + e^A, X X 1^) = 0, 
Qo-^n = kadaA^ = 0, 

QiAfj^ = badaA/j, + 2(wo{knbt, - kt,bn) + W2{k^Ct, - kt.Cuj^A" = 0, 
Q2Afi = CadaAfj, + 2(wi{kfj,b^ - kt^b^) + W3{kfiCt, - A;,,c^))# = 

is invariant under the above mentioned group. Consequently, YMEs (7.1.1) 
are conditionally-invariant under the Lie algebra (Qi, Q2, Qs)- It means that 
solutions of YMEs obtained with the help of Ansatz invariant under the group 
with generators Qi, Q2, Q3 cannot be found by means of the classical sym- 
metry reduction procedure. 

As rather tedious computations show, the Ansatze determined by the for- 
mulae 2-4 from (7.2.6) also correspond to conditional symmetry of YMEs. 
Hence it follows, in particular, that YMEs should be included into the long 
list of mathematical and theoretical physics equations possessing nontrivial 
conditional symmetry [97]. 
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THE POINCARE GROUP 



AND ITS REPRESENTATIONS 



The Poincare group P(l,3) is a group of linear transformations of the 
Minkowski space R{1, 3) preserving the quadratic form s{x) 
We say that there is a representation of the group P(l, 3) in some hncar space 
H if the homomorphism of this group g ^ Tg into the set of hnear operators on 
H is determined, i.e., the product of the group corresponds to the product of 
operators Tg^g^ = Tg^Tg^ and the unit element of the group P(l, 3) corresponds 
to the identical transformation of the space H. If the representation space H 
is infinite-dimensional, then it is assumed that the domain of definition of 
operators Tg, \/ g ^ P(l;3) is dense in H. 

A representation is called irreducible if H contains no subspace invariant 
with respect to operators T^, V^f G P(l,3). 

Irreducible representations of the Poincare group were described by Wigner 
as early as 1939. It is known that the problem of description of representations 
of the Lie group G can be reduced to description of representations of its 
Lie algebra AG. An abstract definition of the algebra 3) is given by 

commutation relations for the basis elements P^, Jap 



A homomorphism x T{x) of the algebra ^P(l, 3) into the set of linear 
operators determined in some linear space H 




(Al.l) 



ax + by ^ aT[x) + bT{y), 
[x,y] ^ [T{x),T{y)] = T{x)T{y) - T{y)T{x), 
C AP(1,3), {a,5}cCi 



(A.1.2) 
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is called a representation of the Poincare algebra AP(l, 3). 

Wigner's results were supplemented by Shirokov [258] who was the first to 
construct an explicit form of the basis elements of the algebra AP(1, 3) for all 
classes of irreducible representations. In many successive papers representa- 
tions of this algebra in various bases were found (see, for example, [28]). 

We adduce the formulae giving a complete description of irreducible repre- 
sentations of the Poincare algebra in the class of Hermitian operators following 
[115, 116, 118]. 

According to the Schur's lemma classification of irreducible representations 
of the Lie algebra L is reduced to construction of the complete set of opera- 
tors commuting with all basis elements x G L (such operators are called the 
Casimir operators of the algebra L) and to computation of the spectrum of 
their eigenvalues. Furthermore, each set of eigenvalues of all Casimir operators 
corresponds to the one and only one irreducible representation [19]. 

Theorem A.l.l[118]. An arbitrary Hermitian representation of the Poincare 
algebra ^P(l,3) can be realized by the following operators: 

Po = PO, Pa = Pa, 

J = xxp + Ao .f "^/j. , (A.1.3) 
[1 + np) 

^ A X p z> (px n ) 

N = -pox H K {XoPoP - ; 



p'^ [p + np) 

where J = (Ji, J2, J3), N = {Ni,N2,Ns), Ja = {l/2)eabcJbc, Na = Joa, 
a = 1,2,3, pq, Pa are real variables connected by the relation po = e(Ci + 
PaPa)^^'^> £ = ±1, Ci is an arbitrary real number, Xa = id/dpa, a = 1,2,3, 
P = {PaPa)^^'^; -^0) -^1) ^2, A3 are matrices satisfying the commutation rela- 
tions 

[Ao, Aa] = ieafec^^feAc, 

(A.1.4) 

[Aa, Afe] = iCiEabcnc^O 

and n = {ni,n2,ns) is an arbitrary unit vector. 
The algebra (A.1.4) has two Casimir operators 

h = AqCi + Xl + Xl + Ai, I2 = exp{2i7rAo}. 

To obtain the explicit forms of matrices A^ realizing an irreducible repre- 
sentation of algebra (A.1.4) we choose the basis which consists of the complete 
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set of eigenvectors of the commuting operators Ji, I2 and Aq. On designating 
these vectors by the symbol |Ci, C2, A) we have 

Ao|Ci, C2, A) = A|Ci, C2, A), 

(Ai ± iX2)\Ci,C2, A) = (1/2)(1 + n3)(C2 - CiA(A ± 1))'^' 

X \Ci, C2, A ± 1) + (n2 T nif (2(1 + ns)) (A.1.5) 

X (C2 - CiA(A T 1)) '^^\Ci,C2, ATI), 
A3|Ci,C2,A) = -(Ai + A2)|Ci,C2,A). 

If the representation is irreducible, then the parameters Ci, C2 take the 
fixed values from the intervals enumerated below in formulae (A. 1.6) 



1) 


Ci 


= > 0, C2 = Cis(s + 1), A = -s, 


-s + l,...,s; 


2) 


Ci 


= C2 = 0, A = A; 




3) 


Ci 


= 0, C2 = r?2 > 0, 






x = 


= 0, ±1, ±2, ... or A = ±1/2, ±3/2,. 


• • 5 


4) 


Ci 


= -if < 0, C2 = -ar?^, -00 <a < 


-1/4, 




A = 


= ±1/2, ±3/2, ... or A = 0, ±1, ±2,., 





(A.1.6) 

:1, ±2,...; 

Ci = -r/2<0, < C2 < (l/4)ry^ A = 0, ±1, ±2, . . . ; 
Ci = -r/2<0, C2 = -/(/ + l)^/^ A = / + l, / + 2,...; 
Ci = -r/2<0, C2 = -^(^ + l)r?^ A = -i-1, -i-2,..., 

where s > and A arc arbitrary integer or half-integer numbers, I is a positive 
integer or half-integer number satisfying the condition —(1/2) < I < +00 
whose values in the irreducible representation are fixed. 

Formulae (A.1.3)-(A.1.6) give all possible (up to the equivalence relation) 
irreducible Hermitian representations of the commutation relations (A. 1.1) 
provided not all vanish. If = 0, ;U = 0, ...,3, then algebra (1.1.31) 
is isomorphic to the Lie algebra of the Lorentz group 0(1,3). The theory of 
representations of the algebra AO (1,3) is expounded with exhaustive com- 
pleteness in [174]. 

Among all possible representations of the Poincare algebra a specific role 
is played by so-called covariant representations which are characterized by the 
following form of the basis elements 

-f/i — Pn — = x^pi, — XjyPn + Sfxii, (A. 1.7) 
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where S^u are constant matrices. 

Necessary and sufficient conditions for operators (A. 1.7) to realize a rep- 
resentation of the Poincarc algebra are as follows: 



Let us note that operators (A. 1.7) unlike those given by (A. 1.3) realize a 
reducible representation of the algebra AP{1, 3). In addition, this representa- 
tion is non-Hermitian if the matrices Sj^i, are finite-dimensional. 

In what follows we consider the case of finite-dimensional matrices 3^,^, 
since it is mostly used in applications. 

It is straightforward to verify that the matrices 



As a basis of the space of a finite-dimensional irreducible representation 

of algebra (A. 1.8) we take the complete set of eigenvectors \j,m;T,n) of com- 
muting operators jaja, js, TaTa, T3- In this basis the action of the operators 
ja and Ta can be represented in the form 



Ja — 



{l/2)[{l/2)eabcSbc + iSoa) 



satisfy the following commutation relations: 



[ja, jb] = iSabcjc, [Ta, U] = iSabcTc, [ja, u] = 0. 



(A.1.8) 



jaja\j, m; T, n) = j{j + m; r, n) 
jz\j,m;T,n) = m\j,m;T,n), 



— m(m lb l)j mib 1; T, n), 
TaTalj, m; T,n) = t{t + m; r, n), 

T3\j,m;T,n) = n\j,m;T,n), 

(n ± iT2)\j,m-,T,n) = (r(r + 1) 




(A.1.9) 



— n(n ± 1 




where 



j, m (r, n) are (half-) integer numbers, inequalities holding 



—j<m< j, —T < n < T. 
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Thus, irreducible finite-dimensional representations of the algebra A0{1, 3) 
(A. 1.8) are realized by matrices of the dimension (2j -|-l)(2r-|-l) x (2j-|-l)(2r + 
1) with matrix elements (A. 1.9). The above representations are denoted by 
the symbol D{j,T). 

Using formulae (A. 1.9) it is easy to check that on the set of solutions of 
the Dirac equation (1.1.1) the representation D(l/2,0) ©L>(0, 1/2) is realized. 

The Poincare algebra has two principal Casimir operators 

/l = p^p^ i2 = w^w'', 

where Wq = {l/2)eabcPaJbc, Wa = {l/2)PoSabcJbc - ^abcPbJoc, whose eigenva- 
lues are considered as the mass and the spin of a particle. 

We say that the Poincare-invariant equation describes a particle with the 
spin s and the mass m provided its solutions satisfy identically the relations 

Iitjj = m^ip, l2'4> = s{s + l)m'^ip. 

It is established by direct computation that solutions of the Dirac equation 

satisfy the equalities Iiip = m?tl^, I2V' = (3/4)m^i/') whence it follows that the 
Dirac equation (1.1.1) describes a particle with the spin s = 1/2 and the mass 
m. 
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THE GALILEI GROUP 
AND ITS REPRESENTATIONS 

The Galilei group G{1, 3) is a group of transformations of the four-dimen- 
sional space x of the form 

t' = t + ro, 

x'a = OabXb + Vat + Ta, 

where H^ablla 6=1 arbitrary orthogonal matrix, Va, arc real parameters. 

Since elements of orthogonal (3 x 3)-matrix can be expressed via three 
parameters (for example, via the Euler angles), the group (A. 2.1) is a 10- 
parameter Lie transformation group. 

It is worth noting that a condition of invariancc of physical laws with re- 
spect to coordinate transformation (A. 2.1) is nothing else but the mathemati- 
cal formulation of the Galilei relativity principle. This principle establishes an 
equivalence of inertial reference frames. Therefore, the corresponding motion 
equation has to be invariant under the Galilei group. In other words, some 
representation of the Galilei group is to be realized on the set of solutions of the 
equation in question. Consequently, to investigate wave equations invariant 
under the group G(l, 3) we have to know its representations. 

As noted in the Appendix 1 the problem of description of representations 
of the Lie group reduces to the study of representations of its Lie algebra and 
besides we can restrict ourselves to irreducible representations. 

An abstract definition of the Galilei algebra AG{1, 3) with basis operators 
Po, Pa, Ja, Ga, M is given by the following commutation relations 

[P^, P,] = 0, [P^, M] = 0, 
[Ja, M] = 0, [Ga, M] = 0, 
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[Po, Ga] = iPa, [Po, Ja] = 0, (A.2.2) 
[Pa, Gb] = 6abM, [Pa, Jb] = iSabcPc, 
[Ga, Jb] ~ i^abcGc, [Ja, Jb] ~ ^^abcJc 

where fi,u = 0, 1, 2, 3; a,b,c = 1, 2, 3. 

Note A. 2.1. In Section 4.1 we designate the basis elements of the rotation 
group Ja, a = 1, 2, 3 as Jab, a ^ b, a,b = 1,2, 3. These notations are related 
by means of the formula 

Ja = {l/2)eabcJbc- 

Let us note that the Lie algebra of the group (A. 2.1) satisfies relations 
(A.2.2) under M = 0. 

The algebra (A.2.2) has three principal Casimir operators 

Ci = M, 

C2 = (MJ- PxGf, (A.2.3) 

C3 = 2MPo-PaPa- 

Following [114, 118] we give a realization of irreducible representations of 
the Galilei algebra distinguished by a universal and quite simple form of the 

generators of the group G(l,3). 

Theorem A. 2.1. Irreducible Hermitian representations of the Galilei algebra 
AG{1,3) are numbered by numbers Ci, C2, C3 (eigenvalues of the Casimir 
operators (A.2.3)) which take the values 

1) Cl = m?>Q, C2 = 771^5(5 + 1), -00 < C3 < +00, 
s = Q, 1/2, 1,...; 

2) Ci = C2 = 0, C:i = -e<{)- 

3) Ci = 0, C2 = r2, Cs = -fe^ < 0. 

The explicit form of basis operators of an irreducible representation is 
determined by the formulae 

Pq = PO, Pa = Pa, (A.2.5) 

M = Ci = m, 

Ja = -l£abcPb^ + >^0-7T-—^—, (A.2.6) 

dpc [l + np) 



(A.2.4) 
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G, 




d . d 



ipp) 



where m is a fixed real number, A^^^ are matrices (A.1.4)-(A.1.6) and the vari- 
ables pq, Pa are connected by the relation 



C3 being fixed too. 

Let us give a brief characterization of the classes of irreducible representa- 
tions enumerated in (A. 2. 4): 

1) representations of the class I (m 7^ 0, w? > 0) are characterized by 
three numbers m, s and eq, where m and Eq are arbitrary real numbers, s 
is an integer or half-integer non-negative number. Such representations are 
realized in the space of square- integrable functions f{p, A), where 



i.e., the dimension of f{p, A) with respect to the index A is equal to 2s + l. The 

space of irreducible representation of the algebra AG{1, 3) is usually associated 
with the position space of a free particle having the mass m, the spin s and 
the internal energy eo/2m; 

2) representations of the class II are given by the pair of numbers 



These representations are one-dimensional and are realized in the space of 
square-integrable functions g{po, p)- 

Representations of the Galilei algebra of the class II are realized on the set 
of solutions of equations describing fields with the zero rest mass, for example, 
Galilei-invariant electro-magnetic field [212, 213]; 

3) representations of the class III are numbered by the pair of positive 
numbers r^, fc^. These representations are realized in the space of square- 
integrable functions hijpQ, p, A), where A takes the infinite number of values 



2mpo - PaP, 



'a — 



C3 



A = —s, — s -I- 1, . . . , s, 



C3 < and C4 = 0, 1/2, 1,.... 



0, ±1, ±2,... or ±1/2, ±3/2,.... 



So far representations of the Galilei algebra of the class III have no appli- 
cations in physics. 
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The above considered classes of representations of the algebra ^G(l,3) 
exhaust all inequivalent non-Hermitian representations of this algebra if not 
all P/j, are equal to zero. 

Provided 

P^ = 0, M = 0,...,3, 

the Galilei algebra is isomorphic to the Lie algebra of the Euclid group AE(3) 
which is determined by commutation relations (4.3.4). The problem of com- 
plete description of inequivalent irreducible representations of the Euclid alge- 
bra is reduced to a purely algebraic problem which cannot be solved by already 
known methods [118]. By the same reason, the problem of description of all 
inequivalent covariant representations of the algebra AG{1, 3) having the form 
(4.3.3) is not solved yet. 
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REPRESENTATIONS 
OF THE POINCARE 
AND GALILEI GROUPS 
BY LIE VECTOR FIELDS 

Given a fixed representation of a Lie transformations group G, the prob- 
lem of description of differential equations invariant under the group G is 
reduced with the help of the infinitesimal Lie method to integrating some 
over-determined linear system of PDEs (called determining equations). But 
to solve the problem of constructing all differential equations admitting the 
transformation group G whose representation is not fixed a priori one has 

• to construct all inequivalent (in some sense) representations of the Lie 
transformation group G, 

• to solve the determining equations for each representation obtained. 

And what is more, the first problem, in contrast to the second one, reduces to 
solving nonlinear systems of PDEs. It has been completely solved by Rideau 
and Winternitz [247] , Zhdanov and Fushchych [307] for the generalized Galilei 
group ^2(1,1) acting in the space of two dependent and two independent 
variables. 

Some new representations of the Galilei group G(l,3) were suggested 

in [102]-[104],[144]. Ychorchenko [288] and Fushchych, Tsyfra and Boyko 
[144] have constructed new (nonlinear) representations of the Poincare groups 
P(l,2) and P(l,3), correspondingly. A complete description of couariani rep- 
resentations of the conformal group C(n, m) in the space of n-|-m independent 
and one dependent variables was obtained by Fushchych, Zhdanov and Lahno 
[110, 164]. It has been established, in particular, that any covariant represen- 
tation of the Poincare group P{n, m) with max{n, m} > 3 in the case of one 
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dependent variable is equivalent to the standard representation. But given the 
condition max{n, m} < 3, there exist essentially new representations of the 
corresponding Poincare groups. 

In this appendix we give a brief account of our latest results on classification 
of incquivalcnt representation of the Euclid group E(3), which is a semi-direct 
product of the three-parameter rotation group 0(3) and of the three-parameter 
Abelian group of translations T(3), acting in the space of three independent 
Xi,X2,X3 and n G N dependent iti, . . . ,«„ variables. Furthermore, we adduce 
results on classification of representations of the Poincare and Galilei groups 
acting in the space of four independent xo,xi,X2,X3 and n € N dependent 
ui, . . . ,Un variables. 

It is a common knowledge that investigation of representations of a Lie 
transformation group G is reduced to study of representations of its Lie algebra 
AG whose basis elements are first-order differential operators (Lie vector fields) 
of the form 

Q = ia{x,u)dx^ +r]i{x,u)dui, (A.3.1) 

where ^q, r]a are some real-valued smooth functions on a; = {xo,xi,X2,X3) 
eR\u = {ui,U2, ...,un) G M", = = ^, a = 0,...,3, i = 

1,2,. ..,n. 

In the above formulae we have two kinds of variables. The variables 
xo,...,xs and ui,U2, ■ ■ ■ ,Un will be referred to as independent and depen- 
dent variables, respectively. Difference between these becomes essential when 
we take into consideration partial differential equations invariant under the 
Lie algebra AG. 

Due to the properties of the corresponding Lie transformation group G 
basis operators Qa, a = 1, . . . ,N of the Lie algebra AG satisfy commutation 
relations 

[Qa, Qb] = C'abQc, a,b=l,...,N, (A.3.2) 

where [Qa, Qb] = QaQb — QbQa is the commutator. 

In (A.3.2) C^ij G R are structure constants which determine uniquely the 
Lie algebra AG. A fixed set of the Lie vector fields Qa satisfying (A.3.2) is 
called the representation of the Lie algebra AG. 

Thus, the problem of description of all representations of a given Lie al- 
gebra AG reduces to solving the relations (A.3.2) with some fixed structure 
constants C^^ in the class of Lie vector fields (A.3.1). 

It is easy to check that the relations (A.3.2) are not altered with an arbi- 
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trary invertible transformation of variables x, u 

Va = fa{x,u), a = 0, ...,3, 

(A.3.3) 

Vi = gi{x,u), i = l,...,n, 

where fa, Qi are smooth functions. That is why, one can introduce on a set of 
representations of a Lie algebra AG the following relation: two representations 
Qi, . . . ,Qn and Q'l, . . . , Q'pf are called equivalent if they are transformed one 
into another by means of an invertible transformation (A.3.3). Since invert- 
ible transformations of the form (A. 3. 2) form the group (called diffeomorphism 
group), the relation above is the equivalence relation. It divides the set of all 
representations of the Lie algebra AG into equivalence classes Ai,... ,Ar. Con- 
sequently, to describe all possible representations of AG it suffices to construct 
one representative of each equivalence class Aj, j = 1, . . . ,r. 

Definition A. 3.1. Set of first-order linearly independent differential operators 
Pa, Jb of the form (A. 3.1) is called the Euclid algebra AE{3) if they satisfy the 
following commutation relations: 

[Pa, Pb] = 0, [Ja, Pb] = SabcPc, [Ja, Jb] = SabcJc, (A.3.4) 

where 



^abc 



1, (a6c) = cycle (123), 
-1, (a6c) = cycle (213), 
0, in the remaining cases. 



Definition A. 3. 2. Set of first-order linearly independent differential operators 
Pn,Jai3 of the form (A. 3.1) is called the Poincare algebra AP(1,3) if they 
satisfy the following commutation relations: 

[-P/X, Pv] = 0, [P^, Ja/?] = g,xaPf3 - QupPa, 

(A. 3. 5) 

\Jlxv, Jap] ~ gfJ.pJi'a "I" dvaJ^ifj dfiaJi^fi dv^Jfict- 

Definition A.3.3. Set of first-order linearly independent differential operators 
Po,Pa,Jb,Gc,M of the form (A.3.1) is called the Galilei algebra ^G(l,3) if 
they satisfy the commutation relations (A.3.4) and 

[PO, Pa] = 0, [Po, Ja] = 0, [Po, Ga] = Pa, 

[Po, M] = 0, [Pa, Gb] = 6abM, [Pa, M] = 0, (A.3.6) 
[Ja, Gb] = EabcGc, [Ga, Gb] = 0, [Ga, M] = 0. 
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We say that basis elements of the Euclid algebra AE{3) realize a covariant 
representation if they can be reduced to the form 

Pa = dx^, Ja = -SabcXbdxc + Vai{x, UjO^i (A.3.7) 

with the help of the transformation (A.3.3). 

Note that the case when r]ai are linear in u corresponds to what is called 
in the classical representation theory a covariant representation of the Euclid 
algebra (see Appendix 2). This is the reason why we preserve for the more 
general class of representations (A.3.7) the term 'covariant representation'. 

Similarly, operators P^, J^p realize a covariant representation of the Poin- 
care algebra AP(1, 3) if they can be reduced to the form 

P^i = gixuOx,, JaP = XaQ/Sudx, - Xpgaudx, + VaPi{x, u)dui (A.3.8) 

with the help of a transformation (A.3.3). 

At last, operators Pq, Pa, Ja,Ga, M realize a covariant representation of 
the Galilei algebra ^G(l,3) if they can be reduced to the form 

Po = dxo , Pa = dx^ , Ja = SabcXbdxc + ^li {x,u)dui, 

(A.3.9) 

Ga = xodx^ + nliix, u)dui , M = rjf{x, u)dui 

with the help of a transformation (A.3.3). 

A specific role played by covariant representations of the algebras AE(3), 
ylP(l,3) and ^G(l,3) is explained by the fact that they are widely used in 
physical applications. Furthermore, the transformation groups generated by 
their basis elements have a natural physical interpretation. The operators Pq, 
Pa generate translations of the time xq and space Xa variables, correspondingly. 
Next, the operators Ja generate rotations of the Euclid space x and the oper- 
ators Joa generate the Lorentz transformations of the Minkowski space xq, x 
preserving the quadratic form Xfj,x'^. The operators Ga generate the Galilei 
transformations of the space of independent variables xo,Xa leaving the time 
variable xq invariant. 

In what follows, we will restrict our considerations to the case of covariant 
representations only. 

1. Covariant representations of the Euclid algebra. Direct check shows 
that the operators (A.3.7) form a basis of the Euclid algebra iff the following 
relations hold: 

— = 0, [fjaidui^ Vbjduj] — ^abcVci^Ui^ 



Representations of the Poincare and Galilei groups by Lie vector Gelds 345 



where o, 6 = 1, 2, 3, i = 1, . . . ,n. 

Consequently, functions r)ai are independent of x and, in addition, the 
operators 

Ja = riai{u)du^ (A.3.10) 
satisfy the commutation relations of the Lie algebra of the rotation group 

[Ja, Ja] = SabcJc- (A.3.11) 

Thus, the problem of description of all inequivalent covariant represen- 
tations reduces to describing all functions r]ai{u) such that the operators Ja 
fulfill the commutation relations (A.3.11). Solution of this problem is given 
by the following lemma. 

Lemma A. 3.1. Let the differential operators (A.3.10) satisfy the commuta- 
tion relations (A.3.11). Then, there exists a transformation 

Vi = Fi{u), i = l,...,n (A.3.12) 

reducing these operators to one of the following forms: 

1. Jl = — sin-ui tanit29ui — cosuidu2, 

J2 = — cos'Ui tanu25„j + smuidu2, (A. 3. 13) 

J3 = ; 

2. Jl = — sin ui tan U2dui — (cos ui — a sin ui sec U2)du2 

+ sintxi sec U2dug, 
J2 = — cos-ui tann25„i + (sin-ui + acosui secn2)5u2 (A. 3. 14) 

+ cos ui sec U2du3 , 
J3 = ^ui ; 

3. J„ = 0, a = 1,2, 3. (A.3.15) 
Here a is an arbitrary smooth function of U3, . . . ,Un. 

Proof. If at least one of the operators Ja (say J3) is equal to zero, then by 
virtue of commutation relations (A.3.11) two other operators J2, J3 are also 
equal to zero and we get (A.3.15). 

Let J3 be a non-zero operator. Then, using a transformation (A.3.12) we 
can always reduce the operator J3 to the form J3 = d^i (we should write 
J3 but to simplify the notations we omit hereafter primes). Next, from the 
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commutation relations [J3, Ji] = J2, [J3, J2] = — Ji it follows that coefficients 
of the operators Ji, J2 satisfy the system of ordinary differential equations 
with respect to vi 

^— = %i, -T— = -mi- « = i, ...,n. 

OVi OVi 

Solving the above system yields 

mi = fi cos vi + gismvi, 

(A.3.16) 

mi = 9i cos vi - fi sin vi, 

where fi, gi are arbitrary smooth functions of ^2, . . . , z = 1, . . . , n. 

Case 1. = g, =0, j> 2. 

In this case operators Ji, J2 read 

Jl = / cos vidy^ , J2 = -/ sin vidy^ 

with an arbitrary smooth function f = fiv2, ■ ■ ■ ,Vn)- 

Inserting the above expressions into the remaining commutation relation 

[Jl, J2] = 'J3 and computing the commutator on the left-hand side we arrive 
at the equality = — 1 which can not be satisfied by a real- valued function. 

Case 2. Not all fj, gj, j >2 arc equal to 0. 
Making the change of variables 

Wi=Vi+V{v2,...,Vn), Wj=Vj, j = 2,...,n 

we transform operators Ja, a = 1,2,3 with coefficients (A.3.16) as follows 

n 

Jl = /sin widu;i + ^{fj cos wi + gj sin wi)dw. , 

n 

J2 = /cos + ~ fj '^i)9wj , (A.3.17) 

Subcase 2.1. Not all fj are equal to 0. Making the transformation 

Zi = Wi, Zj = Wj{w2, Wn), J = 2, . . . , n. 
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where W2 is a particular solution of the PDE 

n 

and W3, . . . , Wn are functionally-independent first integrals of the PDE 
we reduce the operators (A. 3. 17) to be 

n 

Ji = F sin zidzi + cos zidz2 + ^ Gj sin zidzj , 

i=2 

n 

J2 = F cos -21 — sin zi^^j + X/ ^i^if j > (A. 3. 18) 

J=2 

Substituting operators (A. 3. 18) into the commutation relation [Ji, J2] = 
J3 and equating coefficients of the linearly independent operators dz^, - ■ ■ , 
we arrive at the following system of PDEs for the functions F, G2, ■ ■ ■ ,Gn' 

Fz,-F^ = l, Gjz,-FGj = 0, j = 2,...,n. 

Integration of the above equations yields 

F = tan(2;2 + ci), 

G = 
^ cos(2;2 + ci)' 

where ci, . . . ,Cn are arbitrary smooth functions of Z3, . . . , z^, j = 2, . . . ,n. 

Replacing, if necessary, Z2 hy Z2 + ci{z2, ■ ■ ■ , Zn) we may put ci equal to 
zero. Next, making the transformation 

Va = Za, a =1,2, 3, 

Vk = Zk{z3,...,Zn), k = A,...,n, 

where are functionally-independent first integrals of the PDE 

J2G,dz,Z = 0, 

i=3 
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we can put Gk = 0, k = 4, . . . ,n. 

With these remarks the operators (A. 3. 18) take the form 

Ji = sin yi tan y2dy^ + cos yidy^ + {fdy^ + gdy^), 

cos 1/2 

J2 = cos yi tan ^2^2/1 - sin yidy^ + ^if^^ (^fdy^ + gdy^), (A.3.19) 

cos y2 

J3 = dy^ , 

where /, g are arbitrary smooth functions of j/3, . . . , 

If in (A.3.19) 5 # 0, then replacing by 2/3 = / g'^^dy^ and 2/2 by y2 = -1/2 
we transform the above operators to the form (A. 3. 14). 

If = 0, then making the transformation 

/ ~ sin 2/2 
= 2/1 + arctan , U2 = - arctan , Uk = yk, 

cos 7/2 VC0S2 2/2 + /2 

where = 3, . . . , n, we reduce the operators (A.3.19) to the form (A. 3. 13). 

Subcase 2.2. fj = 0, j = 2, . . . , n. 

Substituting operators (A. 3. 17) under fj = into the commutation rela- 
tion [Ji, J2] = J3 and equating coefficients of the linearly independent oper- 
ators dz^,. . . , yield the following system of PDEs: 

-f = l, fgj = 0, j = 2,...,n. 

As the function / is real-valued, the system obtained is inconsistent. 

Thus, we have proved that operators (A.3.12)-(A.3.15) exhaust a set of 
all possible inequivalent representations of the Lie algebra with commutation 
relations (A. 3. 11) in the class of the first-order differential operators (A. 3. 10). 

As an immediate consequence of Lemma A. 3.1 we get the following asser- 
tion. 

Theorem A.3.1. Any covariant representation of the Euclid algebra is 
equivalent to one of the following representations: 

1. P„ = a^^, Ja = -SabcXbdxc', (A.3.20) 

2. Pa = d,^, 

Ji = xsdx2 — X2dx^ — sin Ml tanu23„^ — cosni^Mj, (A. 3. 21) 
J2 = xiS^cg — x^dx^ — cosui tanM29ui + sinui^uj, 
^3 = X2dx^ - xidx2 + du^; 
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3. Pa = d, 



Ji = xzdx2 — X2dx3 — sin ui tan U2dui 

— (cosui — asinui sec'U2)^w2 + sinui secu2du^, (A.3.22) 
J2 = xidx3 — x^dxi — cos«i tanu29Mi 

+ (sin ui + a cos ui sec U2)du2 + cos u\ sec U2du3 , 
J3 = X2dx^ - xidx2 + du-^ . 



Here a is an arbitrary smooth function of u^, . . . ,Un. 

In two next subsections we will give without proofs the assertions describ- 
ing inequivalent covariant representations of the Poincare and Galilei algebras. 

2. Covariant representations of the Poincare algebra. Inserting the 
operators (A. 3. 8) into commutation relations (A. 3. 5) yields that the functions 
ilai3iix,u) are independent of x and the operators 



satisfy the commutation relations of the Lie algebra of the Lorentz group 



Consequently, the problem of describing inequivalent covariant representa- 
tions of the Poincare algebra reduces to describing inequivalent representations 
of the Lorentz algebra having the basis elements (A. 3. 23). 

Theorem A. 3. 2. Any covariant representation of the Poincare algebra is 
equivalent to the representation 



where i = 1,2 and the operators Vi, J12, 1^, K^i are given by one of the formulae 
below 



(A.3.23) 




Joi = -xodxi - Xidxo + ^{Vi + ICi), 

Ji3 = xsdxi - Xidx3 + ]^{Vi- JCi), 
J12 = X2dxi - xidx2 + J12, 
Jo3 = -xodxa - xsdxo + V, 



1. Pi = d, 



P2 = d, 
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Jl2 = U2dui - Uidu2, V = -Uiduj^ - U2du^, 

/Ci = {-ul +ul)du^ - 2uiU2du2, 
IC2 = -2uiU2dui + {uj - ul)du2; 

2. Vi = , V2 = , 

J12 = U2dui - uidu2, V = -uidui - U2du2 + 5«3, 
/Ci = {—ul + n| + ee~^"3)5ui - 2uiU2du2 + 2uidu3, 
JC2 = -2uiU2dui + {ul -ul + ee-2«3)5^^ + 2u2dus; 

3. Vi = dui , V2 = , 

J12 = n2i9„i - uidu2 + 9„3, V = -uidui - U2du2, 
ICi = {-ul + tii)(9„i - 2uiU2du2 + 2u2du3, 
IC2 = -2uiU2dui + {ul - ul)du2 - 2uidu3; 

4. Vi = dui, V2 = du2, 

J12 = U2duj - uidu2 + 9u3, V = -uidu^ - U2du2 + 9m4, 
JCi = {-ul + + ee"2"4 cos 2u3)du, - {2uiU2 + ee"^'''* sin 2^3)9, 
+ (2u2 + (g cos Us + r sin'U3)e""*)(?„3 + (2ui - (rcos-us 

- qsmu3)e~'"^^du4^ + e""-* smu^du^ + e""^ cosua^ug, 

A:2 = (-2'Ui'U2 - ee""^"4 sin2'U3)5„i + (-u? - - ee"^"-* cos2n3)a, 

- (2ui + (q'sinus — r cos'U3)e~"*^5„3 + ^2'U2 + {r sinus 

+ gcos'U3)e""*)9u4 + e""* cos-ua^ug - e""* sinus^ug; 

5. Vi = dui, V2 = du2, 

J12 = U2duj - uidu2 +du3, V = -uidui - U2du2 + du^, 

JCi = {-ul + u| + ee"^"4 cos 2u3)dui - {2uiU2 + ee"^"* sm2u3)du^ 

+ (2u2 + {fcosus + gsmu3)e~^'^^du3 + (2ui - {gcosu^ 

- /sinn3)e~"-*)5u4 + (/tcosua + smu3)e'"^^dui,, 

JC2 = -{2uiU2 + ee^"-* sin2u3)du-, + {ul -u^- ee"^"* 2uz)du^ 
+ {-2ui + (5 cos Us - /sin'U3)e~"*)5„3 + {2u2 + (/cosua 

+ 5sinu3)e""4)5u4 + (cos^s - /tsin'U3)e"'"*9„g; 



'■U2 
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6. Pi = 5„i, V2 = du2, 

Jl2 = n29ni - Uidu2 + du:i, ^ = -Uldui - U2du2 + du4, 

/Ci = {-ul + ul)dui - 2uiU2du2 + (2it2 + ee""* cosu3)du3 
+ (2ui + (/e-'"« cos Us + esmM3)e-"'')9„4 
+ (((e/e-^"5 + cos ug + sinti3)e-"4)5„5 + /le""* cos ugS^e, 

JC2 = —2uiU2dui + {ul — ul)du2 — (2ni + ee""'* smus)du3 
+ (2u2 + (e COS Us - /e~'"5 sinn3)e~"'')a„4 

+ (cosua - (e/e"™5 + ^) sinM3)e~"'*^(9u5 - /ie~"* sin^sa^g; 

7. Vi=dui, V2 = du2, 

J12 = U2duj ~ uidu2 + 9„3, V = -uidu-, - U2du2 + d^, 

ICi = {-ul + ul)dui - 2uiU2du2 + 2u2du3 + {2ui + /e""* cosua)^^^ 

+ {{-Ubf + g) cos Us + smus)e~'^^^du^ + he~'^* cosusduQ, 
IC2 = -2uiU2dui + {ul - ul)du2 - 2uidu3 + {2u2 - /e""-* smna)^^^ 

+ ((costxs + (^5/ - g) sinn3)e~"*)5u5 - /te""-* smusdue', 

8. Vi = , V2 = du2 , 
J12 = U2du^ - uidu2 + 9„3, V = -uidui - U2du2 + 9«z 
/Ci = {-ul + ul)dui - 2niU2(9„2 + (2'"2 + ee"""* cosu3)(9, 

+ (2t/i + ee-"* sinM3)a„4, 
/C2 = —2uiU2dui + - ui)9„2 - {2ui + ee""-* sin u3)(9, 
+ (2n2 + ee""* cos'Us)^^^; 

9. Vi = , V2 = du2 , 

J12 = U2du2 - uidu2 + c?«3, ^ = --"i^ui - n29„2 + du^, 

KLi = {-ul + u\)du^ - 2nin2(9„2 + 2n2()„3 + {2ui + ee""'' smns)^^^, 

/C2 = -2uiU2dui + (lii - wi)5„2 - 2?xi5u3 + (2m2 + ee"""* cos 7x3)5^4; 

10. Vi = du„ V2 = du2, 

J12 = U2duj - Uida2 +du3, V = -Uidul - U2du2 + dui, 

K.I = (-m^ + U2^ + ee"^"-* cos2n3)a„i - (2nin2 + ee"^"* sm2u3)du, 



'U4 1 
'"3 
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K,2 = -(2niM2 + ee"^"^ sin2u3)5„i + {ui - u-i - ee~^"* cos 2'U3)5„2 
- 2ui9u3 + 2u25„4; 

11. Vi = dui, 'P2 = du2, 

Ji2 = U2dui - uidu2 + 5«3, 'D = -uidui - U2du2 + Qdu^, 
/Ci = {-ul + ul)dui - 2uiU2du2 + 2{u2 + uiQ)du3, 
K,2 = -2uiU2dui + (uj - ul)du2 - 2{ui - U2Q)du3- 

Here e = 0, 1, and /, h are arbitrary smooth functions of uq, . . . , Un, and 
Q is an arbitrary smooth function of U4, . . . ,Un, and 

r = U{U5 + iUe,U7, . . . ,Un) + U{U5 - iU6,U7, . . . ,Un), 



with an arbitrary function U analytic in the variable U5 + iuQ . 

Note that the operators P^, J7i2, /Cj fulfill the commutation relations 
of the Lie algebra of the conformal group C(2) (which is isomorphic to the 
Lorentz algebra ^0(1,3)) 



The above formulae give the list of all inequivalent representations of the 
algebra AC {2) by Lie vector fields. 

3. Covariant representations of the Galilei algebra. Inserting the for- 
mulae (A. 3. 9) into (A. 3. 6) and making some simple manipulations we conclude 
that the basis elements of a covariant representation of the algebra AG (1,3) 
necessarily take the form 



where J^a,Gb,-M. are Lie vector fields of the form r]i{u)dui satisfying the com- 
mutation relations of the Euclid algebra 



q = I 




[Pi, V] = -Vi, [Vi, Jvi\ = -V2, [V2. J12] = Vi, 

[Ji2,'D]=0, [Pi,/Ci] = [p2, /C2]=P, 

[Pi, IC2] = -2Ji2, [V2, /Ci] = 2^12, 

[/Cj, T>] = ICi, [/Ci, Ji2\ = —IC2, [IC2, J12] = ICi. 



Ga = Xodx, + XaM + Ga, M = M, 



(A.3.24) 



[Qa, Qb] — 0, [Ja, Gb] — ^abcGc, [Ja, Jb] — ^abcJc 
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and 

[M, Ja] = 0, [M, Ga] = 0. 

On describing all incquivalent representations of the above Lie algebra we 
arrive at the following assertion. 

Theorem A. 3. 3. Any covariant representation of the Galilei algebra ^G(l,3) 
is equivalent to the representation having the basis elements (A. 3. 24), opera- 
tors Ja-iGbT-M. being given by one of the formulae below 

1- Jl = U3du2 - U2du,,, J2 = Uidus - Usduj^, Js = U2dui - Uidu2, 

M = edu4, 

2. J'l = —U2 COS ^3 tan u^du^ + U2 sin U3 tan ^49^2 + cos U3 cot u^du^ 

+ sin tis^u^ + cos U3 CSC U4dus , 
<J2 = Ul COS U3 tan u^du^ — ui sin U3 tan ^49^2 ~ cot U4 sin usdu^ 

+ cos usdu^ — CSC U4 sin u^du^ , 
J3 = U2dui - uidu2 + du3, 

Ql = dui , Q2 = , Q3 = cos Us tan U4dui - sin u^ tan U4du2 , 
M = /(cos Us cos U5 sec U4 + sin us sin u^)du-^ 

+ /(— sin Us sec U4 cos U5 + cos us sin ur,)du2 + gdu^ + e^^g ; 

3. J7i = — n2 cos Us tan ^45^ + U2 sin ^3 tan 1x49^2 + cos -^3 cot u^du^ 

+ sin usdu^, 

J2 = "Ul cos Us tan U45„j — u\ sin M3 tan ^49^2 ~ ^3 cot «49u3 

+ cos 1(3 , 

^1 = f^ui , Q2 = du2 , G3 = COS Us tan Uidu^ - sin U3 tan U4du2 , 

4. J7i = F(sec us)'^dui + cos n2 tan'U39u2 — sinn25„3, 

= (F(sec ^3)^ tan U2 + ui sec U2 tan U3)du^ + sin n2 tan 'U35„2 

+ cos U2du:i , 

J3 = -Ul tanu2dui - du^, 

Ql = , Q2 = tan U2dui , Qs = sec U2 tan usdu^ , 
M = Qsec U2 sec usdu^ + du^ ; 
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5. J7i = Q{secu^)'^dui + cos ■^2 tan ua — smu2du3, 

J2 = {Q{sec ua)^ tan U2 + ui sec U2 tan uz)du-^ + sin U2 tan ua^uj 

+ cos n25„3, 
J3 = -Ul tann29„i - du^, 

Qi = , G2 = tan U2du^ , Q3 = sec U2 tan mdu^^ , 
M = Q sec U2 sec lis^^j ; 

6. J7i = cos n2 tan U4du2 + (cos n2 + "^3 sin U2 tan 'U4)5„3 — sin U2du4 , 
J2 = Ul sec U2 tan u^dui + sin n2 tan U4du2 + (sin n2 

— Us cos ^2 tan U4)9u3 + cos U2du4 , 

J3 = -nitann29„i - c^^j, 

^1 = , Q2 = tan U2dui , Q3 = sec U2 tan ■U4(?„j , 
M. = F sec n2 sec n45„i + G cos U4(?„3 + e9„5 ; 

7. J7i = sin Ul tan "Us^u^ + R sec -^3 sin ni5„2 + {Q sin ui sec U3 

+ cos ui)du3 + e sin txi sec txa^u^ , 
J2 = cos Ul tan u^du-^ + R cos ui sec ua^uj + (Q cos ui sec ua 

— sin ui)du3 + e cos ui sec 'U35u4 , 
= , 

Gi = 0, ^2 = 0, ^a = 0, 
M = du^, 

8. J\ = — sinui tan'U29u^ — cosuiS^j, 
J2 = — cosui tan'U2^ui + sintxi^uj, 
Ja = , 

ai = 0, 92 = 0, ^a = 0, 
M = 0; 

9. J7i = — sinui tann29„i — (cosui — asinui sec?/2)0„2 

+ sintti sec U2du..,, 
J2 = — COS u\ tan U2du-^ + (sin u\ + cc cos -ui sec U2)du2 
+ cos Ul sec ^25^3 , 
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01 = 0, 02 = 0, 03 = 0, 
M = edui; 

10. Ji =0, J2 = 0, J3 = 0, 
01 =0, 02= 0, ^3 = 0, 

M = edu^. 

Here f,g are arbitrary smooth functions of uq, . . . ,Un, F is an arbitrary 
smooth function of u^, . . ., Un, R,Q are arbitrary smooth functions of U4, . . ., 
Un, Oi is an arbitrary smooth function of U3, . . . ,Un and e = 0, 1. 
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